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An existence result for quasilinear elliptic equations with
variable exponents

IurLiA DOROTHEEA STIRCU

ABSTRACT. We study the following elliptic equation involving weight and variable exponents
—div(¢(z, |Vu) Vu) + |[uP@ =2y = Au|"®) 2y — h(z)]u|* @2y

in Q@ ¢ RNY(N > 3), with Dirichlet boundary condition, where ¢(z,t) is of type \t|p(z)’2

with continuous function p : @ — (1,00). Under appropriate conditions on ¢, by means of

variational methods and a variant of the mountain pass theorem, we show that for \ large

enough there exist at least two nontrivial weak solutions for our problem. For this purpose
we work on a generalized variable exponent Lebesgue-Sobolev space.
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1. Introduction

Equations involving variable exponent growth conditions constitued a real inter-
est in the study of the partial differential equations in the last few decades (see
[6, 7, 14, 16, 17]). This kind of problems can serve as models in the theory of elec-
trorheological fluids or image restoration. In 1949 there was the first major discovery
on the electrorheological fluids, konwn as the Winslow effect, and it describes the
behavior of certain fluids that becomes solids or quasi-solids when subjected to an
electric field. Electrorheological fluids (or smart fluids) have been used in robotics and
space technology. The experimental research has been mainly in the United States, for
instance in NASA laboratoires. In [19] more details about properties, modelling and
applications of variable exponent spaces to these fluids was studied by V. Radulescu
and D. Repovs.

Let Q C RNV (N > 3) a bounded domain with smooth boundary. Let A be a positive
real parametre, p, 7, s continuous functions on  which satisfy the condition

2 < p(x) <r(z) <sx) <p*(z), 1)
J\],V_plgz) and p(x) < N for all z € Q.
In this paper we study a nonlinear elliptic equations of p(z)-Laplace type

—div(é(z, |Vu|)Vu) + [u|P@ 2y = Au|"® 2y — h(z)|u[*® 20 in  Q,

{ u=0 on 0,

where p*(z) =
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where ¢(z,1) is of type |t|P(*)=2 with continuous function p : Q — (1,00) and h: Q —
[0,00) is a continuous function which satisfies the following hypotheses:

As(@) N\ T L ,
<W> €L (Q), (3)

1
>\S(ZI/’)*2 s(@)—r(x) s(0)
A € Ls0O=2(Q). 4
(erers) ) W
Related to our problem, in [12] I. H. Kim and V. H. Kim studied the general case
—div(¢p(x, |Vu|)Vu) = Af(z,u) in Q,

where f : Q@ x R — R is a Carathéodory function. The authors have established
the existence of a nontrivial solution for the above problem and, under sufficient
conditions on ¢ and f, they have proved the positivity of the infimum eigenvalue for
this problem.

When ¢(z,t) = [t|P®)=2] the operator implicated in (2) is the p(z)-Laplace op-
erator, defined by Apyu = div(|Vu|p($)72 Vu). For the general case, problem 2
was studied by I. Stancut in [21]. Problems involving the p(z)-Laplacian have been
extensively studied in the last decades (see [1, 6, 7, 8, 11, 18]).

When p(z) is a constant function we obtain the p-Laplacian (see [1, 5, 10]) which
is less complicated then p(z)-Laplacian equation, because the p(x)-Laplace operator
is nonhomogeneous.

Our purpose in this paper is to establish, under suitable conditions on ¢, that for
A large enough there exist at least two nontrivial weak solutions. In order to prove
this result, we use a special version of the mountain pass theorem (see [2] and [24,
Theorem 1.15]) and a corresponding variational method.

Considering the presence of the p(z)-Laplace operator we introduce a variable
exponent Lebesgue-Sobolev space setting for problems of type (2). Due to the presence
of the continuous function h(z) in the right side of our problem, we seek weak solution
for (2) in a more generalized variable exponent Lebesgue-Sobolev space, namely in
the weighted variable exponent Sobolev space.

