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Nonlinear parabolic capacity and renormalized solutions for
PDEs with diffuse measure data and variable exponent
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ABSTRACT. We extend the theory of capacity to generalized Sobolev spaces for the study
of nonlinear parabolic equations. We introduce the definition and some properties of renor-
malized solutions and we show that diffuse measure can be decomposed in space and time.
As consequence, we show the existence and uniqueness of renormalized solutions. The main
technical tools used include estimates and compactness convergence.
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1. Introduction

The concept of capacity is of fundamental importance in the study of solutions of
partial differential equations and classical potential theory. For example, a char-
acterization of the relationship between sets and zero parabolic p—capacity sets is
fundamental. In the stationary case, capacity is related to the underlying Sobolev
space, but the situation is more delicate for parabolic partial differential equations.
Indeed the theory of capacity seems to be related more closely to the existence and
uniqueness of the solution of some elliptic and parabolic problems. The principal
prototype for evolution case is the p—parabolic equation

ug — div(|VuP2Vu) = ¢ in (0,T) x £,
u(0, ) = uo(x) in Q, (1)
u(t,z) =0 on (0,7T) x 09,

with 1 < p < oo, u + —div(|Vu[P72Vu) is the p—Laplace operator, and u is a
non-negative Radon measure. When p = 2, the thermal capacity related to the heat
equation and its generalization have been studied, for example, by Lanconelli [33]
and Watson [45]. Capacities defined in terms of functions spaces are introduced in
[3, 24, 29, 36, 47]. For non-quadratic case, Droniou, Porretta and Prignet [22], as
well as Saraiva [43], introduced and studied the notion of parabolic capacity to get a
representation theorem for measures that are zero on subsets of @) of null capacity. One
of essential results (Theorem 2.7 below), gives a generalization of the decomposition
result using the p(-)—parabolic capacity developed in [35] (this extends [22, Theorem
2.28]). In this paper we prove the existence of renormalized solutions to the parabolic
problems for arbitrary My(Q)—data using the compactness results. The paper is
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organized as follows: in Section 2, we recall some basic properties on Sobolev spaces
with variable exponents and p(-)—parabolic capacity. In section 3, we state the precise
hypotheses on the data and the main results of this paper. We then quickly prove
some a priori estimates on the solutions of (1). Finally, in Section 4, we show how
these estimates allow to obtain existence of solutions. Our argument will be based on
a special type of distributional solutions, the so-called "renormalized solutions” and
also on the strong convergence of truncates.

2. Mathematical preliminaries

2.1. Sobolev spaces with variable exponents. We recall some definitions and
basic properties of the generalized Lebesgue-Sobolev spaces LP()(Q), W20 (Q) and
Wol’p(')(Q), where € is an open subset of RY. We refer to Fan and Zhao [26, 27]
for further properties on variable exponent Lebesgue-Sobolev spaces. Let p(-) : Q —
[1,400) be a continuous, real-valued function (the variable exponent) and let p_ =

min p(z) and p; = max p( ). We define the variable exponent Lebesgue spaces
€N zeQ

LPO(Q) = {u : Q — R, u is measurable with [ |u(z)[P®dz < co}.
Q
We define a norm, the so-called Luxembourg norm, on this space by the formula

Ilee]l zoc Q) = =inf{A>0; / ’ |;D(T)d <1},
The following inequality will be used later
min{HUHi;(«)(Q [ e iyt S /ﬂ ()P da < max{||ul” sy e ulP ok @

If p~ > 1, then LP0)(Q) is reflexive and its dual can be identified with L ()(£2), where
ﬁ + p,l_) = 1. For any u € LP0)(Q) and v € Lf’,(')(Q)7 the Holder type inequality

/ juvlde < (- + ) ull s oy llll o5 3)

holds true. Extending a variable exponent p(-) : Q — [1,+00) to Q@ = [0,T] x Q by
setting p(t, ) := p(z) for all (t,x) € Q, we may also consider the generalized Lebesgue
space (which, of course, shares the same type of properties as LP()(Q))

LP(Q) = {u: Q — R; u is measurable with / lu(t, z)|P@d(t, z) < oo},
endowed with the norm ’
| o> ) = nf{A > 0 ;/ \@\Md(m) <1}
We define also the variable Sobolev space ¢
WhPO(Q) = {u € LPO(Q); |Vu| € LPO(Q)}.

On WHP()(Q) we may consider one of the following equivalent norms

{||u|W1,p<.>(Q) = [lulloor @) + ||Vu||Lp<->(<Q)> .
: Vu(x x Mes x
ull o) () = inf{A >0 ;fQ(‘#‘p + |¥|p Ydx < 1}.
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1L,p()
We define also Wy (Q) = CgO(Q)W @, Assuming p~ > 1, the spaces W1P()(Q)

and WO1 P (')(Q) are separable and reflexive Banach spaces and the space W~12'() ()
denotes the dual of Wy ().

Remark 2.1. The variable exponent p(-) : Q — [1, 4+00) satisfies the Log-continuity
condition if

Voi,ze € Q, |z — a2 <1, |p(z1) — p(z2)| < w(|z1 — x2]), (4)

where w : (0,00) — R is a nondecreasing function with lim sup w(a)In(4) < +oc. The
a—0t

Log-Holder continuity condition is used to obtain regularity results on Sobolev spaces

with variable exponents; in particular, C°°(Q) is dense in W) (Q) and Wol’p(')(Q) =

WhPO)(Q) N Wy (). Moreover, if p(-) satisfies the Log-continuity condition and

1 < p_ < py < N, then the Sobolev embedding holds also for r(-) = p*(-), i.e.

whrO)(Q) ¢ LP"()(Q) where p*(z) = ]\J,Vflgg) (see [17] for more details). We do not
need these regularity properties to prove our results and will most exclusively work
with Lebesgue and Lebesgue-Sobolev spaces with only continuous variable exponents

p(-) : 2 — [1,+00) such that p~ > 1.

Remark 2.2. Note that the following inequality in general does not hold [26]

/|u|p<x)da:§ C/ (VulP@® dz.
Q Q

Remark 2.3. Note also that the generalized Lebesgue and Sobolev spaces can also
be defined in the same way for only measurable real-valued variable exponents p(-)
satisfying 1 < pint < peup < 00 wWhere pin 5 = ess-infocop(x), Psup = €S5-sUP,LcaP(T).
According to [26], such variable exponent Lebesgue and Sobolev spaces are Banach
spaces, the Holder type inequality holds, they are reflexive if and only if we have 1 <
Dint < Psup < 00. The inclusion between Lebesgue spaces also generalizes naturally: if
0 < 9] < oo and 7y, ry are variable exponents so that 71 (-) < ra(-) almost everywhere
in Q, then there exists the continuous embedding L™()(Q) — L") (Q) whose norm
does not exceed || + 1. For u € Wol’p(‘)(Q) with p € C(Q) and p~ > 1, the Poincaré
inequality holds [28]

[ull Loy (@) < ClIVUll Lo () (5)

for some constant C' which depends on € and the function p(-). For p(-) € C(Q2) with
1 <p~ <p' < N, the Sobolev embedding hold [25]

whrO(Q) = L"), (6)

for any measurable function r(-) : @ — [1, +00) such that ess—eiélf (]\J,V_”ZSE”JZ) —r(z)) > 0.

We will also use the standard notations for Bochner spaces, i.e., if ¢ > 1 and X is
a Banach space, then L9(0,T; X) denotes the space of strongly measurable functions
w:[0,T] = X for which t — |lu(t)|]|x € L%(0,T). Moreover, C([0,T]; X) denotes the
space of continuous functions v endowed with ||ul|¢(jo,7),x) = tg%g)qg]||u(t)||x.
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2.2. Parabolic Capacity. In this part, we shall mainly work with capacities of
compact sets, since we are interested in local properties, we restrict our attention to
U C Q, where U is an open set. Then, we begin with a general definition (in the
same spirit of Pierre [36]) of the space W),.)(0,T') and the parabolic p(-)—capacity.

