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A Gibbs sampler in a generalized sense, 11

UDREA PAUN

ABSTRACT. We consider two new conditions for finite sequences of (finite) stochastic matrices.
The Gibbs samplers in a generalized sense which satisfy these conditions have important
properties, and thus became among the first our favorite chains — our interest is to design
very fast Markov chains and having, if possible, other important properties. We show, in the
finite case, that the probability distribution of a random vector with independent components
is a wavy probability distribution with respect to the lexicographic order and n + 1 partitions
which will be specified, where n is the dimension of random vector. We define the wavy
probability distributions in a generalized sense. When these probability distributions have
normalization constant, we give, under certain conditions, a formula to compute this constant.
To give other examples of wavy probability distributions and of wavy probability distributions
in a generalized sense, we consider the Potts model (a model used in statistical physics and
other fields). Moreover, the normalization constant for the Ising model on Cp, the cycle graph
with n vertices, is computed.
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1. A short introduction

The reader is assumed to be acquainted with [16].

The Metropolis chain (1953) [9], its generalization, the Metropolis-Hastings chain
(1970) [3], and the Gibbs sampler (1984) [2] are Markov chains which were created
to simulate random variables. As far as we know, no application in which the exact
sampling holds was obtained for the first two chains. Moreover, as far as we know
too, for the speeds of convergence of these three chains — these speeds are the most
important things on these chains —, only in some special cases were obtained some
results, not very good results. However, some people are very enthusiastic, such as,
the authors of [18]. (For the theory of Markov chains, see, e.g., [4], and for the
Metropolis-Hastings chain and Gibbs sampler, besides [2]-[3] and [9], see, e.g., also
[6].)

Our hybrid Metropolis-Hastings chain (2011) [11] is also a Markov chain which was
created to simulate random variables. The construction of this chain was suggested
by some recent enough results from the theory of Markov chains from [10] (see also
[12]). The Gibbs sampler (the cyclic Gibbs sampler, see [16]) and its generalization
from [16], the Gibbs sampler in a generalized sense, are two important cases of our
hybrid Metropolis-Hastings chain(s). Four applications in which the exact sampling
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holds were obtained, one for the Gibbs sampler in [12, Application 3.5] and three for
the Gibbs sampler in a generalized sense in [13]—[15]. Moreover, besides the exact
sampling, other important things were obtained in [13]—[15]: closed-form expressions
for normalization constants (in [13]—[15]), bounds for normalization constants (in
[15]), etc.

So, we have sufficient reasons to continue our work on the hybrid Metropolis-
Hastings chain, Gibbs sampler in a generalized sense, wavy probability distributions, ...

2. New conditions for finite sequences of stochastic matrices

In this section, we present two new conditions for finite sequences of stochastic
matrices, which can be used as special conditions for the hybrid Metropolis-Hastings
chain(s). These conditions lead to some important results, the most important being
one on the Gibbs sampler(s) in a generalized sense — we find an important subcol-
lection of the collection of Gibbs samplers in a generalized sense. This subcollection
is (the two conditions are also) in conjunction with a main problem, a problem of
interest to us: finding the fastest Gibbs samplers in a generalized sense.

Let Q1, Q2, ..., Q¢+ € S, (r, t > 1). In [11] (see also [12]) we considered four special
conditions for our hybrid Metropolis-Hastings chain denoted (c1), (c2), (¢3), (c4) (the
conditions (cl), (¢2), and (c4) are also presented in [16]). Due this fact, the conditions
presented below are denoted (c5), (c6).

(c5) (Q);; >0, VL e (t), Vie (r).

(c6) VL€ (t), Vi,j.k € (r), j #k, if (Qi);; > 0 and (Q1);;, > 0, then (Q1),;, > 0.

These new conditions imply the basic condition (C1) of hybrid Metropolis-Hastings
chain from [11] ((C1) is also presented in [16]).

Theorem 2.1. Let Q1, Qo, ..., @ € S,.. If (c¢5) and (c6) hold, then (C1) holds.

Proof. We must show that (see [16]) @,, the incidence matrix of Q;, is a symmetric
matrix, VI € (t) — this is equivalent to

Vi e <t>7 Vi;j € <T>a 'L?é]a [(Ql)u >0+~ (Ql)ji > 0]'

Let I € (t). Let i, j € (r), i # j.
“=" By (c5), (Qi);; > 0. By (c6), (Q1);; > 0 and (Q1);; > 0 imply

(Ql)ji > 0.
“<=” By (cb), (Ql)jj > 0. By (c6), (Ql)ji > 0 and (Ql)jj > 0 imply
(Q1);; > 0.

Let A € Ny, (see [16] for Ny, ). Let i € (m). Set
NAJ‘ = {j‘ jE <TL> and Aij > 0}

Below we give another basic result on the structure of matrices Q1, @2, ..., Q¢
when the conditions (¢5) and (c6) hold.

Theorem 2.2. Let Q1, Q2, ..., Q¢ € S,. Suppose that (cb) and (c6) hold. Letl € (t).
Leti € (ry. Then
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(i)

((Ql)ﬁgi is a matriz, see [16]; by (cb), i € Ng, i, so Ng,: # 0);
(i)

NS o
(QI)NZL =0 if NG, ; #0
N§
((Ql)Ngij: is also a matriz; N§, ; is the complement of Ng, i);
(ii)
NQLJ o . C .
(Ql)]\fébi =0 ZfNth’ # ®a
(iv)

Nawi = Nawin Vi € N
Proof. (i) Obviously,

Noy.i ,
Qo > 0= (Qu)j, > 0, Vi, k € Ng,i-

15t
Let j, k € Ng, ;- We show that
(Ql)jk > 0.