This paper is organized as follows. In the next section we establish some basic
properties of the variable exponent Lebesgue-Sobolev spaces, as otherwise a necessary
conditions of ¢. In section 3 we introduce the energy functional and we state the main
result of this paper. Finally, the proof of the main result are developed in section 4.

2. Preliminaries

We start this section with some definitions and properties of the variable exponent
Lebesgue-Sobolev spaces.
Let © be a bounded domain in RYV. We define

Co() = {pe @ migp(o) > 1

and for any (Lebesgue) continuous function p : @ — (1,00), denote

p~ = inf p(z) and pT = sup p(z).
e e



AN EXISTENCE RESULT FOR QUASILINEAR ELLIPTIC EQUATIONS ... 301

For any p € C(Q) we define the variable exponent Lebesgue space

LP@(Q) = {u : @ — R a measurable function : / [ulP@ da < oo} .
Q
Equipped with the Luzemburg norm
|u|p(z) = inf {u >0: /
Q

dr < 1} ,
LP®)(Q) becomes a Banach space.

If p(x) = p = constant for every = € 2, then the Lp("”)(Q) space is reduced to the
classic Lebesgue space LP(Q) and the Luxemburg norm becomes the standard norm
in LP(Q), ||ullL» = (fQ ju()Pda) .

For 1 <p~ <pt < oo, LP®)(Q) is a reflexive uniformly convex Banach space, and
for any measurable bounded exponent p, the Lp(““’)(Q) space is separable.

If p; and py are two variable exponents such that p;(z) < ps(x) almost everywhere
in 2, with |Q| < oo, then there exists a continuous embedding

Lr2@)(Q) s LP1(@) (Q)

ul(@)
L

whose norm does not exceed |Q| + 1.

_ 1
We define the conjugate variable exponent p’ : Q — (1,00), satisfying —— +

p(x)

—— =1, for every z € Q.
p'(x) ,
We denote by LP (*)(Q) the conjugate space of the LP(*) ().
If u € LP@) () and v € LP' *)(Q) then the Holder type inequality holds:

11
/uv dx| < <+ + ) |ulpa) [V]pr (@) < 2Mlp(o) [V]p @)- (5)
Q p p

The modular of the LP(*)(Q) space, defined by the mapping p, ) : LP()(Q) — R,

Q

has an important role in manipulating the generalized Lebesgue spaces.
If p(z) = p = constant for every x € €2, then the modular p,,)(u) becomes ||ull7,

If p(x) # constant in Q and u, u,, € LP®)(Q) then the following relations hold true:
(6)
[ulpa) > 1= [ulp () < ppay (u) < Julp, (7)

[ulp@) =1 = pp)(u) =1, (8)
[t — Ulp@) = 0 ppez)(tun —u) — 0. (9)

+
ulp@) <1= |u\§($) < Pp(a) (1) < |u‘p

p(z)
+
p(x)

For more details about these variable exponent Lebesgue spaces see into [13].
Let r: Q — (1,00) and h : Q — [0, 00) be continuous functions, with r* < co. We
define the weighted Lebesgue space

L;(')(Q) = {u : Q — R a measurable function ;/ h(z)|u|"(z)dx < oo}
Q
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endowed with the norm

|up,p() = inf {u > O;/ h(zx)
Q

In the particular case that h(x) is constant on €, we note that we obtain the
Luxemburg norm | - |.(.y.
We define now the variable exponent Sobolev space as

M T(m)dx <15;.
p <

w0 (@) = {u e 170/(@);]Vu € L7O(@) |

equipped with the norm
[ullpy = lulpey + [Vulpe

which is equivalent with the norm

Jul Zinf{,u> o f (‘WL@

p(z)
de <15,
where [Vul,.) is the Luxemburg norm of [Vul.

We define Wol‘p(')(Q) = CSO(Q)H.HP(') and we note that Wol’p(')(Q) is a separable
and reflexive Banach space.

