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Separation axioms on topological effect algebras

R.A. BorzooEI, M.R. RAKHSHANI, AND G.R. REZAEI

ABSTRACT. In this paper, by considering the notions of (para, semi)topological effect alge-
bras, separation axioms on these topologies are investigated. Some conditions which under
them, a (para, semi)topological effect algebra be a T; -space (i = 1,2,3,4) are found. Then
compact Hausdorff (para, semi)topological algebras are studied. Finally, topological structure
on quotient effect algebras are defined and separation axioms of it are investigated.
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1. Introduction

Topology and algebra, the two fundamental domains of mathematics, play comple-
mentary roles. Topology studies continuity and convergence and provides a general
framework to study the concept of a limit. Algebra considers all kinds of operations
and provides a basis for algorithms and calculations. Many of the most important
objects of mathematics represent a blend of algebraic and topological structures. For
example, in applications, in higher level domains of mathematics, such as functional
analysis, dynamical systems, representation theory, and among others, topology and
algebra come in contact most naturally.

When an algebraic structure and a topology come naturally together, the rules
that describe the relationship between topology and algebraic operation are almost
always transparent, and natural-the operation has to be continuous or semicontinuous.
Topological function spaces and linear topological spaces in general, topological groups
and topological field, transformation groups, and topological lattices are objects of this
kind. In recent decades, there has been much research on the structures associated
with logical systems. For instance, BCK-algebras were introduced by Y. Imai and
K. Iséki [11] as an algebraic formulation of Meredith’s BCK-implicational calculus,
and BL-algebras have been defined by Hajek [10] to investigate many-valued logic by
algebraic means.

Furthermore, several mathematicians have endowed a number of algebraic struc-
tures associated with logical systems with a topology and have found some of their
properties. For example, R.A. Borzooei et al. [2, 3, 4, 18, 21] who defined semi-
topological and topological BL- algebras, Roudabri and Torkzadeh [22] used the left
(right) stabilizers of a BCK- algebra and produced two bases for two different topolo-
gies, and M. Haveshki et al. [15] introduced the topology induced by uniformity on
BL-algebras.
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Effect algebras have been introduced by D.J. Foulis and M.K. Bennet in 1994 for
modelling unsharp measurement in a quantum mechanical system. In the last few
years, the theory of effect algebras has enjoyed a rapid development. As an important
tool of studying, the topological structures of effect algebras not only can help us to
describe the convergence properties, but also can help us to characterize some algebra
properties of effect algebras.

Now, in this paper we study the separation axioms on (para, semi)topological effect
algebras and on quotient effect algebras.

2. Preliminary

In this section, we collect the relevant definitions and results from topology and
effect algebra theory to make this paper self-contained and easy to read.

A set A with a family T of its subsets is called a topological space, denoted by
(A, T),if A, € T, the intersection of any finite number of the members of T is in T,
and the arbitrary union of members of 7 is in 7. The members of T are called open
sets of A, and the complement of an open set U, A\ U, is a closed set. If B is a subset
of A, then B, the smallest closed set containing B, is called the closure of B and B°
the biggest open set contained in B, is named the interior of B. A subfamily {U,} of
T is named a base of T if for each z € U € T, there is an a € I such that x € U, C U,
or equivalently, each U in T is the union of members of {U,}. A subfamily {Us} of
T is a subbase for T if the family of finite intersections of members of {Ug} forms a
basis of 7. A subset P of A is a neighborhood of x € A, if there exists an open set U
such that x € U C P. Let T, denote the all neighborhoods of z in A, then a subfamily
V, of T; is a fundamental system of neighborhoods of z, if for each U, in T, there
exists a V,, in V, such that V,, C U,. Let (A, T) and (B, V) be two topological spaces,
a mapping f of A into B is continuous if f~1(U) € T for any U € V. The mapping
f is called homeomorphism if f is bijective, and f and f~! are continuous, or equiv-
alently, if f is bijective, continuous and open (closed). A topological space (A, T) is
compact if each open covering of A is reducible to a finite open covering and locally
compact if for each x € A there exists an open neighborhood U of x and a compact
subset K such that x € U C K. Let (A, T) be a topological space. Then (A, T) is a:
(1) To-space if, for each x,y € A and z # y, there is at least one in an open neighbor-
hood excluding the other.

(i1) Ty-space if, for each x,y € A and = # y, each has an open neighborhood not
containing the other.

(#i1) Ta-space if, for each z,y € A and x # y, both have disjoint open neighborhoods
U, V such that x € U and y € V. A Ty-space is also known as a Hausdorff space.
(iv) regular space if, for any closed subset C of (4, 7T) and z € A such that x ¢ C,
there exist disjoint open sets U and V such that x € U and C' C V.

(v) normal space if, C and D are two disjoint closed subsets of A, then there exist
two disjoint open subsets U and V such that C C U and D C V.

(v) Ts-space if it is Ty and regular space.

(vi) Ty-space if it is Ty and normal space (See, [5]).

Proposition 2.1. (i) A topological space (A, T) is a Ts-space if and only if for each
x €U €T, there exists an open set H such that x € H C H C U.
(i) A topological space (A, T) is a Ty-space if and only if for each closed set S and
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each open set U contains S, there exists an open set H such that S C H C H C U
(See, [20]).