Definition 2.1. Let us define V = Wol’p(')(ﬂ) N L%(Q), endowed with its natural
norm ||.||W01,p(.)(m + || - [|z2(q) and the space
W,(1(0,T) = {u € L~ (0,T;V); Vu € LP)(Q),u; € LP-)(0,T;V')}
endowed with its natural norm
lullw, 0,00 = lullr- vy + IVullLeo @) + luell ooy o 7
Definition 2.2. The parabolic p(-)—capacity of an arbitrary subset E of @ is
cap, (., (E) = inf {[[ullw, 0,11 € Wy (0,T),u > xvr a.e. in Q}. (7)

If the set, over which the infimum is taken, is not bounded from above, we set
Capp(,)(E) =0.

Remark 2.4. Notice also that
(i) The parabolic capacity can be expressed in terms of Borelian subsets as

cap,,.y(B) = inf {cap,.,(U), U open subset of Q, B C U}. (8)
(ii) It also follows immediately from the definition that if Ey C Es, then
capp(,)(El) < capp(,)(Eg). 9)

Thus, the parabolic capacity is a monotonic set function.
(iii) For E;, i € N, be arbitrary subsets of Q and E = U2, E;. Then,

cap, () (E) < Y cap, (. (Ei). (10)
i=1

The parabolic capacity is also countably sub-additive.
The next result shows that the capacity is inner regular.

Lemma 2.1. Let Q be a bounded subset of RN and 1 < p_ < py < oo. Then
C2([0,T] x Q) is dense in W,y(0,T).

Proof. See [35, Proposition 3.3]. O

Definition 2.3. Let K be a compact subset of ). the capacity of K is defined as
capy,(.y (K) = inf {[[ullw, ,0,r) 1 v € CZ([0,T] x Q);u > xx }.
The capacity of any open subset U of @ is then defined by
capp(i)(U) = sup {capp(.)(K),K compact , K C U}
and the capacity of any Borelian set B C @ by
capy,(.y(B) = inf {cap,(.)(U), U open subset of Q, B C U}.
Definition 2.4. A claim is said to hold capy,.y—quasi everywhere if it holds every-
where except on a set of zero p(-)—capacity. A function u : @ — R is said to be
capy,(.)—quasi continuous if for € > 0, there exists an open set U, with capp(,)(Ue) <e€
such that u restricted to Q\U, is continuous.
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In fact, the natural space that appears in the study of nonlinear parabolic operators
is not W,(.y(0,T") but W,,(0,T) C Wy,(0,T). Following the outlines of [35]

Wo(y(0,7) = {u € L'~ (0,75 W™ (2)) N L¥(0, T3 L*()); Vu € (L7(Q))™
ue € L (0, T, w0 ()}
and for all z € W(,)(0,T), let us denote

(p-)

+ HZtHL(p,)/(O’T;V,) + ”Z”%OC(O,T;L?(Q))'

[Z}Wp(_)(O,T) || ||Lp (OTWl P()(Q))

In [35], the authors has shown the following result that we present in this paper as a
Lemma. For the sake of simplicity, we use the notations

= o (T 4 el iy o+ Il o sz + el 7

Hluell + [Jue| L)

0,T;V")
P 7(0 ) || HL“’(O,T;L2(Q))
[ul.. = ppey(IVul) +l|ullf o o,750209) + Hmll

Flluell +l tII

Lemma 2.2. Let u € Wy()(0,T), there exists z € Wp(.y(0,T) such that |u| < z and

(0,T;V")

S .TW L O (@) +L1(Q)

lullLoe(q)-

ST L O(@)+L1(Q) ST (@) +L1(Q)

1 1

[2lw, ) < C([u)ax + [u]ix + [wid + [u]j’:)* + [u] @F o ),
where u € LP~ (0, T Wolvp(')(Q)) NL®(Q), ur € LP- (0, T; W=7 0)(Q)) + LY(Q) and

1

3 - o @ oy
Izl o) < CUulZ + [uls™ + [ula™ + )" + [ulF).
Now our aim is to prove the following result.

Theorem 2.3. Let u € W,,)(0,T); then u admits a unique Capy,(.)—quasi continuous
representative defined capy,.—quasi everywhere.

To prove Theorem 2.3, we need first a capacitary estimate, that is the goal of the
following result.

Lemma 2.4. Let u € W,,(0,T) be capy,.y—quasi continuous, then for every k > 0,

P p’

c a o
camyy ({lul > k) < S max(lully  orye Il o) ()
Proof. See [35, Proposition 3.16]. O

Proof of Theorem 2.3. Let us first observe that we can approximate a function
u € Wp(y(0,T) with smooth functions u™ € C§°([0, 7] x 2) in the norm of W,,.y(0,T)
using convolution arguments; so let 4™ be a sequence such that

P p’

(o]
p’_ . .
> 2™ max{|Ju™ ! — u" [l o,y 1™ = u™| o} 1 finite.

m=1
For every m and r, let us define

1
wm={|um+1—um|>2—m} and Q"= U ™.

m>r
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Now we can apply Lemma 2.4 to obtain

/

P; pP_
p’_ .
capy()(w™) < C 2™ max{[lu™ " w0y lum*t um”‘l’)"p(»(O,T)}
and so, by sub-additivity,
pP— p’_
p’ P
capy(y () < C Y 2 max{[ju T — 7 oy 9™ = a0}
m>r
which implies that
lim cap,, (") = 0. (12)

T— 00

Moreover, for every y ¢ Q" we have

1
1
[u™ T —u™|(y) < om
For any m > r, u™ converges uniformly on the complement of (2" and pointwise on
the complement of NS, Q". But, for any | € N, we have

capy(.) (M7 Q") < capyy(, Qh,

and so, by (12), we conclude that cap,,.)(N;2;Q2") = 0; therefore the limit of u™ is
cap,,(.)—quasi continuous and is defined cap,.)—quasi everywhere. Let us denote u
this cap,,.)—quasi continuous representative of u, and let z be another capy,(.) —quasi
continuous representative of u; thanks to Lemma 2.4, for any ¢ > 0, we have

P P’

_ C, . B - P _
Capp(i)(ﬂu - Z| > 6}) < ?(”u - Z”wp(_)(o,T)v ”u - ZHWP(,>(O,T)) =0,

since @ = z in W),(.y(0,T') and this conclude the proof.

2.3. Diffuse measures. We denote by M;(Q) the space of bounded measures on
the o—algebra of Borelian of @, and M (Q) will denote the subsets of nonnegative
measures of M;(Q), with the symbol Mo(Q) we mean a measure with bounded
variation over ) which does not charge the sets of zero p(-)—capacity, this measure u
is called soft or diffuse measure. We refer the reader to [22] for further specifications
about parabolic p—capacity and to [35] for p(-)—capacity.

Definition 2.5. Let E be a subset of Q. the space M(Q) is defined as
Mo(Q) = {p € Mp(Q) : p(E) =0, VE C @ such that cap,.)(E) = 0}.

We denote by ((-,-)) the duality pairing between (W,.y(0,7"))" and W,,y(0,T), if
vy € (Wp)(0,T))" such that there exists ¢ > 0 satisfying ((v,¢)) < C|l@|lp=(q) for
every function ¢ € C2°(Q).Then, v € (Wpy(0,T)) N My(Q) and is identified by
unique linear application ¢ € C(Q) — fQ @Y™ when ™ belongs to My (Q).
This shows that we need to detail the structure of the dual space (W,.)(0,T))".