For the density of C§°(2) in Wol’p(')(Q) we consider p € C(Q) to be logarithmic
Holder continuous, that means, there exists M > 0 such that

p(z)

4|

1

—-M
p\x)—p S I . N vxa S Qa
ple) = p(0)] < s Yy

with |z —y| < 1.
As well, we remark that if s € C(Q) and s(z) < p*(z) for all z € Q, then

Wol’p(')(Q) is compactly embedded in L*¢)(Q), where p*(z) = ]\5'\/—]3;(7?1):) and p(z) < N.

At last, we define the modular of the VVO1 P (')(Q) space by the mapping

0y s Wo P () - R,

(@ = [ (19 ) .
Q

If (up),u € Wol’p(')(Q)7 then we have the following relations:

- +

lull > 1= flull” < gpy(w) < [lull” (10)
+ —

lull <T=flull” < opy(w) < flul” (11)

|t —ul| = 0 < 0p(y(un —u) = 0. (12)

For more details about these spaces we refer [4, 13, 15, 19, 20, 22].
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3. Existence results

In order to prove our main result, we state some necessary conditions on ¢. We
assume that

(hl) ¢ : Qx [0,00) — [0, 00) satisfies the following hypotheses: ¢(-,w) is a measur-
able function on  for all w > 0 and ¢(z, -) is locally absolutely continuous on [0, o)
for almost all z € €;

et a € @ e a function and b a nonnegative constant such that
h2) L LP ()(Q) be a f db h th
lp(x, [v])v| < a(z) + blv[P® L Vo € Q, Vo € RY;

(h3) There exists ¢ > 0 a constant such that, for almost € Q, the following
condition hold:
o(x,w) > cwP® =2 for almost all w > 0.

Throughout this paper, we seek weak solutions for problem (2) in a subspace of
Wol’p(')(Q), more exactly in the weighted variable exponent Sobolev space defined by

X = {u c WOI”’(')(Q);/ (@) |u]*@ d < oo}
Q
endowed with the norm
lull x = |ulpe) + [Vulpe) + ulnsc)-

Definition 3.1. We call weak solution for problem (2) a function v € X which
satisfies

/ (qzﬁ(x, [Vu|)VuVe + |u|p(x)72u<p) dx = /\/ |u\r(z)72ugpdm—/ h(zx)|u)*® ~2upda,
Q Q Q
for any ¢ € X.

We define the energy functional I : X — R by
1 1 h(z)
I(u :/@x, Vu dx—i—/—up(m)dx—)\/ —ur(m)dm—l—/—us(m)daz,
(u) A (z,[Vul) Qp(%)l | Qq(%)l | Qr(x)\ |
where

@(x,t):/o oz, w)wdw.

Lemma 3.2. Suppose that hypotheses (H;) and (Hy) are satisfied. Then I €
C'(X,R) and its Fréchet derivative is given by

<I/(u),<p> = /Q(qﬁ(x,\Vu\)VuV(p—F|u|p(x)72u<p)das

—)x/ |u|r(x)72u<pd0:+/h(x)|u|s(z)72u¢dz.
Q Q

The proof of Lemma (3.2) is based on standard arguments (see [12, Lemma 3.2]
and [21]).

We note that the weak solutions of problem (2) are exactly the critical points of I.

Finnaly, we state our main result.

Theorem 3.3. There exists Ax > 0 such that for A\ > A, problem (2) has at least
two nontrivial weak solutions.
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4. Proof of Theorem (3.3)

We divide the proof in two parts. In the first one we focus our attention on proving
the existence of a nontrivial solution for problem (2), remaining as in the second part
to find, for A large enough, a second nontrivial weak solution for problem (2).

First part. We start by proving the following two results.

Lemma 4.1. The functional I is coercive on X.