An effect algebra is algebraic structure (E,®,0,1) where 0,1 are distinct elements
of E and & is a partial binary operation on E that satisfies the following conditions,
for any a,b,c € E:

(E1)(Commutative law) If a @ b is defined, then b @ a is defined and a &b =b @ a.
(E2)(Associative law) If a @ b and (a @ b) @ ¢ are defined, then b® ¢ and a ® (b P ¢)
are defined and (a ®0) Bc=a® (bD c).

(E3)(Orthosupplementation law) For each a € E there exist a unique b € E such that
a @b is defined and a ® b= 1.

(E4)(Zero-Unit law) If a & 1 is defined, then a = 0.

For each a € E, we denote the unique b in condition (E3) by @’ and call it the ortho-
supplement of a. The sense is that if a presents a proposition, then a corresponds
to the negation. The binary relation < which is define by a < b, if and only if there
exists ¢ € E such that a & ¢ = b is a totally relation. Such an element ¢ is unique,
and therefore we can introduce a dual operation & in E by a © b = ¢ if and only if
a=c®db. Let A and B be subsets of a effect algebra E. Then A & B denotes the
set {a®b:aec Abe B}, and A denotes the set {a' : a € A}, and for a € E, a & A
denotes the set {a @b : b € A}. If a ® b is defined, then we say that a and b are
orthogonal and write aLb (See, [8, 9, 12]).

Proposition 2.2. [12] The following properties hold for any effect algebra, for any
a,bel :

() o’ =a,

1'=0and0 =1,

~
=
~—

(

(

(
(v)a®b=0=a=>b=0,
(vi) a < ad®b,

(vid) a<b=1b Sa/,
(viii) b a=(a®b),

(iz) a®b = (boa),

(x) a=a50,

(i) a©a=0,

(ziid)a =16aanda=16d .

Let (E,®,0,1) be an effect algebra. A nonempty subset I of E is said to be an
ideal of E, if for all a,b € E, a € [ and b < a impliesbe [ andaSbe l andbe ]
implies a € I. Equivalently, if a @ b is defined, then a® b € I < a,b € I (See, [19]).

A binary relation ~ on effect algebra F is called a congruence relation if:

(C1) ~ is an equivalence relation,
(C2) a~ay,b~bi,alband a;lb; thena® b~ a; @ b;.
(C3) if a ~ b and blc, then there exists d € E such that d ~ ¢ and a_Ld.

Note: Condition (C3) is equivalent to the conditions:

(C4H)fa~band a®a; ~bd by, then ay ~ b;.
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(C5) If a ~ b ¢, then there are ay,as such that a = a1 ® az and ay ~ b, as ~ c.
Condition C(4) is equivalent to condition
(C6) if a ~ b, then a’ ~ b (See, [14]).
If ~ is a congruence relation, then quotient E/ ~ is an effect algebra (See, [9]). If T
is an ideal of F, we define a binary relation ~; on E by a ~j b if and only if there
are 1,7 € I, such that i < a,7 <band a ©7 =06 j. Equivalently, a ~; b if and only
if there is k € E, such that k < a,b, and ac k,bok € I.

Let (E,®,0,1) be an effect algebra and I be an ideal of E. We say that [ is a
Riesz ideal of E if for any ¢ € I and a,b € F if alb and i < a ® b, then there exist
ay,b1 € I such that a; < a,b; <band i <a; @b (See, [9]).

Theorem 2.3. [13] Let I be an ideal in effect algebra E. Then ~p is a congruence
relation on E if and only if I is a Riesz ideal of E.

Note: From now one, in this paper we let (E,®,0,1) or F is an effect algebra.

Definition 2.1. [21] Let T be a topology on effect algebra E. Then (E,T) is called:
(1) semitopological effect algebra if @ is semicontinuous, or equivalently, if for any
a,r € E and any neighborhood U of a & x, there exists an open neighborhood V of
x such that a @V C U,

(i) paratopological effect algebra if the operation @ is continuous, or equivalently, if
for any x,y in E and any open set W of x ® y there exist two open neighborhoods U
and V of x and y, respectively, such that U @ V C W,

(7i1) topological effect algebra, if the operations @ and / are continuous.

Example 2.1. [21] (i) Let E = [0, 1] be effect algebra with the interval topology T
of R. Then FE is topological effect algebra.

(it) Cy = {0,1/4,2/4,3/4,1} with topology T = {0,{0},{0,1/4},C4} is a paratopo-
logical effect algebra.

Notation: [21] For a € E, we define the maps Ty, Lo, Ro,/ : E — E as follows:

T.(z)=a®z , Lo(z)=a0z , Riz)=26a , I(z)=z.

Theorem 2.4. [21] Let (E,T) be a topological effect algebra. Then the operation &
18 CONtInuous.

3. Separation axioms on effect algebras

In this section, we get some conditions on (semi, para)topological effect algebras
which causes it becomes a T;-space. Recall that a topological space (X, T) is called
discrete if every element admits a neighborhood consisting of that element only.

Proposition 3.1. If {0} is an open set in a topological effect algebra E, then E is
discrete.