Case 1. j = k. By (cb).

Case 2. j # k. Recall that, by (c5), i € Ng, ;.

Subcase 2.1. j =1i. By k € Ng,; we have (@Q),, > 0. Since j = i, we have

(Q1)jr = (Q1)yy, > 0.

Subcase 2.2. k =i. By j € Ng,; we have (Q1);; > 0. By (¢5), (Q1);; > 0. By j #k
and k = i we have j # . By (c6), since (Q1);; > 0, (Qi);; > 0, and j # 4, we have
(Q1);; > 0. Finally,

(Qu)jx = (Q1);; > 0.

Subcase 2.3. j, k # i (whenr > 3). By j, k € Ng,; we have (Q1),; > 0, (Q1),;, > 0.

So, using (c6), we have

(Ql)jk > 0.
(ii) Obviously, for N§, ; # 0,

NE, .
(@)l = 0= (Qu);, =0, Vj € Ngi, Yk € NG, .

Let j € Ng,,i and k € N§, ; # (). We show that
(Ql)jky =0.
Case 1. j =i. By k € N§, ; we have (Q1);, = 0. So,
(@) = (@), = 0.

Case 2. j # i (whenr > 3). Since i € Ng, ; (by (c5)) and k € N, ;, we have i # k.
By (i) we have (Qi);; > 0. Suppose that (Q;);; > 0. From (Qi);; > 0, (Q1);;, > 0,
and i # k, using (c6), we have (@Q;);, > 0. It follows that k € N, ;. Contradiction.
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(iii) Since, by Theorem 2.1, @, (the incidence matrix of @Q;) is a symmetric matrix,

we have, for N§, ; # 0,

Nq, i NG i
QNS = 0= Qe =

As, by (ii),
NG, e are
(Ql)/\fgi:i =0if NG, ; # 0,

it follows that
Nq,.i

(@)
1
(iv) Let j € Ng, ;- By (i) we have

=0if N, ; # 0.

3

By (ii) we have
NG, i o xre
QU =0if NG, , #0.
Consequently,
Navi = Nai-

0.

O

Below we give a corrected version of Theorem 2.1 from [16]. Although Theorem 2.1
from [16] is wrong, however, it contains the important case P, = @y, VI € (¢), which
was suggested by the applications from [12]-[15]. On the other hand, the mistake
from this theorem was, fortunately, fruitful because, due to it, due to the important

case P, = Qy, VI € (t), we found the conditions (c5) and

(c6).

Theorem 2.3. Consider a hybrid Metropolis-Hastings chain with state space S = (r)

and transition matrix P = P P>...P;, Py, P, ..., P; corresponding to Q1, Q2, ...

respectively. Suppose that VI € (t), Vi,j € S,
Ty

(Ql)ij = T if (Ql)ij >0
k€S, (Q1);,>0
(see Section 1 in [16] for Qi, L € (t), m = (73),cg, --). Then
0 if j#i and (Qi);; =0,
Q) ifj 41 andm; Q) > mi Qs > 0,
(), = ——st— i F and 7w (Qu);; < i (Qu)yy

keS, (@) ;),>0

1= (P)y, i=1
ki

vie (t), Vi,j € S. If, moreover,

T (Ql)ij = Ty (Ql)jia vie(t),Vi,jes,

then

P=Q, Vi€ ).

) Qta
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Proof. Note that “j # " is superfluous in “j # i and m; (Q1);; < m; (Q1);;” because
if 7 (Qu);; < mi(Qu)y, then j # i. Moreover, m; (Q1);; < m; (Qu);; implies 0 <
m; (Q1); - Indeed, if m; (Q1);; < mi (Q1),; , then (Q1);; > 0. By (C1) (in [16]), (Q1);; >
0 implies (Q1);; > 0. Finally, (Q1);; > 0 implies 0 < 7; (@) ; -

If j #iand m (Qi);; < mi (Qu);; (4,5 €S, L€ (t)), we have (see Section 1 in [16])

(P);; = (@) min <1, ”(Q)) AN

Uy (Ql)” e (Ql)ij B
— & . = & . i = 7-[-]
i (Ql)jz T E Tk Z T :
kES, (Q1);4>0 k€S, (Qu) ;>0
The others are obvious. U

The hybrid Metropolis-Hastings chain from Theorem 2.1 in [16] (here, this chain
is in Theorem 2.3) was called the cyclic Gibbs sampler in a generalized sense —
the Gibbs sampler in a generalized sense for short. Therefore, the Gibbs sampler in a
generalized sense is a hybrid Metropolis-Hastings chain having the property: VI € (¢),
Vi, j €S,

T

Tk
kES, (Ql)1k>0
Using the sets Ng, i, | € (t), i € S, this property can be written differently: Vi € (t),
Vi,j €S,

Uy P
(Qu);; = 7]7% if j € Ng,i-

2

keNQ, i

Remark 2.1. (a) For our hybrid Metropolis-Hastings chain (in particular, for our
Gibbs sampler in a generalized sense) with state space S = (r) and transition matrix
P=PP..P, P, P, .. P corresponding to Q1, Q2, ..., @+, respectively, we have
|NPz7i‘ 2 |NQL,i|7 vie <t>7 ViesS

(|-] is the cardinal), more precisely, we have

either [Np, ;| = [Ng,a| or [Np. il = Ng.il +1
(the latter equation holds when (Q;),; = 0 while (P,),, > 0), VI € (t), Vi € S. The
nearer the value |[Np, ;| is to the value [Ng, ;| , VI € (t), Vi € S, the faster the sampling
is. So, the best possible case for sampling is when

Wil = Wauil, Vi€ (), VieS.