Proof. Considering k = r(x), | = s(z), a = r(Ax) and b = 2]1(&)) in the following
inequality
Tk
altl* ol < ca (7). (13)

for any t € R, a,b > 0 and 0 < k < [, where ¢ = ¢(k,l) is a positive constant, we
obtain that

s(x) 1
A h(zx) 1\ s@-—r@ (z) As(@) s@)—r(@)
A @) 9(30) - ) @@ | )
g <e (i) T @an T (2

1\ @@ r(2)
Since (()> (2s(z))*@® @ is a bounded expression, we find that for k;
r(x

a positive constant we have
1
A h(x) As(@) S@-r@)
AT P C A VA P EICO R 3 ]

T - gt < (e

By (3) we obtain that
/ L|u|r(m) _ a) w
o \7(z) 2s(x)

where ks is a positive constant.
Therefore, by (h3), choosing |ul,.y < 1, |[Vul,y < 1 and by (6) we obtain

I(u)Z/Q@(I,\VuDder/ p(1)|u|p<x>dz+;/ th;|u|s(x>

Vu| )+ —/ |u[P®) dx + —/ (2)|u|* @ dz — ky

(z))dx < ko,

1 s(x

+ +
> ks (|Vu|§<.) Fluy + [ M) < o, (14)

1
here k3 = —.
whnere K3 28""

Considering v € L*(), s € C{(Q) and |v]s.) < 1 and taking into account (6) we

obtain
ST S+
/QM @ dy > [v50y-
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1

We choose v(z) = h(z) s(z) u(z), so we have

/ h(z)|ul*@dz > |of3(,.
Q

Let u € X be such that ||ul| > 1, we have

+ + st
1) > ks (1Vuly + ulf, + [l ) = ko
> (IVulpe) + lulpe) + luln,s()) = k2
2 kallull x — ke,

where ky is a positive constant. We conclude that I(u) — +oc0 as ||ully — 400,
namely I is coercive on X.
O

Lemma 4.2. Suppose that (u,) is a sequence in X such that I(u,,) is bounded. Then
there exists a subsequence of (u,,), noted again (u,), such that

Uy — U in X,
for some ug € X and

I(ug) < liminf I'(uy,).

n—oo

Proof. Considering v,, € L*)(Q), s € C(Q), such that |v,[s.) < 1 and by (6) we
have

/ [on[*@)d < oS-
Q
1

Choosing v, (z) = h(z)*® )y, (x) we find the inequality

/ h(z)|un|* @ da < |un\2;(,) < 1.
Q

Analogously, for |v,|s.) > 1, taking into account relation (7) we obtain
1< \unm;(,) < / h(x)|u,|*® da.
Q

Now, seeing that / ()|, |*® dz is bounded, we conclude that |tn|p,s(.) is bounded
Q

too.
However, by (14) we deduce that

I(un) > ks (/ o(z, |Vuy,|)Vuydx —|—/ |, [P da: +/ h(x)|un|s(w)dx> — ko,
Q Q Q

where ko, k3 > 0 are two constants. We know that I(u,) is bounded, therefore the

above inequality yields to the boundedness of/ o(z, |Vuy|)Vupde and / () |un |*® da.
Q Q

Making use of the fact that / <¢(x, |Vu|)Vu + |u|p($))dx is bounded and using
Q
relations (10) and (11), we obtain that ||u,|| is bounded. So, it follows that ||u,|| y is
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bounded, that is, we have the existence of a subsequence of (u,), labeled again (uy,),
which converges weakly in X to some uy € X.

Actually, there exists ug in X such that

Up — Ug In W()Lp()(Q)a
and
Up — Up 1N LZ(')(Q).
Now, we define
A h
Gl = 2l = 2Oy
r(z) s(x)
g(z,u) = Gy(z,u) = AMu| @20 — h(z)|u]* @2y
and we note that
gu(,uw) = A(r(z) = D|u|" 72 — h(z)(s(x) — 1)[u*@ 72,

)
We choose a = A(r(x) — 1), b= h(x)(s(xz) — 1), k =r(x) —2 and | = s(z) — 2 and
by (13) it follows that

r(z)—2 1
r(z) — 1\ @@ A\s(z)—2 s(@)—r(z)
< - ——= .
gu(z,u) < € (s(x) - 1) (r(z) 1) (h(x)T(i)—2

r(z) —1
s(z)—1
the following inequality holds

r(z)—2
@) —r(a)
It is easy to see that < > (r(z) — 1) is a bounded expression, then