Lemma 2.5. Let g € (W,y(0,T)), then there exists g € LP~(0,T; W= 0)(Q)),
g2 € LP-(0,T;V), F € (LPO(Q))N and g5 € L~ (0,T; L2(2)) such that

T T
(g} = [ o= [ ) + /Q F - Vu dudt + /Q gau dudt, Yu € Wi, (0,T)
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and there exist a constant C' (do not depend on g) such that

lgall o +llg2ller- vy + 1F M L) ) + llgsll o

(0,7;w =17" () (2)) = (0,T5L2(2))
< Cllgllw, o1
Proof. See [35, Lemma 4.2]. O

The next Lemma will play an essential role in this context (see also [10, 48, 44]).

Lemma 2.6. Let p € Mo(Q), there exists a decomposition (g,h) of p such that
gc (Wp(‘)(O,T))/, h e LI(Q) and

/ edp = (g, ¢)) +/ hodzdt  for all ¢ € C°([0,T] x Q). (13)
Q Q

Proof. See [35, Lemma 4.4]. O

Finally, the essential tool in our work is the following result.

Theorem 2.7. Let u € Mo(Q); there exists a decomposition (f, F,g1,g2) of p with
fe LY Q), F e (LPO@Q)N, g1 € L~ (0,T; W=1'0)(Q)), g2 € LP~(0,T; V) and

T T
/ i = / fodudt + / F - Vidadt + / (g1, 0)dt — / (e, ga)dt, Vo € C2(Q).
Q Q Q 0 0

Proof. The proof is a combination of the proof of Lemmas 2.5 and 2.6 (see [35, 22]).
U

Remark 2.5. In general, the decomposition in M (Q) is not unique.
Indeed, we have the following result.

Lemma 2.8. Let p € My(Q) and let (f,F,g1,92), (f,ﬁ,gl,gz) be two different
decompositions of u according to Theorem 2.7. Then, we have
T

o —Go)t, o)t = | (f — f)edad F — F)-Vdzd g1 — g1, @)dt, (14
| =g = [ (= podadvs [ (FoF)- oot [0 gr 0 (1)
where ¢ € C2([0,T] x Q) and g2 — g2 € C([0,T] x L'(Q)) with (g2 — §2)(0) = 0.

Proof. See [35, Lemma 4.6]. O

3. Weak and renormalized solutions for problems with M(Q)—data and
approximation results

3.1. Variational case and weak solution. A large number of papers was devoted
to the study of solutions for parabolic problems under various assumptions (for el-
liptic problems, the reader should consult [20] for more details): for a review on
classical parabolic results (see [6, 9, 18, 30] and references therein). In [4, 5, 46] some
anisotropic problems with variable exponents are studied and in [30, 23, 1] for weight
Sobolev spaces and Orlicz spaces. Moreover, in the case when p belongs to the dual of
the parabolic Sobolev spaces, we refer to [32], see also [2, 11, 42] for L' —data. General
results for a finite Radon measure can be found in [10, 22, 36], another approaches
can be found in [40, 41] for diffuse measures and in [37, 39] for singular measures (i.e.
general measures). Throughout the paper, we assume that €2 is a bounded open set
onRY, N>2 Q=Qx(0,T), T >0,and a: Q x RY — R is a Carathéodory
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function (i.e. a(-,-,¢) is measurable on Q, for all ¢ € R, and a(t,x,-) is continuous
on RY for a.e. (¢,z) € Q) such that the following holds.

a(t,z,¢) - ¢ > a¢P™), (15)
lalt, 2, )| < Bb(t, @) + ([P, (16)
(a(t’ x)Q) - a(t,x, 77)) . (C - 77) >0, (17)

for a.e. (t,x) € Q, for all (,n € RN with ¢ # 7, where p_ > 1, , 3 are positive con-
stants and b is a nonnegative function in L' (*)(Q). For every u € LP- (0, T; VV1 P0) (Q))
with |[Vu| € (LPO)(Q))Y, let us define the differential operator A(u) = —div(a(t, z, Vu)),
which, thanks to the assumptions on a, turns out to be a coercive monotone operator
acting from the space LP~(0,T; W, (Q)) into its dual LP=(0,T; W27 0)(Q)). We
shall deal with the solutions of initial boundary-value problem

us+A(u) =p  in (0,7) x £,

u(0,z) = uo(z) in Q, (18)

u(t,z) =0 on (0,T) x 04,
where p is a measure with bounded variation over @ = (0,7) x , and ug € L'(Q).
Let us fix T > 0, if p € LP~(0,T; W—12'0)(Q)), it is well known that problem (18)
has a unique variational solution in @ = (0,7) x Q such that u € W,(0,7) N
C([0,T); L*(2)), that is

T T
/o <ut’90>W*1#"('>(Q),W&’P(‘)(Q) dt + /Q a(t,z,Vu) - Vi d dt = /0 (u,go)Wpr,(_)’W(},p(.)dt.
(19)

We mean that u is a weak solution of (18) if u € LP-(0,T; V), |Vu| € LPO)(Q) and if

—/Q<Lpt,u>dt— /Quogo(O)dsr:—l—/Qa(t,a:,Vu) -Vedzdt = ({g, @),

for any ¢ € C2°(]0,T] x ). Since we are going to deal with measures, the solution we
will find will not belong in general to Sobolev spaces. For this reason, we are going to
justify the interest of (W),.(0,T'))" by the following existence and uniqueness theorem.

Theorem 3.1. Let g € (Wy()(0,T))’, and let ug € L*(Q2). Then there exists a unique
solution u € LP~(0,T; V') of (18) such that for every ¢ € Wyy(0,T) with ¢(T) =0
= [ torudt = [ wop(©) + [ aft,n, V0 Todadt = ((g,0)). (20)
Q Q Q

Remark 3.1. Since g € (W,.)(0,T))’, by Lemma 2.5 and (20), we deduce that
(u— g2) = —Au+ g1 — div(F) + g5 € LP~(0,T; W~ 0)(Q)) + L~ (0, T; L*())

and then to LP- (0, T;V")). Therefore, u — go € Wyy(0,T) € C([0,T); L*(€2)). Then
by (20), (u — ¢2)(0) = ug. Moreover, for any two solutions u and v of (20), we have
u—v=u—gs— (v—g2) € Wyy(0,T) and (u —v)(0) = 0.

Remark 3.2. Theorem 3.1 could also be stated with right-hand side in (W.(0, 1))
and test functions in W,y(0,T). Moreover, according to [19], one has
Wy (0,T) = {u € L'~ (0,T; Wy " () 0 L2(0, T; L*(9)), [Vl € (L"7(@))";
ur € L0, ;w0 ()},
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hence the right hand side g» € W, (0,T) with go € LP~ (0,73 Wy ") (Q)) > LP- (0, T V),
the term f0T<<pt, g2) makes sense also when ¢ € W,y(0,7T).

3.2. Approximating measures. We will argue by density for proving the existence
of solutions, so that we need the following preliminary result that applies for equations
to obtain additional regularity on the renormalized solutions.

Proposition 3.2. Let p € My(Q). Then there exists (f, F,g1,92) of i in the sense
of Theorem 2.7 and p© € CX(Q) such that ||uf|| 11 (@) < C and

t

t
/,uﬂpdxdt:/ gofedacdt—i—/ Fe-Vgpdxdt—l—/ (div Gicp)dt—/ (i, g5)dt,
Q Q Q 0 0

for every p € C([0,T] x Q) with (C not depending on €)

[ € CZ(Q) such that [|[f* — fllLiq) < Ce,

F© e (C(Q)Y such that |F - FH(LP’(-)(Q))N < Ce,
G € (C=2(@)N such that |G = G| 1p () gy~ < C6,
g5 € C°(Q) such that ||g5 — g2l r— (0, 7,v) < Ce.