(b) The case when the Gibbs sampler in a generalized sense has the property that
P, =Q, vVl € (t), is an important one due to the following things.
(b1) When we run the chain, some of the values (P);;, 1 € (t), i, j € S, are
computed — these values will be computed using the simple formula

0 if (Ql)ij =0,
('Pl)lj = % if (Ql)ij >0,

keS, (Q);r>0

Vie (t),Vi,jeSs.
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(b2)
|NPz,i| = |NQM'|, Vi e <t>, Vie S.

See (a) again now.
(b3)

Ty

(P1);; = if (P);; >0

Tk
k€S, (Pi),,>0

(le(t), i,j€S),s0, (P),;

; and 7; are directly proportional when (F),; > 0.

Due to Remark 2.1 and [12]—[16], the subcollection of Gibbs samplers in a gen-
eralized sense with P, = @, VI € (t), is among the greatest subcollections of our
collection of hybrid Metropolis-Hastings chains. We have a Gibbs sampler in a gener-
alized sense belonging to this subcollection in Theorem 3.1 from [16], which has four
applications in [12]—[15] (in [12, Application 3.5], we even have a Gibbs sampler). (In
Theorem 3.1 from [16], the matrices @i, [ € (t), of Gibbs sampler in a generalized
sense from there do not appear — take Q; = Py, VI € (t).)

Related to the above considerations, below we give a result, the main result of this
section.

Theorem 2.4. Consider a Gibbs sampler in a generalized sense with state space
S = (r) and transition matric P = P\ P5...P;, P1, Py, ..., P; corresponding to Q1, Q2,
vey Q1 respectively. If Q1, Qa, ..., Q¢ satisfy the conditions (c5) and (c6), then

P=Q, Ve (t).

Proof. Let | € (t). Since P, and Q; are stochastic matrices, it is sufficient to show
that
(Pl)” = (Ql)ija Vi,j € S with ¢ # j and (Ql)ij > 0.
Let i, j € S with i # j and (Q1);; > 0. We have
_ ¥
(QZ)Z’]’ - . :

k€S, (Q1),;,>0
Since @, (the incidence matrix of @Q;) is symmetric, we have (Q;) ;i > 0, so,
T4
(Qu)j; = -
KES, (Q1) ;>0

Since (Q1);; > 0, we have j € Ng, ;. By Theorem 2.2(iv) we have N, ; = Ng, ;. It

follows that
Z T = Z T = Z T = Z Tk

k€S, (Q1),;,>0 keENQ, i kENGQ, i k€S, (Qu);,>0
Further, we have
mi Q)i = 5 (Qu) i »
so, by Theorem 2.3,
(Pl)ij = (Ql)ij :



A GIBBS SAMPLER IN A GENERALIZED SENSE, II 109

Remark 2.2. (a) It is easy to see that P, = @, for any Gibbs sampler in a generalized
sense with transition matrix P = Py P...P;, Py, Py, ..., P; corresponding to @1, Q2, ...,
Q, respectively. (This result follows from the condition (C3) in [16], Ay 1 = ({i}),cq 5
and definition of Gibbs sampler in a generalized sense.)

(b) It is easy to see that the conditions (c5) and (c6) hold for any Gibbs sampler in
a generalized sense with transition matrix P = P;, P; corresponding to @1 (t =1 in
this case; (¢5) and (c6) refer to Q1, not to Py; Q1 > 0 (by the condition (C3) in [16]),
Q1 = e'm (by @1 > 0 and the definition of Gibbs sampler in a generalized sense),
Py =@, (by (a)); Q1 > 0 implies (c¢5) and (c6)).

(¢) If the conditions (¢5) and (c6) do not hold for a Gibbs sampler in a generalized
sense with transition matrix P = P, P,...P;, Pi, P», ..., P; corresponding to @1, @2,
..y Qt, respectively ((c5) and (c6) refer to Q1, Qa, ..., Q¢, not to Py, Pa, ..., P;), we
can have either P, # Q; for some [ € (t — 1) (t > 1, see (b); I € (t — 1) because, see
(a), P = Q) or P, =Qy, VI € (t). Indeed, this follows from the next two examples.

Example 2.1. Let S = (4). Let

_(6 e
"\zz727)
a probability distribution on S, where § € R* (0 < < lorf > 1) and Z = 6+20°+63
(the normalization constant). Let

Al = (S)v AQ = ({152}3{334})3
Note that 7 is a wavy probability distribution (with respect to Ay, Ay, A3z), V0 € RT.
Further, we consider the case # > 1 only. For S, 7, and A, As, Ag, we consider

the Gibbs sampler in a generalized sense with transition matrix P = PPy, Py, P
corresponding to @1, @2, respectively, where

1 [ 1 [

0 1/ 0 1 50 110

1 0 _0 0 10

| 170 10 _ | 8 1re
Q= "4 1 4 o | @= 1 0
40 1+0 70 110
1 0 _0 0 10
146 146 146 146

(@)1 = ﬁ = ﬁa (@) = ﬁ = ﬁ (we considered (Q1)5, (Q1)14 > 0),
etc.; @, (the incidence matrix of Q1) and @, are symmetric, ; and Qs are not).
Since (Q1);; = 0, the condition (c5) does not hold (for the sequence Q1, Q2). Since
2#4, (Q1)15 >0, and (Q1);4 > 0, but (Q1),, =0, the condition (c¢6) does not hold.
Moreover, we have

0 62
= = —— t .
1 (Q1)12 Z(1+9) #7’(’2 (Ql)Zl Z(1+9)’ ete
By Theorem 2.3 (or by the definition of matrices P, [ € (t), from [16]) we have
0
0 g 0 5
1 -1 _1_ 0
P = ou+e) ? o 0 and (see Remark 2.2(a)) P2 = Qs.
0 m 0 13
_1 0 1 61
9(1-+0) v6 0
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Consequently, P; # Q1 — now, see Remark 2.2(c) again. Moreover, the second and
fourth row of P; have 3 entries different from 0 while the second and fourth row of
@1 have 2 entries different from 0 — now, it is interesting to go to Remark 2.1.