As(@ -2\ @@
ma<a (o) (15)
where ¢; > 0 is a constant.
By the definitions of I and G, we have
o) = Huwn) = [ (8, Vuol) = 0o [VunDldo+ [ = (@ = Junf2)) de
Q o p()
Jr/ﬂ [G(z,up) — G(z,up)]dx. (16)

Integrating over [0, 1] the following inequalities

[ oo+t — o)y = 202 = o)) Z 912 0)
0

Up — Uo
Gy, ug +v(uy — uo)) — Gu(w,uo)
a Up — Up ’

we obtain

1
/0 [Gu(xa Uup + V(Un - Uo)) — Gu(l‘,uo)]dy

Up — U
G(z,un) — G(z,u0)  g(,uo)
(un — uo)? Up — U

1 v
/ / (@, 10 + H(un — o) )dtdy =
0 JO
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So, we deduce that

G(z,un)—G(x,up) = (un—u0)2/0 /OV gu(x,ug + t(u, — ug))dtdv+(un —ug)g(x, ug).

(17)
Taking into account relations (15), (16) and (17) we find that

p(z)
+ /Q (tp — ug)? /01 /OU gu (T, up + t(u, — ug))dtdvde + /Q (un — uo)g(x, uo)dz

< /Q [@(z, [Vug|) — (z, |Vuy|)]dz + /Q }ﬁ <|u0\p(f’3) _ |un|p(z))dx

9 )\s(w)72 S(z)iT(w)
n - TN () —O d n - ) d ’
v [ w? () ot [ G = wlg(oun)ds

I(uo)—l(un):/Q[<I>(x,|wo|)—<1>(:Jc,\vun|)]d:c+/Q (\uO\P@)—mn\p(w))dx

(18)

where ¢y > 0 is a constant.

Now, our purpose is to prove that the last two integrals by the above inequality
converge to 0 as n — oo.

Let define J : X — RV,

J(v) = /Q g(z,up)vdz.

It is obvious that .J is a linear functional. It remains to prove that J is also
continuous.

|J(v)] < / lg(z, uo)v|dz = / ‘A|u0|T<w>—2uo — h(z)|uo|*® 2w - |v|dx
Q Q
< )\/ |u0|r<$>—1|v|dx+/ () |uo|* @~ o|dz. (19)
Q Q
We apply the Holder-type inequality (5) and we obtain

[ ol ol <2 flao @71 ol
Q

r(z)
r(x)—1

By the continuous embedding Wol’p(‘)(ﬂ) — L"0)(Q) we have that there exists Cy
a positive constant such that

[vlry < Collvll,
for all v € Wol’p(')(ﬂ). But, we have
[oll < flvllx -

Considering the last three inequalities we obtain

/ o @ foldz < C Joll - (20)
Q
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with C7 > 0 a constant. Again by (5) we find that
j/ h(x)hqﬂs@ﬂflhﬂdx::t/m(h(x)*?gd\uofcw‘i> (h(x)zévhq)dx
Q Q

s(z)—1
Sﬂ“ﬂﬁmﬂmﬂm”

s()
s()—1

< Covfpscy < lvllx (21)
where Cs is a positive constant.
Hence, by (19)—(21) we have
() < Cs vl

for all v € X and C5 a positive constant, that is, J is continuous. Taking into accont
that (u,) converges weakly to up in X and by the fact that J is liniar and continuous
we get to

1
hm5<w>v’
@l |

J(un) = J(ug),

namely,

lim [ g(z,uo)(un — up)dx = 0. (22)

n—oo O

We know that u, — ug in Wol’p(')(Q) . Whereas we have s € C(Q2) and s(z) <
p*(z), we obtain that Wol’p(')(Q) is compactly embedded in L*(). Both results lead
us to the strongly convergence u, — ug in L*(), that is