Proof. From Definition 2.5, there exists v € (W(,)(0,7))’ N M, (Q) and a non-
negative Borel function f € C'(Q,dy™*) such that u(B) = [ fdy™®s for Borel
set B in . From the fact that C°(Q) is dense in L'(Q, dy™e®), since y™¢ is a
regular measure; there exists a sequence f, € C2°(Q) such that f,, strongly converges
to f in L*(Q, dy™**). Then we can assume »_~ o || fo = fa—1£1(Q,dymess) < 00, and
we define v, = (fn — fu-1)y € (Wpy(0,T))’, we have v,, € (W,(0,T)) N My(Q)
and Y00 jvmeas = 3% (fo — frn-1)7™* = p converges in the strong topology of
measures, p; * v,,°* strongly converges to v, in (W,)(0,T))" as [ tends to infinity,
we can then extract a subsequence [,, such that ||p;, * v — VnH(Wp(,)(o,T))/ < %
We have then Y7 v = 7o gy, # v 4+ 3o (UPSS — py, o v, Let us
denote 1 = S0 v, b o Sy o 5 s g = S — g, 5 )
and gre®s = Y7 (Vs — py, * v*S). We have that h,, strongly converges in
LYQ) (because |[pr, * V2|1 @) < V|| my(q)) and Dop o i is totally con-
vergent in M;(Q); we denote by h its limit, we also have g, is strongly convergent
in (W1(0,7))" (because ||py,, * v — vgl|(w, ., 0.1)) < 7 ), denoting by g its limit.
Now, we choose (i € C2°(Q) such that ¢ = 1 on a neighborhood of supp(f, — fn—1);
then there exists C({;) only depending on (; such that

ICehlle < C(G)IIAE if B C {(LXO(Q)N, L~ (0,T; V), L~ (0,T; L*(€2))} and h € E;
IHVCll o ) gy < CCRIIH po -y if H € (LP @)Y
||(Ck)th||LPf (0,T5L2(Q)) < C(Ck)”h”Ll’f (0,T5L2(2)) if h e LP- (07 T; LQ(Q))-

meas

We choose Iy, such that ||py, * v — vil|(w, ., 0.1 < WC(lw and (x =1 on
a neighborhood of supp(p;, * v;"***). Thanks to this choice and the decomposition
(b, div(BY), b5, b%) of vy — py, * %%, there exists a constant C' (not depending on
k) such that

||b§||(LP/(')(Q))N + ||BfH(LP/(')(Q))N + HbSHL”—(o,T;V) + Hb]?fHLpL (0,T:L2(%2))

< Cllve = pu * v w0, -
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So that we can write

> 4o Cubh converges in (LP Q)N > i1 G BY converges in (L7 OQ)N,
Zk;l Cib5 converges in LP-(0,T;V), Ek;l Crb% converges in = (0,T; L*(Q)),
Zk;l bEV(y converges in LM‘)(Q), Zk>1_BfV§k converges in Lpl(')(Q),
Zk;l(ck)tb’g converges in LP~ (0, T} LQ(SS))

(21)

We denote by Fy, G, —gs, fo, f1, fo and f3 the respective limits of the terms above;
(21) imply the convergence in L'(Q). Since vy — py, * v = (p(vi — pr,, * v9%)
in (W,y(0,T))" and thanks to the choice of ¢, and p; and the decomposition (b,

div(BY), b5, bk) of vy — py, * v™e, the last term admits a pseudo-decomposition

(CubE, CuBY, G5, Cubh, —bEV (o, —BE, (¢ )¢b5). Thus, as fQ wdm, = fQ hndxdt +
(gn, @), we can write for all ¢ € C([0,T] x Q),

dm, = hn td' Y b, td' Y BY, tt,n bE
[ eima=[ ¢ +/0<w<k§_oj<k ) so>+/0<w<k§_jock he+ [ G > k)
t n bk n B X n B . n tbk .

+/0 kZ:OCk 3sa+/Qk§_0( FoVCk)QO"‘r/Q;_O( Blvck)gwr/@;_o(ck) o

From the convergences of m,, to u, of h,, to h and using (21), we have
T

[ etn= [ Gt s+ 5 ~nt et [ BV [i@,e - [ one)

That is (f =h+ fo+ f1 — fo+ f3, F,div(G), g2) is a decomposition of y in the sense
of Theorem 2.7. Taking n large enough and € > 0 fixed, we obtain

H ZZ:O Ckbg - F||(Lp’(~)(Q))N <e

I ZZ:O Cka - GlH(LP/(‘)(Q))N <e (22)
>0 Ckb5 + g2l Lo 0.1y < €

[P+ 3 pmg Cebs = ko (D6 V k) = 2op_ o (BTVCk) + 2ok (O)ebs — fliLiq) < e

Note that vy — py, * V"¢ = (v — pr, * V%) and (bf, div(B¥), b5, b%) is a decom-
position of vy — py, * V" note also that, for j large enough, (((xbf) * pj;, (CxBY) *
Py (Ceb5) % pj, (Ceb%) * pj, (= fEV L) * pj, ((Ck)ebE) * pj) is a pseudo decomposition of
(e — py, * V%) x p; € C°(Q). We take j, such that, for all k € [0, n],

11(Gkb8) * i — CbE (o1 @yn < wiTs

”(Cka) * Pjn” - CkB{CH(Lp’(-)(Q))N < ﬁ_ly

1(¢kb5) * ps — CubEllLo— (0.70v) < 7515 (23)
[[(Ckb5) * pi, — Ceb5lIL1(q) + 106V k) * ps, — b6V k|l 21(0)

+(BYVCk) * pj, — BEVCkllpi@y + 1(Ck)eb5)  pj, — (Cr)ebb 1) < P

Defining

FC= 30 _o(Gkbt) * pj, € (CE(Q)N)Y,
Gi= Yp_o(CBY)*pj, € (CZ(@Q)Y,
g5 = =2 n_o(Ckb) % pj, € CZ(Q),
o= hn+ Zzzo(@bg) * Pjn — Z:o(fé“VCk) * Pjin
+ 2 h—o(BEVCE) * pj + 2 on_o((Gr):b5) * pj,, € C(Q).
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Then by (22)—(23), we get

[ — FH(LP’(')(Q))N <2, [Gi- GlH(LP/(')(Q))N < 2,
llgs — g2llre- (0,T;V) <2, |Iff- f”Ll(Q) < Ze

Let us write u¢ as follows u® = f€ 4+ F< 4 div(GS) + (¢95): € C*(Q); it remains
to prove that |||y < C with C not depending on e. To see this, we recall
that ((CkbG) * pj,» (CkBY) * pj,» (CkbS) * pj,, (CkbE) * pj, , (—FFVCk) * pj, (~BY V) *
Pjns ((Ci)ebh) * pj,.) is a pseudo-decomposition of (1]*°?% — p;, * V%) % p; . we have

n
€ meas meas
pe =hn + E (Wi = puy, * v %%) * pj,
k=0
n

:hn + (Z(Vgleas - plk * V]/::rleas)) * pj'll = hn +g:7tneas * pJ’ﬂ'
k=0
According to [22], g*°** = m,, — h,,. Then, it follows that ||u€| 11 (@) < 2||hnllzr (@) +
[manllam,(q)- Since hy, converges in L'(Q) and m,, converges in My(Q), [hn|lL1 (o)
and [[my || A, (@) are bounded and we have the desired majoration on [|1||£1 (-