Example 2.2. Let S = (4). Let

1 3 4 2
T=—,—,—,—
1010710’ 10/’

a probability distribution on S. Let

Ay = (S) ) Ay = ({la 2} ) {3’4})a Az = ({i})ies :
Note that 71 +73 = mo+m4. For S, m, and Aq, Ay, Az, we consider the Gibbs sampler
in a generalized sense with transition matrix P = Py P», P;, P5 corresponding to @1,
Q-2, respectively, where

PSRN
FSIRRSTS

QIZ 7Q2:

al= O gl O
O ulw O glw
gl O gl O
O vl O ulo

O O
SRS

(Q, and Q, are symmetric, Q1 and Qs are not). The conditions (c¢5) and (c6) do not

hold. Since 7; (Ql)ij = Ty (Ql)ji7 Vi € <2>, VZ, j € S (’/T1 (Q1)12 = 5% = Ty (Q1)21,
etc.), by Theorem 2.3 we have P, = Qy, VI € (2) — now, see Remark 2.2(c) again.

Remark 2.3. For the Gibbs samplers in a generalized sense, by the proof of Theorem
2.4, the conditions (c5) and (c6) imply

e (Ql)ij =7 (Qg)ji, Vie(t), Vi,jeSs
— conversely, it is not true, see Example 2.2.

We conclude this section saying that to design good Gibbs samplers in a generalized
sense we can use the conditions (c5) and (c6) or, more generally, the equations from
Remark 2.3 — a case, a happy case, in which these equations hold is in Theorem 3.1
from [16]. (For more information on Theorem 3.1 from [16], see the first paragraph
after Remark 2.1.)

3. Probability distribution of a random vector with independent compo-
nents is a wavy probability distribution

In this section, we show that the probability distribution of a random vector with
independent components is a wavy probability distribution with respect to the lexi-
cographic order and certain partitions which will be specified. We work with random
vectors in the finite case only — the number of components is finite and each compo-
nent has a finite number of values, at least two values.

Let X = (X1,X5,...,X,) be a random vector with the set of values ((h1)) x
((ha)) X ... X {{h,)), where n, hq, ha, ..., hy, > 1. For simplification, suppose that
hy = hy = ... = h,, := h, so, the set of values is ((h))" . Suppose that X, Xo, ..., X,
are independent random variables. Let 7 be the probability distribution of X (7 is
positive; m = ()¢ ((pyyn)- Let

U(xl,xg,...,wz) - {(y17y25 ayn) | (y13y27"'7yn) € <<h>>n and Ys = $S7VS € <l>}a
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Vi € (n), Vzi,x2,...., 21 € ((h)). (The set
{2, un) | (1,92, yn) € ((R)" and ys = 24,Vs € () }

also appears in [16, Section 2], but in a different context and differently denoted,
Kz, 2s,....0,) instead of Uiz, o, 2,).) Let

A1 = (Uarase)) gy ... iy 7L E ()

(obviously,

Apt1 = (U(whwzwwwn))xl,m ..... zn€((h)) ({(z1, 22, ""x”)})(zl,xz,...,wn)€<(h>>"

and

Al - AQ e An+1).
Suppose that ((h))" is equipped with the lexicographic order. The sets of each parti-
tion A1, where [ € (n), can be considered, if this is of interest to the reader, in the
order induced by the lexicographic order on <<h>>l 2V (ay,a9,...,a;), (bi,ba,....h) €

(m)',

ilex

lex
U(al,aQ,.u,al) < U(bl,bz,...,bl) if (0117012,...70/1) < (blaan--'abl)a

l ilex
where egm is the lexicographic order on <<h>>l and < is the induced order by this on
Ay

Theorem 3.1. Under the above conditions w is a wavy probability distribution on
({(R))" (with respect to the lexicographic order and partitions Ay, Ag, ..., Api1).

Proof. Let Py = P(X,=u),Vue€ ((h)),Vve(n). Let l € (n). Let x1,22,...,21 €
((h)) . Let (y1,v2,-sYn) € Uy as,....0)- 1t follows that y, = x4, Vs € (I) . We have

Y1,Y25-Yn)  T(T1,82,0 BLYI41,Y1425-Yn)
=P(X1 =x1) P (X2 =x9)...
P (Xi=2) P(Xip1 = yi1) P (Xig2 = yig2) . P (X = yn) =
= 0P L P
(Yi+1, Yi+2, ---, Yn, etc. vanish when I = n).