Proof. Since E ia an effect algebra, by Proposition 2.2(xi), z & x = 0 € {0}, for all
x € E. Because {0} is open, by continuity of © in E, there exist two neighborhoods
U and V of z, such that U6V = {0}. Let W =UNV. Then WoW CUoV = {0}
and so W o W = {0}. It follows from = € W, that W = {z}, which means that E is
discrete. O



258 R.A. BORZOOEI, M.R. RAKHSHANI, AND G.R. REZAEI

Theorem 3.2. Suppose that T is a topology on effect algebra E.

(i) If for any a € E, T, is an open map and there exists U € T containing 0, then
(E,T) is a To-space.

(ii) If for any a € E, R,(L,) is an open map and there exists U € T containing 1,
then (E,T) is a To-space.

Proof. (i) Let for any a € E, T, be an open map and z,y € E such that x # y.
Suppose U be an open set containing 0. Then U @& =z and U @ y are open sets
containing x and y, respectively. We claim that t U@y ory &€ Udzx. Let z € U Dy
and y € U @ x. Then, for some a € U, x = a ® y. By definition of order relation < in
E, we get that y < x. Similarly, y € U @ z, follows that < y. Hence, z = y, which
is a contradiction.

(7i) Let for any a € E, R,(L,) be an open map and z,y € E such that x # y. Let U
be an open set containing 1. By Proposition 2.2(zi7), 16z =z and 1@y' = y. Hence,
R, (U)=Uoz and R, (U)= U Sy are open sets containing z and v, respectively.
We claim that y ¢ U6 x orx U Sy . Let yc Uoa and z € USy . Then, for
some a € U,y =a Sz and so by Proposition 2.2(viii) y = (a® m/)/ =2 @®a. Thus
2 <y and so by Proposition 2.2(vii), y < z. Similarly, for z € U Sy, we get 2 < y.
Hence = = y, that is a contradiction. Therefore, (E,T) is a Tp-space. O

Theorem 3.3. Let effect algebra E has a proper ideal I (that is, distinct from E and
{0}). Then,

(i) there is a nontrivial topology T on E such that (E,T) is a paratopological effect
algebra and Ty-space.

(i) I is a closed and open set.

Proof. (i) Let I be a proper ideal in Eand T ={U CE:Ve e U, I®xz CU}. Itis
easy to prove that T is a topology on E. We show that for any a € E, a® I € T. Let
ac€ EFandyeca®dl. Then

IpyClea(Ida)=Ie)Pallda.

Hence, 7 is a nontrivial topology on E. If x,y € FE and x @y € U € T, then
(I®x)®y CU. On the other hand x ® I and y & I are two open neighborhoods of
x and y, respectively, such that

oo wyeol)=coydleolCzaoydl CU.

Hence, (E,T) is a paratopological effect algebra and so T, is a continuous map.
Now, we prove that for any a € E,T, is an open map. Let a € E and U € T. If
y € a @ U, then there exists € U such that y = a ® x. Thus, by (E1) and (E2)
Ioy=1I®(adz)=a®(IPz) CadU Hence, a ® U is an open set in E. This
proves that T, is an open map. Therefore, Theorem 3.2(7), (E,T) is a Tp-space.

(i) Forx € I, I CI. Then I € T. If x € I, then (I ® x) NI # (). Hence, there
exists a € I such that a @ « € I. Now since by Proposition 2.2(vi), ¢ < z ® a and
is an ideal, we get € I. Then, I is a closed set. (]
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Example 3.1. Let E = {0,a,b,1}, be a poset where 0 < a,b < 1. Consider the
following tables :

| T
O =

=Y |
T

— oo od

— T oo

o= T T
=

Then, (E,®,0,1) is an effect algebra. Since {0, a} is an ideal of E, by Theorem 3.3,
T={UCE:VxeUl®xzCU}
:{(Z)v E7 {07 (L}, {17 b}7 {a}7 {]—}7 {av b7 1}7 {07 a, 1}) {CL, 1}}

is a topology on E such that (E,T) is a paratopological effect algebra and Typ-space.

Theorem 3.4. Let T be a topology on effect algebra E such that for any a € E, L,
be an open map. Then (E,T) is a Ty-space if and only if for any 0 # x € E, there
exists an open neighborhood U of 0 such that x & U.

Proof. Let for any 0 # x € E, there exists an open neighborhood U of 0 such that
x & U. We prove that (E,T) is a Tp-space. Let x # y. By definition of &, z Sy
or y © x is defined. W.O.L.G, suppose that = © y is defined and x © y # 0. Then
there is an open neighborhood U of 0 such that x ©y ¢ U. We claim y ¢ x © U or
cgyoU LetycxoUandzecyo U If y € x o U, then forsomea e U, y=26Sa
orz=y®aand so <, y < x. Similarly, x € y © U follows x < y and so x = y, which
is a contradiction. Therefore, (F,T) is a Tp-space. O

Theorem 3.5. Let (E,T) be a topological effect algebra. If for any x € E\ {0} there
exists an open set U containing x such that 0 ¢ U, then (E,T) is a T1-space.