3.3. Definition of renormalized solutions and main result. The notion of
renormalized solutions was first introduced by DiPerna and Lions in [18] for the
study of Boltzmann equation. It was then adapted to the study of some nonlinear
elliptic and parabolic problems in fluid mechanics. We refer to [20] (see also [11, 13]
for details). At the same time the notion of entropy solutions has been proposed by
Bénilan and al. in [8] for nonlinear elliptic problems. This framework was extended
to related problems with measures as data in [10, 42]. Recently, for elliptic prob-
lems and in [44] Sanchén and Urbano studied a Dirichlet problem of p(xz)—Laplace
equation and obtained the existence and uniqueness of entropy solutions for L'—
data, as well as integrability results for the solution and its gradient. The proofs
rely crucially on a priori estimates in Marcinkiewicz spaces with variable exponents.
Besides, Bendahmane and Wittbold in [16] proved the existence and uniqueness of
renormalized solutions to nonlinear elliptic equations with variable exponents and
L'—data. Let u € Mo(Q) be a measure with bounded variation over () which does
not charge the sets of zero elliptic p(x)—capacity; we call u a renormalized solution
for the p(x)—Laplacian problem

—div(|[Vul/f™2Vu)=p inQ, uw=0 ondQ, (24)
if u is a function in L'(Q), satisfying the following conditions:
Tr(u) € Wol’p(')(Q) for any £ >0, lim |Vu|p(x)dm =0.
o0 J{n<ul<n+1}

For any renormalization S € C*°(R) such that supp S’ C [-M, M] for some M > 0,
—div(S (u)|VuP®=2Vu) + 8" (u)|VulP® = £5(u) + G - VuS” (u) — div(S’ (u)G)
holds in D’(€2). For parabolic problems, we are naturally led to introduce the func-

tional space
X ={u:Qx (0,T) — R is measurable |T}(u) € L~ (0,T; Wy"") (Q)),

(25)
with |VTx(u)| € (LP(Q))N, for every k > 0},
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which, endowed with the norm (or, the equivalence norm)
lullx 2= [19ullzoo - o lullx = ull 1o g sy + Vel oy

X is a separable and reflexive Banach space. The equivalence of the two norms is
an easy consequence of the continuous embedding LP()(Q) — LP-(0,T; L") (Q))
and the Poincaré inequality. We state some further properties of X in the following
lemma.

Lemma 3.3. (i) We have the following continuous dense embeddings:
L0, T Wo"(Q)) = X L= (0, T3 Wy " (9)). (26)

In particular, since D(Q) is dense in LP+(0,T; Wol’p(‘)(Q)), it is dense in X and for
the corresponding dual space we have

L0, 75 (Wy " (Q)7) = X L (0,75 (W " (@))"). (27)
(ii) One can represent the elements of X* as follows: If T € X*, then there exists F =
(i, fn) € (LPO@Q)N such that T = div, F and (T, () x- x = [ [ F-Vda dt,
for every ¢ € V.. Moreover, we have ||T||x- = max{||fillLr)(g),i = 1,...,n
Proof. See [16, Lemma 3.1]. O

For any non-negative real number k we denote by Tx(s) = max( k min(kz s))
the truncation function at level k and its primitive function ©(z fo Ti(s) ds.
A function v such that Ty(v) € X, for all & > 0, does not necessarlly belongs to
LY(0,T; W, (Q)). Thus Vo in our equations is defined in a very weak sense.

Definition 3.1. For every measurable function v : Q x (0,7) — R such that Ty (v) €
X,VEk > 0, there exists a unique measurable function w : Q@ — R, called the very
weak gradient of v and denoted by w = Vw, such that VT}(v) = wx{jv|<k} a.e. in €,
where x g denotes the characteristic function of a measurable set E. Moreover, if v
belongs to L'(0,T; W,"' (Q)), then w coincides with the weak gradient of v.

Now, let us define pg = p — g2 = f + F — div(G) where go is the time-derivative
part of u. In view of the definition given in [22] and the preceding remarks, we have
the following definition.

Definition 3.2. Let u € Mo(Q) and ug € L' (2). We say that a measurable function
u is a renormalized solution of the problem (18) if, for all k, T' > 0, we have
u—gs € L(0,T;LY(Q)), Ti(u) € X, (28)
lim |Vul"™ dzdt = 0. (29)
"0 J{n<lu—ga|<n+1}

Moreover, for all S € W?2°°(R) such that S’ has compact support,

S(uo)p(0)dx — (pe, S(u—g2)Ydt + [ S'(u— g2)a(t,z, Vu) - Vipddt
e

+/ S (u — g2)a(t, z, Vu) - V(u — g2)pdxdt = / S'(u — g2)pduo,
Q Q

Yo € LP= (0, T; Wy™ () N L=(Q) with Ve € (LPO(Q)N, @0 € L~ (0, T; W17 1(Q))
with ¢(T) = 0 such that S'(u — g2) € X, and

S(u — g2)(0) = S(uo) in L*(Q). (31)
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Remark 3.3. Notice that, thanks to our regularity assumptions and the choice of
S’, all terms in (30) are well defined, also observe that (30) implies that equation

(S(u — g2))¢ — div(a(t,z, Vu)S' (u — g2)) + S” (u — g2)a(t, z, Vu) - V(u — ga)
=S (u—g2)f +5"(u—g2)F - V(u—go) — div(FS'(u — g2)) (32)
+5"(u — g2)G - V(u — g2) — div(GS'(u — g2))

is satisfied in the sense of distributions since Ty (u — g2) belongs to X for every k >
0 and since S’ has compact support Indeed by taking M such that Supp S’ C
(=M, M), since S'(u — g2) = S”(u — g2) = 0 as soon as |u — ga| > M, we can
replace, everywhere in (30) V(u — g2) by VI (u — g2) € (LPO(Q))N and Vu by
V(Tu(u—g2))+Vga € (LPO(Q))N. Moreover, according to the assumption (16) and
the definition of Vu, Vu = V(u — g2) + Vga, we have V(u — g2) is well defined and
la(t, z, Vu)| € LP *)(Q).

We also have, for all S as above, S(u — g2) = S(Th(u —g2)) € X and S"(u — g2)f €
LYQ), S'(u— g2)F € LPO(Q), S'(u — g2)G1 € LP'ON(Q), 8" (u — g2)alt,z, Vu) €
(L @)V, 8" (u=g2)alt, z, Vu)-V(u—gz) € LY(Q), S"(u—g2)F-V(u—gz) € L'(Q)
and S”(u — g2)G1 - V(u — g2) € L*(Q). Thus, by equation (32), (S(u — g2)); belongs
to the space X'+ L1(Q), and therefore S(u — 92) belongs to C([0,T]; L*(2)), one can
say that the initial datum is achieved in a weak sense, that is S(u — g2)(0) = S(up)
in L1(Q) for every renormalization S. Note also that, since S(u—gq2); € X* + L}(Q),
we can use in (30) not only functions in C§°(Q) but also in X N L (Q).

Remark 3.4. Observe that (29) implies

lim |V (u— g2)|P™dzdt = 0, for all ¢ > 0. (33)

"0 J{n<|u—ga|<n+c}

Remark 3.5. Let us denote by v = u—gs the solution of (18), since S(v) € XNL>®(Q)
and (S, (v)); € X* + L*(Q) and thanks to Theorem 2.3, S, (v) turns out to admit a
capp(‘)—quasi continuous representative finite capp(,)—quasi everywhere.

For classical Sobolev spaces, the definition of renormalized solution does not depend
on the decomposition of the measures p as shown in [22, Proposition 3.10]. Next result
try to stress the fact that even for generalized Sobolev spaces this fact should be true.

Proposition 3.4. Let u be a renormalized solution of (1). Then u satisfies Definition
3.2 for every (f, F, —div(G1), §2) such that gy — §o € LP=(0,T; Wolp()(Q)) NL>(Q).