/ |1, — ug)* ™ dx converges strongly to 0,
Q

or
s

/ (Jup — u0|2)%dx converges strongly to 0.
Therefore, we obtaﬁn that
(un — uo)? € L5 (Q). (23)
By relations (4), (5) and (23) we obtain

1 1
As(z)—2 S@-r(@) As$(@)=2 \ s@-r@)
(ty, — ug)? <> dr <2 <) (tn —up)?| s
/Q h(m)r(:p)f2 h(x)r(w72 (&()) ‘ 5
s(H—2
But, combining
s(z)
P20 ((un - uo)z) = / (Jun — uol®) "2 dx = / |ty — u0|s(z)dx -0
Q Q
with relation (9) we obtain
|(un — UQ)2 % — 0.
Thus, we have
5 As(z)—2 FERTE)
li n— —_ dz = 0. 24
#ﬂ>9m %)<h@ww2> v (24)

Let now define I, : W, *)(Q) — R,

I(u) = /Q<I>(x,|Vu|)dx
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and I : Wy PO (Q) - R,
1
o(u) = / L@y,
o p(z)

By sample computation, taking into account [12] and [21] it is easy to prove that
I, and Iy are convex functionals. Hence, it is obvious that Iy + I is also convex on

1,p(-
WO p( )(Q)

Now, our purpose is to prove that I + Iy is weakly lower semicontinuous on
Wy P(Q) (see Corollary IIL8 in [3]).

Let be u € Wol’p(')(ﬂ) and € > 0 fixed. Let v € Wol’p(')(Q) be arbitrary. By
relations (5), (h3) and the fact that I; + I3 is convex, we obtain

L(v) + Ia(v) = L (w) + (w) + (I} (w) + Ty(u),v — u)

—1i0) + ) +

O (z, |Vu|)VuV (v — u)dz + / |ulP@ =2y (v — u)da
) )

> I (u) + Ir(u) — c/ |VulP @1 (v — u)dx — / [uP@ =1 (v — u)dx
Q Q
> I(u) + Iz (u)
= (Va1 9=l + [0 o= o)
p()—1 p()—1

> I (u) + I2(u)

o 7]y ) (90 =y + o= )
p()—1 p()—1

> Ii(u) + Ia(u) — c2 |lv —
(u) + I2(u) — ¢,

for all v € Wol’p(')(Q) with ||v — u|| < €/ca, where ¢, ¢ and c¢o are positive constants.

It follows that I; + I5 is lower semicontinuous on WO1 P (‘)(Q), hence I + I is weakly
lower semicontinuous, that means

lim inf (11 + Ig)(un) > (Il + IQ)(UO)

n—oo

or,

/Q <<I>(x, [Vu,|) + p(lx)|unp(x)>da: > /Q (@(3;, |Vuol) + p(lx)molp(m))dm_

Taking into account the above inequality, relations (22), (24) and passing to the
limit in (18) we obtain that
liminf I'(uy) > I(ugp),

n— oo

so, I is weakly lower semicontinuous on X and this completes our proof.
O

Now, using [23, Theorem 1.2], 4.1 and 4.2 we conclude that there exists u € X a
global minimizer of I, therefore

I(u) = Jél}f( I(v).
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It is clear that u is a weak solution for problem (2), it remains to prove that u # 0
in X. It is sufficient to show that infx I < 0 as long as A is large enough.
We set

3t (ot ([ oo ulide + [ i+ [ e

ueX,/ u|r("”)dx1}.
Q

By Holder inequality (5) we obtain

A:/ A ()5 @ da
¢

2 h(x) re)
A

r(x)

h(z)=@

<2

r(z)
< (@) )|
s(-) ()
sO—r()

(25)

for any u € X with / lu|"® de = 1.
Q
By (6), (7), (25) and considering the case when v € X and

r(z)
(@) @) > 1,

()
)

we find that

V<o [ i (h(A;;Qd] ) ([ o) P

Therefore, we arrive at

A (F)7 As(@) N\ T
h(z)|ul*® dz > () / ( ) dx
Q @ 2 o \(z)r®

X2r+/ﬂfsl((i))|u|s(w)dx27;<;>(i) [/ﬂ (%)S(m)ir(m)dxlw.