Set
{ S if =1,
K:

U($1;9327~~,$L—1) ifl e <’I’L> - {1} .
The sets from A;4q which are included in K (K € A;) are

(

U(w1:$2x~~wwl—170)’ U(all,aiznu,wz—hl)? i) U(Ilya:b'“:xl—l’h)

(21,9, ...,2;—1 vanish when [ = 1). Uy, 2a,....01_1,0) contains the first |U(m1,m2 _____ 117170)|
elements of K (see the definition of wavy probability distribution in [16]). Suppose,
further, that ; # 0. Consequently, (21,72, ..., %1, Y141, Y142, - Yn) ¢ Uay zo,...00-1,0)
(1, 22, o0 1, Y1415 Yiv2s o Un) € Uy oz 11) S K00 € Uy gm0 2) € K, oo
or € Uy zs,..zi_1,n) © K). We have

_ 1 2 l 1+1 1+2
T (s igs piszneyn) = Por P pU D plt2)  pln)
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O} (0
_ Dz (1) (2 -1, (1), (1+1), (142 _ Day
= ng;l)pa(vg)"'pa([:l,l)po pélﬂ)pél“)mpg(,:) = Wﬂ-(m,w2,~-~7$l—1,07yz+1,yz+2,~~,yn)
Po 20)
®
(p?}) is the proportionality factor). Therefore, 7 is a wavy probability distribution on
Po

((h))"- O

Remark 3.1. The Gibbs sampler with the state space S = ((h))" (h, n > 1) and
transition matrix P = Py Py... P, from [12, Theorem 3.2] attains its stationarity at time
1 (1 step due to P or n steps due to Py, Py, ..., P,). Using Theorem 3.1 from [16],
we can construct the Gibbs sampler in a generalized sense for the wavy probability
distribution 7 of random vector X. (For more information on Theorem 3.1 from [16],
see the first paragraph after Remark 2.1 and last paragraph from Section 2.) This
chain attains its stationarity at time 1 and, moreover, is even a Gibbs sampler. So,
we have another case in which the Gibbs sampler attains its stationarity at time 1.

Remark 3.2. (a) If the random vector X = (X1, X5, ..., X,;) has the set of values
((1))" and independent and identically distributed components, then

X1+ Xo+ ...+ X, ~ Bi(n,p),

wherep = P (X; =1),0 < p < 1. It is interesting to connect the binomial distribution
to the wavy probability distributions, i.e., to obtain the results on the binomial distri-
bution using the fact that = (the probability distribution of X) is a wavy probability
distribution.

(b) The geometric distribution is a probability distribution related to the wavy
probability distributions (see [12, Application 3.5]).

In the finite case, in the collection of probability distributions of random vectors
with dependent components, we found three important wavy probability distributions:
the Mallows model through Cayley metric and that through Kendall metric (see
[13]—[14]; see also [16]) and, when 6 # 1, the Potts model on the tree (see [15]; see
also [16]; see also Remark 5.1; for 6, see [15] or Section 5). Our interest is to find other,
as many as possible, important wavy probability distributions. It is also of interest
to us to find, besides the geometric distribution (see Remark 3.2(b)), other important
probability distributions having connections with the wavy probability distributions.

4. Wavy probability distributions in a generalized sense

In this section, we generalize the notion of wavy probability distribution and The-
orem 3.2 from [16].

Definition 4.1. Let S = (r). Let 7 be a positive probability distribution on S. Let
t Z 1. Let Al, A27 ceey At+1 EP&I’(S) with Al = (S) - AQ - At+1 = ({Z})’LGS
(A1 > Ag implies r > 2.) We say that 7 is a wavy probability distribution in a
generalized sense (with respect to A1, Ao, ..., Apy1) if there exists a hybrid Metropolis-
Hastings chain (in particular, a Gibbs sampler in a generalized sense) with state space
S and transition matrix P = P, P...P;, P1, P,, ..., P, corresponding to @1, @2, ...,
Q)+, respectively, the latter matrices being defined by means of Aq, Ag, ..., Apyq (see
[16]), such that
P=c¢nr.
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The notion of wavy probability distribution in a generalized sense makes sense if
the wavy probability distributions are wavy probability distributions in a generalized
sense and if there exists at least one wavy probability distribution in a generalized
sense which is not a wavy probability distribution. By Theorem 3.1 from [16], the wavy
probability distributions are wavy probability distributions in a generalized sense.
(For more information on Theorem 3.1 from [16], see the first paragraph after Remark
2.1 and last paragraph from Section 2.) An example of wavy probability distribution
in a generalized sense (with respect to 3 partitions) which is not a wavy probability
distribution (with respect to the same 3 partitions) is presented in Example 5.1 (from
Section 5).

Although an order relation on S is not required for a wavy probability distribution
in a generalized sense on S, such a relation will be considered when we will need it.

It is interesting to find the structure, if any, of wavy probability distributions in a
generalized sense, at least in the case of Gibbs samplers in a generalized sense.

One way to obtain wavy probability distributions in a generalized sense is presented
in the next result.

Theorem 4.1. Let S = (r). Let w be a positive probability distribution on S. Let
t 2 1. Let A17 AQ, ceey At+1 S Par(S) with Al = (S) - AQ = At+1 = ({Z})ZGS .
If there exists a hybrid Metropolis-Hastings chain (in particular, a Gibbs sampler in
a generalized sense) with state space S and transition matric P = Py Py...P;, Py, Ps,
.oy Py corresponding to Q1, Q2, ..., Q, respectively, the latter matrices being defined
by means of A1, Aq, ..., Ayy1, such that

P € Gaynyy Po€Gay gy oy Pr€GA, A
then 7 is a wavy probability distribution in a generalized sense with respect to Ay, Ag,
RRVAVIE
Proof. By Theorem 1.2 from [16] we have
TP =m.

By Theorem 1.1 from [16], P is a stable matrix. So, 3¢, ¢ is a probability distribution
on S, such that
P =
Finally, we have
T =1P =mey =1,
S0,
P=¢nr.
O
Let Ay €Par({m)) and Ay €Par({n)). Let P € Ga, a, C Sm.n (see, e.g., [16] for

Gayn,). Let K € Ay and L € Ay. Then Jag,p > 0,3Qk.r € S|k, such that
PI% = aK7LQK,L. Set the matrix

Pt = (szz)KEAl,LGAg’ sz = aK,L, VK € Al, VL € A,

(Pgf, K € A1, L € Ay, are the entries of matrix P~*). If confusion can arise we
write P~ t(A1:82) instead of P~. (For an example, see, e.g., [12].)