Proof. Assume that u satisfies Definition 3.2 for (f, F, —divG, go) and let (f,ﬁ,—divé,
g2) be a different decomposition of pg such that g — g2 is bounded. Thanks to
Lemma 2.8, we have © = @ — go € L°(0,T;L'(Q2)); to prove that Tj(u — g2) €

P=(0,T; WeP(Q)) and VT (u — o) € LPO)(Q) with k > 0 we can reason as in [22]
by choosing S = 5, and Ty, (Sn(u — g2) + g2 — g2) € X N L>(Q) as test function in



282 M. ABDELLAOUI, E. AZROUL, S. OUARO, AND U. TRAORE

(30). Lemma 2.8 implies
T
/ ((Sn(u = g2) + g2 — G2)es Ti(Su(u — g2) + g2 — o))t (A)
0
+ / Sy (u — g2)a(t, z, Vu)VTi(Sn(u — g2) + g2 — §2)dxdt (B)
Q

. /Q S (1 — ga)alt, &, Vu) V(i — g2)Te(Su(u — 2) + g2 — Go)dadt  (C)

+ /Q (S = g2) = 1) + FIYTL(Sw(u — go) + g2 — Go)dadt (D) "
+/Q(S;(u—92)— )F + F)VTi(S,(u— g2) + g2 — §o)dxdt (E)
+ /Q ((S4(u = g2) = V)G + G1)VTk(Sn (4 — g2) + g2 — 32) (F)
+ /Q S~ g2)FV (u — g2)Te(Sn(u — 92) + g2 — ) (@)
+ /Q St — g2) GV (u — ga)Th (S0 (u — g2) + g2 — o)dadt (#)

Let us analyze term by term the above identity. First of all, concerning the first term
of (34) we integrate in time to get

()= [ (Sulu=92) 92— )es TSl g2) + 90 — g
/Gk (U*92)+g2792)dxr
= [ Ou(Sulu=)(T) + (62 = 32)(T)o — [ Ou(S.(u = 92)0) + (92 = 32) (O
Since S, (u—g2)(0) = S, (1) and (g2—32)(0) = 0, we have S, (u—g2) (0)+ (g2 —§2)(0) =
Sy, (uo), s0 that using 0 < @k(lgl k(s ) the first term of (34), (A) < Kl|uo| 11 (). On

the other hand, since |S//(s)] and S)/(s) # 0 if |s| € [n,n + 1], using (16) and
Young’s inequality we obtain

I(C) + (@) + (H)] SBkHS;t(S)HL“(R)/{ ol enit) |(b(t ) + [Vul" )|V (u - g2)|

T 1 / ’ 7 _
< Ck[/ qu(t,x)\p @ 4 |G @ 4 |V @@=y
{n<|u—gz|<n+1} P-
+/ (|VuP® +|ng\p(“”>)dxdt]
{n<|u—ga|<nt1}
< OK| / (Ib(t, )" + [F[P'® 4 |Gy '@ + [V )
{n<lu—g2|<n+1}

+ / |Vu\P(I)dxdt]
{n<lu—gz2|<n+1}

By the fact that meas{n < |u — go| < n+1} - 0 and using (29), we get |(C) +
(G)+ (H)| < w(n), where w(n) tends to zero as n — co. Now, if E,, = {|S,(u—g2) +
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g2 — G| < k} we have (recalling that if 0 < S/,(s) < 1 then |5/ (s)[?'(®) < 87 (s)),

I(D) + (E) + (F)] S/Q(\f|+\fl)\Tk(Sn(u*QQ)Jrgz792)|dmdt

4 [ QR+ IFDS = 92T go)| + a2l + [Vaal)dods
E.

n

+/ (1G] +1G1)(Sp(u = g2)|V (u — g2)| + [V g2| + |V g2 )dadt

n

< k(\lfHLl(Q)+|\f|\L1(Q>)+/ (E] + [F1) S (u — g2)| Vuldedt

n

+2/(|F1\+|F1|)(|Vg2\+|vg2|)dxdt+/ (\Gﬂ+|C~7'1|)S;l(ufgz)|Vu\dmdt
Q

n

+2/(|Gl|+|él|)(|v92\ + Vo] )dadt
Q

+
r3 b — 1 "(x =p’ (x '(x ~ ' (x
< E(fllzr) + 1)) +2 ) / [F[PE 4 [F[PE 4 |Ga [P 4 |Gh [ ) dadt
- Q
2 2
+— |Vul"™) dedt + —/ [Vga|P™) + |VGge P Ddadt < C + w(n).
P— J{n<|u—ga|<n+1} p-Jaq

d
Our main result is the following Theorem.

Theorem 3.5. Let 1 < p_ < py < N, u € My(Q) and ug € L*(), assume that
p— > QNNjf. Assume that (15)-(17) hold true. Then there erists a renormalized

solution u of problem (18).

4. Proof of main result

We can now start the proof of the existence result (Theorem 3.5). Following a
standard approach, we obtain the existence of a solution as limit of regular problems.
For this purpose we consider the approximate problem

uf —div(a(t,z, Vu®)) = p°  in (0,T) x Q,

u®(0,z) = u§(x) in Q, (35)

u(t,z) =0 on (0,T) x 09,
where {1 }es0, {u§}es0 are smooth approximations of the data p and ug with

lugllr) < Clluollzi), el @) < Clul.

Hence by the standard theory of monotone operators [32] or using [48, Lemma 2.5]
with rather minor modifications, there exists a variational solution u¢ for each € > 0.
Moreover, from Theorem 2.7, there exists a decomposition (f€, F¢, div(GS),g5) of
pe with f¢ € C2°(Q) such that || — fllLi) < Ce, F© € (C(Q))N such that
[ F€ = Fll(proy gy~ < Ce, Gf € (C2(Q))N such that [|G{ — G1|(prc) (@)~ < Ce and
g5 € C°(Q) such that ||g5 — g2|lr- (0,7;v) < Ce (C not depending on ¢) such that

t t
[t = gyeids+ [ [ alsw V) Vipduds
0 0 Q

t t t
:/ / fodxds +/ / F. V(pda:ds—l—/ (div(G1), p)ds,
0o Jo 0o Jo 0

(36)
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Yo € LP=(0,T;V) with Vi € (LPO(Q))N, Vt € [0,T]. Next, following the ideas of
[7, 21], we can perform some estimates for the sequence (u)¢~o, to prove that u is
actually the renormalized solution to the parabolic problem (18).

Proposition 4.1. Let u® as defined before, then

{|U€|Lw(o,T;L1(sz)) <G, fQ |VTk(UE)|p(Z)d$dt < Ck, (37)

flu — géHLm(O,T;Ll(Q)) <C, fQ VT (uf — 9§)|p(w)d$dt <Ok +1).

Moreover, there exists a measurable functions u and v = u — go such that Ty (u) and
Ty (v) belongs to X, u and v belongs to L>°(0,T; L*(); and, up to a subsequence, for
any k >0, and for every q(-) < p(-) — NLH, we have

u® — u a.e. in Q weakly in L9 (0,T; Wol’qO(Q)) and strongly in L*(Q),

(u® —g5) = (u— g2) a.e. in Q weakly in L= (0,T; Wol’q(')(Q)) and strongly in L' (Q),
(T (u) = Tx(u) weakly in LP=(0,T; WaP(Q)) and a.e. on Q,

T (u® — g5) = Ti(u — g2) weakly in LP~(0,T; Wol’p(‘)(ﬂ)) and a.e. on Q,

Vu® — Vu a.e. inQ, V(u®—g5) — V(u—gz2) ae in Q.