Proof. Suppose x # y. By definition of &, x © y or y & x is defined. W.O.L.G let
x ©y is defined and = © y # 0. Then, there exists an open neighborhood U of z © y
such that 0 € U. On the other hand, since (F,T) is a topological effect algebra, there
exist open neighborhoods V' and W of x and y, respectively, such that Voy C U
and t &6 W C U. We claim that z € W and y € V. Because if € W or y € V, then
by Proposition 2.2(xi), z&x =0 or y©y =0 and so 0 € U, which is a contrudiction.
Therefore, (E,T) is a T-space. O

Example 3.2. Let E = [0,1] be topological effect algebra as Example 2.1(7). For
any z € E\ {0} and z < 1, we consider 6 = min{z — 0,1 —z}. Then z € Ns(z) and
0 ¢ Ns(z). Hence by Proposition 3.5 (E,T) is a T} space.

Theorem 3.6. Let (E,T) be a semitopological effect algebra and 1 be a continuous
map. Then, (E,T) is a Ti-space if and only if for any x # 1 there are open neigh-
borhoods U and V' of x and 1, respectively, such that 1 ¢ U and x & V.

Proof. If (E,T) is a Ty-space, then the proof is clear. Conversely, let for any z # 1,
there are open neighborhoods U and V of z and 1, respectively, such that 1 ¢ U and
x ¢ V. We show that (E,T) is a Ty-space. Let x,y € E and = # y. Hence = @ n #1
(if @y =1, by (E3) y =2 andsoz” =y and by Proposition 2.2(i) = y, which
is contradiction). Let U be an open neighborhood of x & y such that 1 ¢ U. Since
(E,T) is a semitopological effect algebra, there are two open neighborhoods V' and
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W of x and y,, respectively, such that V & y/ CUand x W C U. We claim that
¢ W andy g V.Ifz € W ory eV, then by (E3), 1 € U, which is a contradiction.
Moreover it is easily check that the map 7 : E — FE is homomorphism. Hence, W' is
an open set and so (E,T) is a T;-space. O

Theorem 3.7. Let (E,T) be a topological effect algebra. Then (E,T) is a To-space
if and only if (E,T) is a Ty-space.

Proof. Let (E,T) be a Ty-space and x # y for x,y € E. Then 26y or yOSx is defined.
W.O.L.G, suppose z © y is defined and x © y # 0. Since E is a Ty-space, there exists
an open set U such that 0 € U and x ©y ¢ U or 0 ¢ U and z © y € U. First, we
suppose 0 € U and x ©y € U. Since (E,T) is a topological effect algebra, there exist
open neighborhoods W and V of = and y, respectively, such that V ©y C U and
cOW CU. Weclaimthat t ¢ Vandyg W.lfx € Vory € W, then x &y € U,
which is a contradiction.

Now, suppose 0 ¢ U and z © y € U. Since © is continuous, there exist open
neighbourhoods V and W of x and y, respectively, such that Vey C U and x&W C U.
We claim that y ¢ V and o ¢ W. If y € V or & € W, then by Proposition 2.2(xi),
yoy=zxz6x=0¢€ U, which is a contradiction. The proof of convers, ia clear. [

Theorem 3.8. Let (E,T) be a topological effect algebra. Then (E,T) is a Ta-space
if and only if (E,T) is a Ty-space.

Proof. Let (E,T) be a Ty-space. Since E is a topological effect algebra, by Theorem
3.7, (E,T) is a Ty-space. Let © # y, for x,y € E. Then, x ©y or y © x is defined
and 20y #0oryox # 0. W.O.L.G, suppose  ©y # 0. Since (E,T) is a T1-
space, there exists an open set U such that xt ©y € U and 0 ¢ U. By continuity
of operation ©, there exist open sets W and V of x and y, respectively, such that
W oV CU We claim that WNV = 0. If z € W NV, then by Proposition 2.2(xi),
0=26z¢€WoV CU, which is a contradiction. Hence, (E,T) is a T-space. The
converse is clear. (|

Theorem 3.9. Let (E,T) be a topological effect algebra. Then {0} is closed in E if
and only if E is Hausdorff space.

Proof. Assume that {0} is closed in F and z,y € E with ¢ # y. Then x © y or
y © x is defined. W.L.O.G, suppose z & y is defined and z &y # 0. Since E \ {0} is
open and operation © is continuous, there exist neighborhood U and V of = and v,
respectively such that U © V C E\ {0}. Weclaim UNV =0. If z € UNV then,
0=262z€UsV C E\{0}, which is contradiction. Therefore (F,T) is Hausdorff.
Conversely, let (E,T) be Hausdorff. We claim that F \ {0} is open. If x € E \ {0},
then z # 0 and so there exist distinct neighborhoods U and V' of x and 0, respectively.
Hence 0 ¢ U and so U C F \ {0}, which implies that F \ {0} is open. Therefore, {0}
is closed. U

Corollary 3.10. Let (E,T) be a topological effect algebra. Then {0} is closed in E
if and only if E is a To(T1)-space.

Proof. By Theorems 3.7, 3.8 and 3.9, the proof is clear. O

Proposition 3.11. Let {0} be a closed set in topological effect algebra (E,T) and
Ny be a fundamental system of open neighborhoods of 0. Then (\Ny = {0}.



SEPARATION AXIOMS ON TOPOLOGICAL EFFECT ALGEBRAS 261

Proof. Let {0} be a closed set. By Theorem 3.9, (E,7T) is a Hausdorff space. Since
(E,T) is a Hausdorff space, for 0 # = € E, there exists an open neighborhood U of 0
such that x & U. Hence z & [ No. O

Proposition 3.12. Let I be an ideal of topological effect algebra E. If 0 is an interior
point of I, then I is open.