Then, we find that A > 0. Let A > X. Consequently, there exists & € X with
/ @|"® da: = 1 such that the following inequality holds
Q

1 h
A/ |ﬂ|r(’“’)da::/\>r+/@(m,|Vﬂ|)dw+r+/ —|ﬂ|p(x)da:+r+/ @), 215 g
Q Q o p(z) o s(z)

Hence, we obtain

1 A
/\/ —|a|" @ dx > 7/ |a|" ) da:
o) rt Jo

>/<1>(x,|vm)dx+/ L|a|p<m>dx+/ @) 215 g
Q o p(x) q s(x)
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Now, it is obvious that

I(a) = /Q (z, |Vu\)dx+/ m|u|p(x)dm—)\/ @) da +/ h§§;| #@)dz < 0

and finally we obtain that infx I < 0. Now, we can establish that there exists \g = A
such that, for any A > Ao, (2) has a nontrivial weak solution 4 € X, which satisfies
I(w) < 0. Whereas I(u) = I(|u|), we can suppose that @ > 0 almost everywhere in
Q, that is, u # 0.

Second part. The goal of this section of our proof is to find a second nontrivial
weak solution for problem (2). For this purpose, we fix A > 0 and define

0, if t<0,
flz,t) =< Mr@=1 _p(g)ps@ -1 it 0<t<a(z),
Ma(2)" @)= — h(z)a(x) @it > a(x),

F(x,t):/o f(z,v)dv

Let be J : X — R a functional defined by

J(u)z/ﬂ@(m,wu|)dm+/ leI"p(z /FJ: w)d

It is easy to show, by standard arguments, that J € C'(X,R), with the Frechet
derivative given by

<J/ (u),v> = /Q ((;S(x, |Vul)VuVo + \u|p(w)_2uv)dx — /Qf(x,u)vdx,

and

for any u,v € X. Obviously, if u is a critical point of J then u > 0 almost everywhere
in Q.

Our main tool to find a critical point & € X of J such that J(@) > 0 is the mountain
pass theorem. In the following, we intend to prove two lemmas.

Lemma 4.3. There exists 6 € (0, ||g||) and o > 0 such that J(u) > a, for any v € X
which satisfies ||ul| = 6.

Proof. Since W,"* ) (Q) is continuously embedded in L") (), there exists a constant
N > 1 such that

lulp(y < N -|lull, for all w e Wy* (). (26)
1
We fix § € (0,1) such that § < N By the above inequality (26) we have

ul,y < 1, for any u € Wy PO (Q) which satisfies ||ul| = 6.
By (6) and (26) we obtain that

A/ Jul"dz < Ny ™ (27)
Q

with Ny = AN" .
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y (h3), considering |Vu|y.) < 1, |uly.) < 1, we have

1
J(u) = / (I>(x,|Vu|)dac+/ —\u|p(”)dx—/ F(x,u)dx—/

0 o p(z) [u>) [u<a
= /<I>(;E, |Vul)dx —l—/ L|u|p(m)dac - )\/ @)~ ydx +/ @@ yda

Q Q p(x) [u>1] >u]

1
— A / — @y + / @) @) g
u<a) 7() u<a) 5(z)

A
> IVuIW do + —/ |ulP @) da — X u" @ dx — / u™® dx
Pt [u<a]

[u>a] T

> — Vup(m)dx—&——/ ulP@d )\/ u" @ dx
P+/Q| | pt Q||

1
i p(z) p(x) _ r(x)
>p+/Q<|Vu| + |ul )dac )\/Qu dz,
(28)

for any u € X.
Combining relations (11), (26) and (27) we get to

1 + -
Jw) > % [ul” = N [l

+ /1 -t
=l (p+—N1||u|T v )

for all u € X satisfying ||u|| = 4.
Let be ¢ : [0,1] — R a function defined by

1 -t
- - r—p
w(t)—p+ Nyt .