Proof. Here we give an idea on how (37) can be obtained following the outlines of
[22]. Let € > 0, by taking Tk (u€) as test function in (35), we obtain

t €
/(ai,Tk(ue»dt—i—/ a(t7x,Vu€)~VTk(u€)d$cdt://ka(us)dxdt.
o Ot Q Q
We have O (r) = [; Tx(s)ds and |O4(r)| < k|r|, then
/(yT( V)dt = // aeTk( Vdadt = // a@k 90k (W) 1oy
o Ot Q Q

:/@k(U€ di’-/Gk UO dm>/@k d(E—k’”U()HLl(Q).
Q

From (15) and using the fact that ||u§||z1(q) and [|1||z1 () are bounded, then

/@k da:—i—/ / VT (u€) [P @ dxdt < Ck, Yk > 0,Yt € [0,T].
Since O(s) is nonnegative and [01(s)| > |s| — 1 for k = 1, we get
/Q\ue(t)|d1:+/0t/ﬂ\VTk(u‘)|p(m)dxdt <C(k+1) Vieo,T]. (38)
Taking the supremum on (0,7") we obtain the estimate

[l o< 0,701 (02)) < C.

To prove the estimate of u¢ — g§ in L°°(0,T; L'(Q)), we will use the test function
Ti(u€ — ¢5) in (36), this gives

¢
/ <a§:€ k(u® — g3))dxdt — / ((93)t, T (u® — g3))dt +/ a(t, z, Vu) VT (u® — g3)dzdt
0 Q

t
:/ FT(us —g§)dazdt+/ F VT —gS)dmdt—/ (div(GS), Tu(u’ — g5)).
Q Q 0
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Now, since g§ has compact support in @, so that (u — ¢5)(0) = u*(0) = uf. Using
the integration by parts in time in the first term and using (15) we get

/ O (u® — g3)(t)dz — / Ok (uo)dx + a/ |Vus [P drdt
Q Q {luc—g5|<k}

- / a(t7x7vu6)vg§
{luc—g5|<k}

< / FTe(u — g§)d1:dt—|—/ F-V(u — g5)dzdt
Q {Ju—g5|<h}
+/ 1V (u® — g3)dzdt.
{Juc—g5|<k}
Young’s inequality then implies, using also (16),
/ O(uf — g5)(t)d + / Vs P@ dadt
Q {luc—g5|<k}
< cg[ / Ib(t, )P @ dwdt + / |Vu[P® dadt + / |Vg§|p(”)dmdt}
Q Q Q
€ € «Q xT € T
+ k[l @) + 1N @] + —[/ |Vl )dxdtJr/ |V g5[7®) davdt
2l/q Q
+ca[/ |F\”/(“)dmdt+/ G daat],
Q Q

where C\, denote a positive constant which depends on p; and p_ but not depending
on € and k. In the same way we can deal with the right hand side of the last inequality,

we used the fact that f¢ € LY(Q), F¢ € (LP O(Q)V, ¢g¢ € L~ (0,T; W, ") (Q)),
g2 € LP=(0,T; V) and u§ € L*(Q), (note that O (s) is nonnegative for any k > 0)

O, (u¢ —g5)(t) <C Vtelo,T], / |Vus|P@ dedt < C(k+1).
{luc—gs|<k}
Moreover, using the boundedness of g5 in V', we have
lu — g5llo=0,7:01 () < C, /Q VT (uf — g5|P® dudt < C(k +1).

Now, we shall use the above estimates to prove some compactness results that will be
useful to pass to the limit in the renormalized formulation for u¢: If we multiply the
first equation in (35) by v, (u® — ¢g§) where 7 is a C%(R) nondecreasmg function with
v(s) = s for |s| < & and ~(s) = k for |s| > k (v},7} has compact support), we get

(v (u® — g3))e — div(a(t, =, Vu)y, (u® — g5)) + i (u° — g3)a(t, z, Vu)V(u’ — g3)
= e(u® — g3) f — div(Fye(u® — g3)) + 7y (u° — g5) F°V(u —g3)  (39)
+ 5 (U — g5)G1V (u — g5) — div (G, (u® — g5))-

We also have v}/ (u® — g5)a(t, z, Vuc)- V(UE —g5) € LYQ), v}/ (u* — g§)F<-V(u —g5) €
LYQ), 7y (u¢ — g5)G1 - V(us — g5) € (Q) Y (u = g5lat,z, Vu) € (LFO@)N,

(= g5)G5 € (L O(Q))N, 7 (uf — g5) F< € (LF')(Q))N. Thus, by equation (39),
(7% (u€ — g5))¢ belong to the space X*+ L*(Q). On the other hand, by the last equality
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Ti(u® — ¢5) is bounded in X for any k& > 0, then we have

k meas{[ut — g5| > k} = T (u — g5)|dadt < / T (u — g5)|dadt
{lu€—g51>k} Q

=+ 1
< 2(meas(Q) + 1) [|Th(u — g2)[x < Ck"—,
which implies that

meas{|u‘ — g5| > k} < C — 0 as k — oco. (40)

1— L

k P
Let n,m > 0, for all A > 0, we have
meas{|(u" — g3)| > A} < meas{|un — g3| > k} + meas{|um — g3')| > k}
+ meas{| Tk (un — g3) — Tk (um — g3°)| > A}
Using (40) we get that for all € > 0, there exists ko > 0 such that Vk > ko(e),

(41)

meas{|u, — g5| > k} < §7 meas{ |ty — g5'| > k} < %
On the other hand, we have (T)(u, — ¢%))nen is bounded in X. Then, there exists a
sequence still denoted (T (uyn — 95))nen such that

Ti(up —g3) =M in X asn — 00
and by the compact embedding {u : u € X and u; € X*} in L(Q), we obtain
Ti(un — g5) = g in Ll(Q) and a.e. in Q.

Thus, we can assume that (T (u, — g5))nen is a Cauchy sequence in @, therefore for
all k> 0 and A, e > 0 there exists ng = no(k, A, €) such that

meas{|T(un —g3) — Th(um — )| > \} < 5 ¥n,m > no. (42)

By combining (40)—(42), we deduce that for e, A > 0 there exits ng = ng(\, €) such
that
meas{|(unp, — g5) — (um — g3")] > A} <€ Vn,m > ng.
It follows that (u® — g5)e>0 is a Cauchy sequence in measure, then there exists a
subsequence still denoted (u® — g§)eso such that
ut—gs —u—gzae in@Q, Tp(u®—g5>0)—Ti(u— g2) weakly in X.
In the view of the strong convergence of g5 to go in LP-(0,T; Wol’p(')(Q)), we have
u® = wae in @, Ti(u®) — Tk(u) weakly in X.
Finally, the sequence u® — g§ satisfies the hypotheses of 7], and so we get
V(u®—g5) = V(u—g2) ae. inQ, Vu®— V(u)ae inQ.

Next we shall prove the strong convergence of truncates of renormalized solutions of
problem (18). To do that we will crossover the approach used in [38, 15]. With the
symbol T (v), we indicate the Landes time-regularization of the truncate function
Ty (v); this notion, introduced in [31], was fruitfully used in several papers afterwards
(see in particular [7, 15, 21]). Let z, be a sequence of functions such that

2 €W PO @QNL¥(Q), Nzullzoe@) <k,
zp — Tr(uo) a.e. in Q as p tends to infinity,
inMHWOl,p(,)(Q) — 0 as u tends to infinity.
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Then, for fixed k£ > 0, and p > 0, we denote by Tj(v), the unique solution of

(Tk(0)p)e = p(Te(v) — Tr(v),) in the sense of distributions,
Tk (v)u(0) =z, in Q.

Therefore Tj;(v), € X N L>(Q) and 4T} (v) € V, and it can be proved (see also [31])
that up to subsequences

Ty (v)y = Ti(v) strongly in X and a.e. in Q, ||Tx(v)pllzo@) <k, Vu>0.

Choosing w® as a test function in the formulation (36), we obtain

/ / )rw dxdt —|—/ / (t,x, Vu) - Vw dadt
/ /fewedxdtJr/ /Fe Vw* d;cdt+/ (g1, w)dzdt.