Proof. Let x € I. Since x © z =0 € I and 0 is an interior point of I, there exists a
neighborhood U of 0 such that U C I. By continuity of &, there exist neighborhoods
U and H of x such that G H C U C I. On the other hand, for every y € G,
yox € GO H C I. Now, since [ is an ideal and = € I, we get y € I and so
x € G C I. Hence [ is open. O

Theorem 3.13. Let E be an effect algebra and A = {I;}32, be a family of ideals in
E such that for any i,j € N
i<je I Cl
Now, let:
Ta={UCE:VxeU3l; e st. zI; CU}
Then Ty is a topology on E. Moreover if NA = {0}, then (E,Ty) is Hausdorff space.

Proof. Tt is clear that T is a topology on E. Now, let NA = {0} and z,y € F such
that  # y. Then x 6y # {0} and so © &y ¢ NA. Hence there exists I; € A such
that x © y ¢ I,. On the other hand z € v @ I; and y € y & I;. We claim that
(zoL)N(yaL;)=0. Let 2z € x® I; and z € y & I;. Hence there exist t1,ty € [;
such that z =x ®t; and z =y B ty. Then x ®t; = y P te and so x Oy € I; which, is
a contradiction. Therefore, (E, Tx) is a Hausdorff space. (]

Recall that a topological space (X, T) is an Uryshon space if for each © # y € X
there exist two open neighborhoods U and V' of x and y, respectively, such that
UNV ={. An Uryshon space is also known as a T5 5 space.

Proposition 3.14. Let (E,T) be a topological effect algebra. Then (E,T) is an
Uryshon space if and only if for each x # 0, there exist two open neighborhoods U and
V of x and 0, respectively, such that U NV = ).

Proof. If (E,T) is an Uryshon space, then the proof is clear. Conversely, let for each
x # 0, there exist two open neighborhoods U and V' of x and 0, respectively, such that
UNV =0. Let  # y, then x ©y or y © x is defined. W.O.L.G, let 2 © y is defined,
Oy # 0and U and V be two open neighborhoods of x & y and 0, respectively,
such that U NV = (). Since (E,T) is a topological effect algebra, by Theorem 2.4,
© is continuous and so there are two open neighborhoods W; and W5 of = and y,
respectively, such that W, © Wy C U. We prove that W and W, are disjoint. Let
2z € W1 N Ws. Since the operation & is continuous, we get

o(W1, W) C (Wi, Wa)
Hence, 0 € Wy, © Wy C Wi © Wy C U, which is a contradiction. Therefore, (E,Ty) is
an Uryshon space. O

Example 3.3. E = [0, 1] be effect algebra as Example 2.1. We claim that (E,T) is
an Uryshon space. Let z =aand a # 1. Then U = (a —¢,a+¢) and V = [0,a — 2¢)
are two open neighborhoods of a and 0, respectively, such that U N’V = (). Now, let
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z = 1. Then W = [0,1/4) and K = (1/2,1] are two open neighborhoods of 0 and
1, respectively, such that W N K = ). Therefore, by Proposition 3.14, (E,T) is an
Uryshon space.

Theorem 3.15. Let effect algebra E has a proper ideal 1. Then:
(i) (E,T) is a Ts-space if and only if for each x € U € T, the set I @ x is a closed
set,

(i1) (E,T) is a Ty-space if and only if for each closed set S, the set |J I ®x is a
zes
closed set.

Proof. (i) Let (E,T) be a T3-space and x € U € T. Since I @ x is an open neighbor-
hood of x, by Proposition 2.1(3), there exists an open set H such that x € H C H C
I®x. Asz € H and H is an open set, I ® x contained in H. Hence, I ® x = H, which
implies that I @ x is closed. Conversely, let x € U € T. Since I @ z is a closed set,
xe€l@®ax=1da CU. By Proposition 2.1(z), (E,T) is a T3-space.

(73) Let (E,T) be a Ty- space and S be a closed set in E. Since |J I @ = is an

zes
open set contains S, by Proposition 2.1(i%), there exists an open set H such that

SCHCHC UI®z. As S C H, and H is an open set, the set |J I ® z is

zesS zeS
contained in H. Hence, |J I @z = H. Conversely, let S be a closed set in E and
eSS
U be an open set contains S. Then, |J I @ = is a closed and open set such that
zeS
SC UIex= U I®x CU. Therefore, (E,T) is a Ty-space. O

zeS zeS

4. Compact Hausdorff effect algebras

In this section, we study the locally compact (para)topological Hausdorff effect
algebras. We are going to get some conditions under which a (para)topological effect
algebra becomes a Ty-spaces. Also we bring some conditions that imply an effect
algebra becomes a paratopological effect algebra. Recall that, a topological space X
is called a locally compact space if for every x € X, there exists a neighbourhood U
of the point x such that U is a compact subspace of X. Since the compact space U
is a Ty-space, the set {z} is closed in U and this implies {z} is closed in X i.e., that
every locally compact space is a Ti-space.

Proposition 4.1. Let (E,T) be a locally compact paratopological Hausdorff effect
algebra and C be a compact subset of open set U. If for any a € E, T, is an open
map, then there exists an open neighborhood V' of O such that C @V is compact and
contained in U.