Below we give a generalization of Theorem 3.2 from [16].
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Theorem 4.2. Let S = (r). Let m = (m;);,cq be a wavy probability distribution in a
generalized sense (on S) with respect to the partitions Ay, Ao, ..., A¢r1. Suppose that

PreGa,ny, Po€Gayng, .., PP E GANAHJ

(we use the notation from Definition 4.1, ...). Suppose that

m:%, Vie S,

where

Z:lei,

€S
Z is the mnormalization constant (v; € RY, Vi € S, so, Z € RY). Then Uy € Ay,
Us € As, ..., U € Ay such that

SDU; 2U32...2U; D {1};

further, we have
2

(PL) e, (Pa) g, - (Pt)gj{l}

((Pl)*+ = (pl)ﬂr(Al,Az) , (p2)*+ - (p2)*+(A2,A3) . (Pt)’+ _ (Pt)er(At,Am))'

Proof. The first part of conclusion is obvious because As, Ag, ..., A; are partitions
and Ay = (S) = Ag = ... = AtJrl = <{7’})1ES .
By Definition 4.1 we have P = ¢'x. It follows that

P7+(A1:At+1) — (e’w)7+(A1’At+l)

and, consequently,
(P7+(A1,At+1)>

= T.
S{1}

By Theorem 2.3(ii) from [10] (or Theorem 1.5(ii) from [11]) we have

pH(ALAL) (Pl)—+(A1,A2) (Pg)_+(A2’A3) (pt)—+(AmAt,+1) _

=(P) T (P) T (P)T.
We now have

= <P7+(A1’At+l)> = ((Pl)_+ (P)~ ... (Pt)_+)

S{1} S{1} -

= (P)sth, (Po)gty - (P -
On the other hand,

vy
T = —.
Z
So,

V1

Z = — — — .
(P)st, (P2, -+ (P
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5. Potts model

In this section, we show that the Potts model on a (finite) graph is a wavy prob-
ability distribution with respect to an order relation and three partitions which will
be specified. For the Ising model on C,,, the cycle graph with n vertices (n > 3), we
compute the normalization constant and give an example for n = 3.

Let G = (V,€) be a (nondirected) graph with vertex set V = {V1,V5,...,V,,} and
edge set £. Suppose that n > 2 and |£] > 1 (|| is the cardinal). [V, V] is the edge
whose ends are vertices V; and Vj, where i, j € (n) (i # j). Consider the set of
functions

(W)Y ={f 1 f:V = ()},
where h > 1 (h € N). Represent the functions from ((h))¥ by vectors: if f € ((h))",
Vi — f (Vi) == z;, Vi € (n), then its vectorial representation is (z1,z2,...,%n).
(1,225 ooy Tn)  T1, T2, .o, Ty, € ((R)), are called configurations. ((h)) can be seen as a
set of colors; in this case, if (z1,22,...,2,) is a configuration, then z; is the color of

Vi, o is the color of V5, ..., x, is the color of V,.
Set (see, e.g., [6, Chapter 6])

H(x)= Z 1(z; # ], Ve e ((h)" (z = (z1,22,....2n) ),
[Vi,Vj]e€

where
. 1 if Ty 75 Zj,
1[",627&%]}_{ 0 ifl‘izl‘j,
vz € ((h))", Vi, j € (n). The function H is called the Hamiltonian or energy. H (x)
represents the energy of configuration x.

Set
GH(w) n
r= " e e ("
where § € Rt and
z=Y ¢
zE((h)"

The probability distribution m = (73) ¢ ())» (on ((h))") is called, when 0 < 6 < 1,
the Potts model on the graph G (see [17]; see, e.g., also [6, Chapter 6], [7], and [19])
— we extend this notion considering § € R™. In particular, if h=1and 0 < <1, 7
is called the Ising model on the graph G (see [5]; see, e.g., also [6, Chapter 6] and [8];
no external field is allowed in our article) — we also extend this notion considering
0 € R*. Z is called the normalization constant.

In this section, @ is the addition modulo A + 1.
Consider the subsets Uy, k € ((h)), of ((h))",

Uy = {1, 92, yn) | (Y1,925 -, yn) € ((h))" and y1 =k}, Vk € ((h)) .
Theorem 5.1. We have
U(k) = U(O) b (k,k, ,/f) , Vk € <<h>> ,
where

U(O) D (kaka () k) = {($1,:L‘2, 7xn) & (k7k7 7k) | (xlyzQa axn) € U(O) } =
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={(z1®k,22Dk,....zn, BE) ‘ (x1, %2, .., xn) € Uy }, Vk € ((h)).
Proof. Let k € ((h)). Consider the function fox : Upy — Uy,
for (@1, 22, xn) = (21 Bk, 22 Bk, ..., T, B k)
(x1 Dk, 22 @k, ...z D) € Ugyy because x1 © k = 0D k = k; for is a special case
of the function f; jor (j, k € ((h))) from [15]). This function is bijective because it is
injective (it is easy to show this fact) and |U(k)| = }U(0)| . Consequently,
Uy ={(z1 ® k220 ®k,...,xn ® k)| (v1,22,...,20) € Ug) } -
O
0 0 lex
Let < be an order relation on Ujg). The case when <= < is an interesting one, see
lex
Remark 5.1, where < is, as in Section 3, the lexicographic order (here, on U ). Let

k
ke (h) ((h) = ((h)) —{0}). Consider Uy, equipped with the order relation < defined
as follows (see the formula for U, from Theorem 5.1):

k
(1 Bk, Bkyeyy, @k) < (21 Dk, 20 Bk, ey 2, B k)
if
0
(1,22, ey Tn) < (21,22, 000y Zn)
where (z1,22,...,2), (21, 22, ..., 2n) € U(0)-
Consider ((h))" equipped with the order relation € defined as follows (((h))" =