We can observe that 1) is a positive function in a neighborhood of the origin such

that 6 € (0,1) is small enough and o = 51’+d)(5) > 0. Then, this completes our proof.
O

Lemma 4.4. The functional J is coercive on X.

Proof. For all u € X, taking into account hypotheses (h3), we have

1
J(u) :/<I>(ac7 |Vu|)dz —|—/ |u|P@) da: — )\/ @ ydr +/ h(x)u*® " udz
Q o p(T) [u>1) [u>1]
[u<a) 7"( ) [u<a) S(Z’)

A
> —/ |VulP® dz + —/ |u|P® dz @ dz — i/ " @ dx
[u>1) T Ju<a)l

> —Jr/ |Vu|p(’”) +|u|p(x))dac—)\/ @ dx
P Ja Q

1

ot

(|Vu|p(””) + |u|p(x))dac — No,
Q
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where Ns is a positive constant.
For w € X such that ||u| > 1, by (10) and (29) we obtain that

1 _
J(U) > [F ||u||p — NQ.

Therefore, J is coercive on X.
O

By means of 4.3 and the mountain pass theorem [24, Theorem 1.15] we can see
that there is a sequence (u,) € X such that

J(un) = &> 0 and J (u,) — 0, (30)
with
¢ = inf J(q(t
€= inf max (q(t))
and

Q= {q € C([Oa 1],X),CI(0) = 07(](1) = 'L_L} .

By 4.4 and relation (30) we obtain that (uy) is a bounded sequence, so there is
4 € X such that, up to a subsequence, (u,) is weakly convergent to 4 in X.

By standard arguments, which involve Sobolev embeddings, we can easily prove
that

i () = (7015)
for all v € C§°(Q2). This together with the continuous embedding of X in Wol’p(‘)(Q)
and the density of C§°(Q) in Wol’p(')(Q) follows us to J (@) = 0, which means that @
is a critical point of J.

Consequently, our aim is to show that @ is also a critical point for I. For this
purpose, we first prove that @ < u.

By [9, Theorem 7.6] we have that if v € X then vt € X, where v*(z) =
max {v(z),0}. Thus, making use of hypotheses (h3), we have

0 = <J’(a), = a)+> - <I/(ﬂ)7 = a)+>
- /ng(z, V) Vav (i — @)dz + /Q (P2 (i — @)dz — /Q o, @) (i — @)
- /Q 6(z, |Va|)Vav (i — a)dz — /Q P25 — 7)dz
+)\/Q |a"") =2 a (i — a)da — /Q h(x)|a|* ™ =2 (i — u)dx
- / (6(x, |Vl Vi — ¢z, |Va|) V) V(i — a)* dz

+ (|a|p<x>—2a - |a|p(’”)‘2a) (@ —a)tda

|

(£, @) = Nal" @20+ h(a)lal ™ %a) (@ - 0)* do
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(o(z, [Va[)Vi — ¢(z, |[Vul)Va) (Vi — Va)dz
+/ (|a|ﬂ<w>*2a - \ﬂ|1’(””)*2a> (i — u)da
[@>]
> c/ (|V@|P<9”>—1 — |Va|p(’”)‘1) (IVa| — |Val)dz
[a>1]

[ (1P ) (al - fahde > o
[a>1a)

Hence, we find that 0 < u < @ in . It follows that

fz,a) = Aa" @ — pz)as@ =1

and \ o)
i) = ar@ _ M) =s(a)
Fen =" W
Therefore,
J(@) = I(u)
and
J (@) =1 (@)

Consequently, we have that

and

0=J (@) =1 ().

This means that @ is a weak solution for problem (2) so that 0 < a4 < @, with
@ # 0 and @ # @. Thus, we conclude that problem (2) has at least two nontrivial
weak solutions.
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