Proof. Let U € T and C be a compact subset of U. Suppose that x € C. Since & is
continuous, there are two open neighborhoods V, and W, of 0 such that x ®V, C U
and W, ® W, C V,. As for any a € A, T, is an open map, {x & W,z € C} is
an open cover of C. Since C is compact, this cover have a finite subcover such that
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n
{z;®@W,, 12z, € Ci=1,2,....n}. Put W = (| W,,, then we have

i=1
n n n
CoWw cCoW,, € (| J@aeW.,)eW,, c|J@eWw,,)oW,, C|JzoV, CU.
=1 =1 =1

Since (E,T) is a locally compact space, there exists an open set V' by closure compact
containing 0 such that V' C W. Because of continuity ¢, the mapping 7}, is continuous.
Therefore, C @V is a compact subset of E. As (E,T) is a Hausdorff space, C @V is

a closed subset of E. Then, C®V CC @&V =C & V. On the other hand

CaV = U Tz(v) C U ,(V)=CaV.
zeC zeC

Hence, C @V is a compact subset contained in U. O

Theorem 4.2. Let (E,T) be a locally compact Hausdor{f paratopological effect algebra
and for any a € E, T, be an open map. Then, (E,T) is a Ty-space.

Proof. Let F be a closed set and V' € T containing F. By Proposition 4.1, there exists
an open neighborhood U of 0 such that F CU & F C U @& F C V. By Proposition,
2.1 it is clear that (E,T) is a Ty-space. O

Proposition 4.3. Let (E,T) be a semitopological effect algebra and locally compact
Hausdorff space such that for each b € E, Ty, is an open map and the operation ® is
continuous at (0,b). Then, for any x,y € E, there exist open neighborhoods U and V
of x and y, respectively, such that U &V is compact.

Proof. Let z,y € E. Since E is a locally compact Hausdorff space, there exists
open neighborhood W of y such that W is compact. As by Proposition 2.2(iv),
0@y =y € W, there exist open neighborhoods Uy and V of 0 and y, respectively,
such that Uy @ V C W. Put U = x ® Up. Then x € U € T and so by (E2),

UoV=0aolUy)eV=xaUodV)CzaW.

Since z @ W is compact, then z @ W C 2 @ W = z & W. On the other hand

oW =T,W)CT,(W)=xaW.
Then z @ W =z & W. Therefore, U & V is compact. O

Theorem 4.4. Let E be an effect algebra and T be a topology on E and

(i) for any x,y € E, there are two open sets U and V of x and y, respectively, such
that U &V 14s compact,

(i3) for any x,y € E and any open set W of x Dy, if z € E\ W, there exist open sets
U and V' of x and y, respectively, such that z ¢ U ®V.

Then (E,T) is a paratopological effect algebra.

Proof. Let x,y € E and W be an open neighbourhood of z®y. By (i) we can consider
open sets U, and V, in E such that v € U,,y € V,, and U, @ V,, is compact. Let B,
be the family of all open neighbourhoods of x contained in U, and B, be the family
of all open neighbourhoods of y contained in Vj. For subsets U € B, and V' € By
of E, we put Fyy = (E\W)NU&YV. Clearly, Fy,y is closed. Now, suppose that
n={Fyy :U € B;,V € By}. Obviously, each P € n is compact. We show that
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at least one element of n is empty. Assume that all elements of n are non-empty.
Since the elements of 1 are closed compact sets, by finite intersection property, there
is z € M. On the other hand, by (i4) there are U € B, and V € By such that
2 U@V. Then z € Fy v € n, which is a contradiction. Hence, for some Fy v € 7,
UapV CW. O

Lemma 4.5. [1] Let X and Y be two locally compact Hausdorff spaces, f be a sep-
arately continuous mapping of X XY to a regular space Z and (x,y) € X x Y. Let
W be an open set of f(x,y) and U be an open set of x. Then there exist non-empty
open sets Uy in X and V in'Y such that Uy CU, y €V and f(U; x V) CW.

Theorem 4.6. Let (E,T) be a locally compact Ts-space. If for any a € E, T, is an
open map and & is continuous at (0,a), then (E,T) is a paratopological effect algebra.

Proof. First, we prove that (F,T) is a semitopological effect algebra. Let x ®y €
U € T. Since @ is continuous at (0,z @ y), there is an open neighborhood V' of 0
such that V @&z ®y C U. Assuming W = V @ x is an open neighborhood of x and
W @y C U. This shows that E is a semitopological effect algebra. Now, we prove that
(E, T) satisfies in conditions (¢) and (i) of Theorem 4.4. By Proposition 4.3, (E,T)
satisfies condition (7). Let t @y € W € T and z € EN\W. Since E is locally compact,
we can assume that z ¢ W. As 0@z = z € EN\JW and @ is continuous at (0, z), there
is an open neighborhood G of 0 such that (G @ z) N W = (). Since G @ z is an open
neighborhood of z, Then,by Lemma 4.6, there are two non-empty open sets Uy and
V such that y € V, Uy C Gdx and Uy ® V C W. Since, () # Uy C G @ z, there exists
g € G such that g ® x € Uy. By continuity T,, there exists U € T containing 0 such
that g @ U C Uy. Hence (g U) @V C Uy @V C W and so

geUaV)=T,UaV)Cga(UaV)CW.