U Um):

ke((h))
(w1, U2, ooy up) € (V1,02 ..., Up)
if
(u1,uz, ..., un) € U,y and (v1,v2, ..., vn) € Uy, for some ki, ke € ((h)), k1 < ko,
or if

(u1,uz, ..., un) , (V1,02,...,0,) € Ugyy and

k
(ulaUZa ...,Un) S (’1)1,1)2, "'7U7L) for some k€ <<h’>> ’
where (u1, U2, ..., upn) , (V1,02 ..., v,) € ((R))".

Theorem 5.2. The Potts model on the graph G is a wavy probability distribution
with respect to the order relation € and partitions

A= (((M)"), As = (Uw), Uy, Uny) s Az = ({2}) ey -

Proof. First, we consider A; and A, (see the definition of wavy probability distribu-
tion in [16]). U contains the first |Ug| elements of ((h))™ (((h))" € Ay; ((h))"
is equipped with the order relation <; Uy € Az). Fix Uy (Ugy € Az), where
k € (h) (not k € ((h))). (It follows that Uw) # Uy.) Since H (u1,uz,...,u,) =
H(u1 @ k,ug &k, .ooyiy, & k), V(ur,uz,...,u,) € ((h))" (it is easy to show this), it
follows that
T(x1Dk,x2@k,.... xn®k) = T(21,22,...,Tn)

(the proportionality factor is 1), V (z1, 22, ...,2,) € Uy (21 @k, 22 @ k, ..., x, © k) €
Uy if (21,22, ...,2,) € Ufgy, see Theorem 5.1).
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Second, we consider Ay and Ajs. Fix {z} ({z} € As; x = (21,22,...,2,)). Then
3s € ((h)) such that {z} C Uy (U € Az). Let y be the smallest element of Uy
(y = (y1,Y2, -, Yn) ; Y1 = ). Suppose, moreover, that = # y. Since

9H (v)
Ty =
we have
H H H
o gH () _ gH () .g () _ pH@-H )
* Z 0HW) 7 Y
(the proportionality factor is HH("”)_H(?’)). O

Remark 5.1. Since 7. 0) = %, by Theorem 3.2 from [16] and Theorem 5.2 we
obtain

Z=1+h) |1+ > ") =(h+1) Y 7@
:L’EU(O), z#0 JIEU(O)

for the Potts model on the graph G (to compute Z, the normalization constant, we
also used the fact that (0,0,...,0) € Uy and 90000 — g0 — 1), For the Potts
model on the tree, we obtained more, namely,

Zp=(h+1)(h0+1)"""

(see [15]), where Zp is the normalization constant for this special model and n is the
number of nodes (vertices) of tree (n > 2). This good formula is due to the fact
that the Potts model on the tree with n nodes is a wavy probability distribution with

respect to the n + 1 partitions from [15] and order relation J%, the induced order by
(the function) f., defined as follows. By [15] it is easy to see that the Potts model
on the star graph with n vertices (n > 2) is a wavy probability distribution with
respect to the n + 1 partitions from [15] and order relation € when (do not forget

. 0 lex
this!) <=< . Set

I _
(‘rlnyw"axn) S (ylay27“'7yn) if fc (1’17.’1/'2,...,$n) < fc (y17y27"‘7yn>7

where (21,22, ..., Zn), (Y1,Y2, s Yn) € (A", (x1,22, ..es20), (Y1,Y2, ..., Yn) are con-
figurations of the tree with n nodes, f.: ((h))" — ((h))", the function for configu-
rations from [15] (see this work for the complete definition of f, for the fact that f, is
bijective, etc.), and fe (x1,22,...,Zn), fe(Y1,Y2, .-, Yn) are configurations of the star
graph with n vertices. Note, moreover, that, due to Theorem 5.2, the Potts model on
the tree is also a wavy probability distribution with respect to the 3 partitions from
Theorem 5.2 and order relation <.

Below we give another application of our results about trees from [15] — we derive
the normalization constant for the Ising model on C,, the cycle graph with n vertices,
from the normalization constant for the Ising model on P,,, the path graph with n
vertices. For a different proof of the next result, see, e.g., [8, pp. 31—35].

Theorem 5.3. Let Z¢, be the normalization constant for the Ising model on C,, (with
the parameter 0; h =1 in this case; n > 3). Then

Ze, =(1+60)"+(1-0)".
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Proof. Suppose that C,, has the vertices Vi, Vo, ..., V,, and edges [V, V2], [V, V5], ...,
Vi—1, V] s [V, V1] . We cut the edge [V1,V,] of C,, ([V1, V] = [V, Vi]) and obtain
P, which is a special tree with n vertices. Denote the normalization constant for the
Ising model on P, by Zp, . By [15] we have

Zp, =2(0+1)""".