We claim that 2 ¢ U@ V. Let z € UV, then g® 2 € ¢ ® (U ® V) implies that
g®z e WnN(GS z), which is a contradiction. Hence (i¢) holds. Therefore, (E,T) is
a paratopological effect algebra. (|

5. Separation axioms on quotient effect algebras

In this section, we first introduce the concept of topological quotient effect algebra
by ideals of an effect algebra. Then, we study the relationship between separation
axioms and topological quotient effect algebras. We are going to get some conditions
under which a quotient topological effect algebra becomes a T}-space or Hausdorff or
regular.

Let E be an effect algebra, I be an ideal of E and E/I = {[z] : « € E}, where
[] = {y : x ~; y}. If I is Riesz ideal of E, then E/I is an effect algebra which is
called a quotient effect algebra and map n; : E — E/I is defined by x — [z]. Let
(E,T) be a topological effect algebra, then

T={UCE/I:7;"(U)eT}

is a topology on E/I. In the other words, subset U of E/I is open if and only if
77 }(U) is an open subset of E (See, [9]).
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Proposition 5.1. Let I be an ideal of effect algebra E. Then for any FF C E,
(mrtomn)(F) = | la]

zeF
Proof. Let F C E and z € (77" o 7;)(F). Then, there exists € F such that
wr(z) = 7r1( ). Since 7(x) = [z], thus 7;(z) = [z] and this means that z € [z].
Hence (7 omp)(F) C U [].
zeF
Conversely, let z € |J [z]. Then there exists zy € F such that z € [zg] and so
TzeF
71(2) = m7(x). Thus z € (7' om7)(F) and so (77 onr)(F) = U [=]. O

zEF

Proposition 5.2. Let I be a Riesz ideal of effect algebra E. Then
for any x,y € B, [z @ y] = [2]®[y] and [z] = [z].

Proof. Let I be a Riesz ideal of E and z,y € E. If z € [t D y], then z ~; £ @ y. Since
I is a Riesz ideal, there exist zq1, 29 € E such that z = z1 @ z2 and z1 ~j T, 22 ~1 Y.
Hence 21 € [z], 22 € [y] and 21 B2 € [2]By]. Thus 2z € [z]B[y] and so [zDy] C [z]B[y].
Slmllarly, we have [2]®[y] C [ ®y] and so proof is completed. Now let a € [x']. Then
a~yz andsoa ~jz. Hencea € [z]andsoa € [z] and this implies that [z'] C [] .

’

By vice versa relations above, we have [z]" C [z']. Then [z] = [z'].
O

Definition 5.1. [7] An equivalence relation ~ on F is called open if for any open set
UCE,[Ul={y:y~u,uecU}isopen set in E, too.

Lemma 5.3. Let E be an effect algebra and I be an ideal of E. Then ~j is an open
relation.

Proof. Let U C E be an open set. Then
Ul={y:y~rwuelU}={y:3i,j € Lyoi=uoj} ={y:y = (uoj)®i} = (Uoj)®i

Since operations © and @ are continuous, (U & j) and (U © j) @ i are open and this
means that [U] is open in E. Hence ~; is an open relation. O

Lemma 5.4. Let I be a Riesz ideal of effect algebra E and x,y € E. If [x]1 < [y]r1,
then for any b € [y];, there exists a € [z]; such that a <.

Proof. Let I be a Riesz ideal of E and [z]; < [y];. Then there exists [z]; € E/I such
that [x];®[z]r = [y]1 or [x & 2]r = [y];. Now let b € [y];. Then b € [x & 2]; and this
means that b ~; ¢ @ z. By (C5), there exist b1,bs € E such that b = b; @ by and
by ~; x,by ~5 z. Hence by € [z]; and by < b. We consider by = a and the proof is
completed. O

Lemma 5.5. [7] Let X be a topological space and ~ is an equivalence relation on X .
Then the map m: X — X/ ~ is open if and only if for any open set U C X, [U] is
open.

Theorem 5.6. Let (E,T) be a topological effect algebra, I be a Riesz ideal of E and
z,y € E. Then

(1) If x <y, then [z] < [y], for any z,y € E.

(ii) (E/I,T) is a topological effect algebra.
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Proof. (i) Let x < y for x,y € E. Then there exists, 2 € E such that x ® z = y.
Hence [z & z] = [y]. Since I is a Riesz ideal, [z]®[z] = [y] and so [z] < [y].

(i1) Suppose that @ : E/I x E/I — E/I is defined by ([z],[y]) — [z]®[y] and
7:E/I — E/I is defined by [z] — [2]. It is enough to show & and 7 are continuous.
Let U be an open set in E/I. Then 7~(U) is open in E, thus there is an open
set V C E such that V&V C 7~ 1(U). Hence (7 x 7)(V x V) = 7(V) x (V) is
open in E/I x E/I and this means that &(x(V) x n(V)) = mo (&(V x V)) C U.
We have shown that there exist an open set m(V) x m(V) C E/I x E/I such that
S(m(V) x ©(V)) C U C E/I and this means that @ is continuous. Now, we show
that 7 : E/I — E/I which is defined by [z] — [2] is continuous. Let U be an open
set in E/I. Then 7=1(U) is open in E. Hence (/)~!'(7~1(U)) is an open set in E
and so 7((1)~Y(m~1(U))) is open in E/I. On the other hand, (/)~! = 7o (/)" ox L.
Thus (7)~'(U) is an open relation. Therefore 7, is continuous and so (E/I,T) is a
topological effect algebra. O

Recall that, a net in a topological space X is an arbitrary function from a non-
empty directed set to the space X. Nets will be denoted by the symbol S = {z, :
o € ¥}, where z,, is the point of X assigned to the element o of the directed set X.
A point z is called a limit of a net S = {z, : 0 € X} if for every neighbourhood U of
x there exists og € ¥ such that x, € U for every 0 > 0. In this case, we say then
the net S is converges to x.(See, [7])

Proposition 5.7. Let I be a Riesz ideal of effect algebra E. If w;(0) be an open
subset of E/I, then 7y is closed.

Proof. Let K C E and [y] € w7(K). Then there exists a net {z, }s¢cx such that {[z,] :
o € ¥} converges to [y]. Since (E,7T) is an effect algebra, the net {[y © z,]: 0 € X}
or [z, ©y] : 0 € £} is defined and by Theorem 5.6, it converges to [0]. W.O.L.G,
suppose [y © Z,],ex converges to [0]. Because 77(0) is closed subset of E/I, there
exists o € ¥ such that [y © x,] € 77(0) and [y © x| = [0]. Hence [z,] = [y] and so

[y] € 71 (K). Thus 7;(K) C 7 (K) C w7(K). Therefore, 71 is closed. O

Proposition 5.8. Let E be a topological effect algebra and I be an ideal of E. Then
I is open on E if and only if (E/I,T) is discrete.

Proof. Let I be an open set on E. Then for any z € E, [z] is an open set on E. On
the other hand for any U € T, n; ' o 77(U) = Ugey|e] is an open set on E/I. Hence
for any © € E,7;(x) = [z] is an open set on E/I and this means that (E/I,T) is
discrete. The proof of converse is clear. O

Proposition 5.9. Let (E,T) be a topologz;cal effect algebra and I be an ideal of E.
Then I is closed in E if and only if (E/I,T) is T1-space.

Proof. Let I be a closed subset of E. Then for any z € E, ;' o 77(x) is a closed
subset of I. Hence m7(z) = {[z]} is closed in E/I and this means that (E/I,T) is T1-

space. Conversely, let (E/I,T) be a Ti-space. Then «; ' ([I]) = I is closed in E. O

Corollary 5.10. Let (E,T) be an fﬁect algebra and I be an ideal of E. If I is an
open neighborhood of 0, then (E/I,T) is a T1-space.
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Proof. Let x € I and {z, : 0 € ¥} be a net in I that converges to x. Since (E,T)
is a topological effect algebra, hence {x © z, : 0 € ¥} converges to 0. On the other
hand, I is an open neighborhood of 0. Then there exist o € ¥ such that x & z, € I.
Since I is an ideal and z, € I, thus = € I. Therefore, I is closed and by Proposition
5.9, (E/I,T) is a Ti-space. O

Theorem 5.11. Let (E,T) be a topological effect algebra and I be a Riesz ideal of
E. Then (E/I,T) is a Hausdorff topological effect algebra if and only if I is closed
in k.

Proof. Let E/I be Hausdorff. Then {I} C E/I is closed. On the other hand = is
continuous and so I = 7~ 1({I}) is closed. Conversely, let I be closed (See, [16]). Since
~ is an open relation, it is enough to prove that M = {(z,y) 1z ~; y} CE X E is
closed. Because I is an ideal of E, thus

M=A{(z,y):z~ryt={(z,y) ;xS k,yo kel for somek € E}
={(z,y):zckdl,byckadI for somek € E}
—{(k®Lk®l): ke E)}

=kel)x kel

Then I, k@ I and cartesian product (k@ I) x (k@ I) are closed and this means that
M is closed. d

Theorem 5.12. Let I be an ideal of effect algebra E. If I is an open neighborhood
of 0 and T is closed under finite intersection, then (E/I,T) is regular and Ty -space.

Proof. By Theorem 5.6(i) and Proposition 5.9, (E/I, T) is a topological effect algebra
and a Tj-space. Let S be a closed subset of F/I and [z]; ¢ S. If [y]; € S, then

[z]r & [ylr # [0l1 or [ylr © [z]; # [0]r. Let [z]; & [y]r # [0];. Since (E/I,T) is a
Ti-space, there exists U € T such that [0]; ¢ U and [z]; © [y]; € U. On the other
hand, (E/I 77~') is a topological space and so © is continuous. Hence there exist V,,
and W, € T such that V, © W, C U, [z]; € V, and [y]; € W,. We claim that

Vy N W, =0. If V, N W, # 0, there exist [z]; € V,, N W,, such that
O=[drelreV,0W,CU

which is a contradiction. If V- =\, csVy and W = Up,;,cg Wy, then [z]; € V €
T,8SCWeT and VNW = 0. Therefore, (E/I,T) is a regular space. O

6. Conclusion

In this paper, separation axioms on topological effect algebras were investigated and
the conditions that is a T;-space, were obtained. Also, these conditions were perused
in the case of locally compact (para)topological Hausdorff effect algebra. Finally,
quotient topological effect algebras were introduced and existence of separation axioms
was expressed and proved. Next researches can study many of other concepts of
topology on effect algebras.
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