Let H¢, and Hp, be the energies of Ising model on C,, and of that on P,,, respectively.
Any configuration of P, is a (finite) sequence of 0’s and 1’s. If the ends of sequence
are equal, 0, 0 or 1, 1, then, from left to right, the number of transitions from 0 to 1 or
from 1 to 0 is even while if the ends of sequence are different, 0, 1 or 1, 0, then, from
left to right too, the number of transitions from 0 to 1 or from 1 to 0 is odd. E.g., for
n = 6, the sequence 0, 1, 0, 0, 1, 0 has 4 transitions (from 0 to 1 or from 1 to 0, from
left to right), so, Hp, (0,1,0,0,1,0) = 4 and, consequently, He, (0,1,0,0,1,0) = 4
while the sequence 0, 1, 1, 0, 1, 1 has 3 transitions, so, Hp, (0,1,1,0,1,1) = 3 and,
consequently, He, (0,1,1,0,1,1) = 3 + 1 = 4. Due this fact, we have

Zo,= Y 07
ze((1))"

[the sum of terms of Zp, having 6 with even exponent)

+ 6 x [the sum of terms of Zp, having § with odd exponent]
2 [(1 4 €207 A ) 4 6(Chaf Oy ).
It is easy to see that (a known result)
Cllp ot =Ct Vst s>2, 1<t<s—1.
Case 1. n =2k, k > 2. We have
Zey, =2[(14C3,_10% + Chi 10" + ...) + 0 (C3i_10 + O3 _10° + )]
=209, 1 +2(C 1 +C3_1) 0> +2(Chpy + Coj_q) 0" + ..+
+2(C3 7 + C377) 02472 2058~ 167
=209, + 203,07 + 205,0* + ... + 2C35 20?2 4 203k 9"
= (C9, + C30 + C3.0% + ... + C3£0%%) + (C9, — C3,.0 + 03,07 — ... + C350")
=(1+6)F+1-0)>".
Case 2. n =2k + 1, k > 1. We have
Zewy =2 [(1+ C30° + CHO° +..) + 0 (Cho+ O + )]
=205, + 2 (Cay + C31,) 02 + 2 (O, + C3p.) 0* + .. + 2 (C3E 1+ C3) 07
=209, 11 +2C5,,10% +2C5, 0% + ... +2C5% 6%
= (Cp1 + Copy10+ C3 107 + ...+ CoEH 07T
+ (Cohg1 — Copyr 0+ Cop 1 0% — o — 02211:11192“1)
—(1+ 0)2k+1 Y (1- 0)2k+1 .
From Cases 1 and 2, we have

Ze, =(1+60)"+(1-0)". 0
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From Theorem 5.2, we know that the Ising model on C3 is a wavy probability
distribution with respect to the order relation € and 3 partitions from there in this
special case. But the Ising model on Cs is also a wavy probability distribution in
a generalized sense with respect to 3 partitions which will be specified in the next
example (it is easy to give other examples for 3 or even more partitions).

Example 5.1. Let 7 be the Ising model on Cs. Consider that the elements of ((1))*
are in the order:

(0,0,0), (1,1,1), (0,0,1), (1,1,0), (0,1,0), (1,0,1), (0,1,1), (1,0,0).
By this order,

116207 02 02 02 0
"“\zzz 772 72727)

Consider the partitions
3
A= (1),
A2 = ({(07 07 0) ? (17 17 1)} ? {(07 0’ 1) ’ (17 17 0)} I {(0’ 17 0) ’ (17 0’ 1) ? (07 17 1) I (1707 O)}) 9
Ag = ({x})xe<<1>>3 :
Consider the Gibbs sampler in a generalized sense with transition matrix P = P Ps,
Py, P, corresponding to @1, @2, respectively, where (we use Theorems 2.2 and 2.4 —

these results, among other things, help us to construct examples of Gibbs samplers
in a generalized sense more quickly)

_ 1 0 _0* 0 _0* 0> 0 0
14362 1+362 1+302  1+362
1 0> 0> 0>
0 1+362 0 1+362 0 0 1+302  1+302
1 0 02 02
1+362 0 14362 0 1+302 14362 0 0
1 0> 0> 0>
0 1+362 0 1+362 0 0 1+362  1+362
P1:Q1: 1 0 92 0 92 92 0 0 y
1+362 14362 14302 14362
1 0> 0> 0>
14362 0 1+362 0 1+362  1+362 0 0
0 L. 0 L. 0 0 L.
1+362 1+362 1+362 1+362
1 02 02 02
0 1+362 0 1+362 0 0 14302 14362
11
2 2
11
2 2
11
2 2
11
P,=Qy= 22

N N N N T
L Ll e N
L Ll e N
L Ll N N

(the rows and columns of P; and P, are labeled using the given order relation). We
have
P e GA17A2, P, € GAQ,A;;'
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By Theorem 4.1, 7 is a wavy probability distribution in a generalized sense with
respect to the partitions considered. The normalization constant Z can be obtained
in this case by direct computation, Theorem 5.3, or Theorem 4.2. If we use Theorem
4.2, since

1
7(0,0,0) = 7

we have

1 1 9
Z = P_+ P_+ = 1 1:2(1+30)
( 1)<<1>)3{(0,o,o), (1,1,1)} ( 2){(0,0,0)7 (1,1,1)}{(0,0,0)} 1+362 ~ 2

(we can use the notations

—+ —+
(P1)<<1>>3~>{(O,O,O), (1,1,1)} and (P2){(o,o,o), (1,1,1)}—{(0,0,0)}
instead of
— —+
(P) 210,00, (1,03 304 (P2)10,0,0), (11,130,000} »
respectively, see [16]).

Remark 5.2. For the Ising model on C,,, from the normalization constant computed
in Theorem 5.3, we can obtain other things, such as, the mean energy (see, e.g., [1,
p. 6] or [15] for the computation method for this) and free energy per site (see, e.g.,
[7] or [15] for this notion).
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