So, for the first term on the right-hand side of (43), we have
T T
[ rrwtded < [ [ 15 = AT = D7) 4 Tlo) = (B0 dad
o Jo o Ja
T T
+/ / | fTok (v — Th(v) + T (v) — (Tk(v))p)|dzdt < Zk/ / |f€— fldzdt
o Ja o Ja
T
[ 1T = T + 1) = (@)l
0 Q
By using the fact that f€¢ is strongly compact in L'(Q), the weak convergence of

T (v¢) to Ty (v) in LP-(0, T} WOLP(')(Q)) and a.e. in @, the definition of (Tj(v),) and
the Lebesgue Dominated Convergence Theorem, we have

T T
lm  lim lim] Fewtdedt]| < tim / / | Tk (v — T (v))dadt = 0,
0o Ja h=+co Jo Jao

h—4oopu—+o00e—0

Using the notations w(e, u, h), we obtain

T T
/ / fwdadt = w(e, p, h), / / F¢ - Vuw dzdt = w(e, p, h). (44)
o Jo o Je

Let us analyze the second term in (43). By the fact that Vw® = 0 if |v¢| > M = h+4k

T T
/ / a(t,z, Vu®) - Vwdzdt = / / a(t, z, Vux{ve|<ay) - Vwidadt.
0o Ja 0o Ja

Next we split the integral in the sets {|v¢| < k} and {|v¢| > k}, so that we have,
recalling that for h > 2k,

T
/ / a(t, z, Vuxgjuery) - VTok (0 = Th(v°) + T (v) — (Tk(v)) ) dzdt
Q
= // a(t,z, Vu)V (v — Tx(v),)dzdt
{lve|<k}
+ // a(t, z, Vuxjve <ary) V(0 — Th(v))dzdt
{lve|>k}

- // a(t, z, Vuxqwej<my) VTk(v)pdadt = I + I + I.
{lve|>k}
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Let us estimate . Since v¢ = Tp(v¢) = 0 if |[v¢] < h, using (16) and young’s
inequality, we have

|| = | a(t, z, Vuxjvej<my) V(0 = T (v))dxdt| < / la(t, z, Vu©)||Vve|
{lve|>k} {h<|ve|<M}

IA

/ B(b(t, ) + |V PO |V (u® — g5)|dadt
{h<|ve|<M}

IA

/ b(t, z)|V (u° 792)|)dmdt+/ C|IVulP™ =V (uf — g5)|dadt
v5|<M} {h<\u6|<M}

/ —|b(t )P <I>da;dt+/ |Vu P) dazdt
<|ve|<M} P_ {h<|ve|<M} 28

/ |V92|p @) dadt + / |Vus [P dadt
<lvej<ay PL {h<|ve|<M}

+ / T|W€|I"<“)dmdt + / £|Vg§|p(x)dxdt
{h<|ve|<M} P— {h<|ve|<M} P—

<cC |Vl [P @ dzdt + C Ib(t, z)|” @ dadt + C Vg5 [P,
{(h<lve|<M} {(h<|ve|<M} {h<|ve|<M}
Moreover, since b(t, z) and (Vu€).>¢ are, respectively, bounded in LP- (0, T; Wol’p(') Q)
and LP-(0,T; Wol’p(')(Q))7 and as meas{h < |v| < M} converges uniformly to zero
as h — oo with respect to €, then, thanks to the equi-integrability of |Vg§|”(’”)7 we
can pass to the limit in (I5) as € — 0 and h — 400 respectively, and using Lebesgue
dominated convergence theorem, we easily get Iy = w(e, h). It remains to estimate

I3, let us remark that, since (Vu<x|ye<p) is bounded in LP~(0,T; Wy *)(Q)), (16)
implies that (a(t,, Vu)x{jve|<ary)e>o0 is bounded in Lp/(')(Q). The a.e. convergence
of v to v as € — 0, implies that |V7Ty(v)|Xx{joc|<k} strongly converges to zero in
L*-(0,T; Wol’p(')(Q)). So that by the Lebesgue dominated convergence theorem
lim Sup// a(t, z, Vuxqve|<ary) Vg (v)dzdt = 0

{lve|>k}

e—0

IN

and we readily have that

Is = / a(t, :L'vug)({‘ve‘SM})VTk(U)dedt
{lve}>k

= / a(t,z, Vuxgvei<my) - V(Tr(0)yp — T (v))dxdt
{lve|>k}

w(e) + / a(t, z, Vuxqvej<my) V(Tk (V) — T (v))dadt.
{lve|>k}

Recall that (a(t, z, Vux{jve|<ar))eso is bounded in Lp,(')(Q) and thanks to the strong
convergence of Tj(v), to T(v) in X, by Lebesgue Dominated Convergence theorem

/ a(t,z, Vux{jve|<m}) V(Tk(v) — Ti(v))dxdt = w(e, p).
{loe|>k}

We can conclude that Is = w(e, ). On the other hand, using (45), according to the
fact that Iy and I3 converges to zero, then

/ a(t,xz, Vu®) - Vwdzdt = / a(t,z,Vu®) - V(v — T(v),)drdt + w(e, pu, h).
Q {|ve|<k}
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Moreover, (44) and (45) together with (43) yields
/ (v)sw dzdt +/ a(t,z, Vu) - V(v — (T (v))p)dzdt = w(e, p, h). (46)
Q {lve|<k}
While, for the first term of (46), using the Lemma 2.1 in [38], we have

/ (v)pwdadt > w(e, w, h).
Q
Hence (46) becomes
/ a(t,z, Vu©) - V(v = (T (v))u)dadt < w(e, p, h). (47)
{lvel<k}

While, since VTj(v),, — VTk(v) strongly in (LPO(Q))N as p — +oo and g5 — go
strongly in LP-(0, T} Wol’p(')(Q)), thanks to (47), we easily obtain

/ a(ta z, V(gg + Tk(ve))X{h)qgk}v(ue - Tk(’U)))dI]Cdt
Q

Moreover, again thanks to the fact that VT (v), — VTk(v) strongly in (LPC)(Q))N
as 4 — 400, and from (47),

/ a(t, z, Vuxve|<ky) V(T (v6) = Ty (v))dzdt < w(e, p, h).
Q

Therefore, passing to the limit in (45) as € tends to zero, p and h tends to infinity
respectively, we deduce that

lim sglp/ alt, 2, Vu xqpurj<ay) - V(Tu(o%) — Ti(v)) < 0.
e— Q

Now, let k& be such that x{|yc|<x} = X{|v|<k} a-¢. and g5 — go strongly in the space
L*-(0,T; Wol’p(')(Q)), then using (16) [6, Lemma 3.2], we get

alt,z, V(g3 + Th(v)X{joc|<ky)) = alt,z, V(g2 + Th(v)X{jo|<ky)) in (LPO(Q))N (48)

and from (48) we obtain

/ (a(t, z, V(g2 + Ti(v))) — a(t, 2, V(g2 + Tk (v)))) - V(Ti(v) — Tk (v))dadt

¢ (49)

< —/0 /Qa(t,x, V(g + Tu(v))) - V(Tu(v") — Ti(v))dedt + (e, o, ).

Using the weak convergence of VT},(v¢) to VT (v) in (LPO)(Q))N, we conclude that
i sup /Q alt, 2, V(g5 + Tr(0))X e i)V (T (0°) — Te(v))dadt = 0.

In the same time, we can pass to the limit in (49) as € tends to zero, u and h tends
to infinity respectively, to deduce that

limsup Jolat, @, Vusxue <ay) — alt, , V(95 + T(v))x{joe<iy)] - (Vu© — V(g5 +
Ti(v))) = 0.

Using that xj,c|<x) almost everywhere converges to x{j,<|<x) and that g5 strongly
converges to go in LP-(0,T; WO1 P (')(Q)), then thanks to the standard monotonicity
argument which relies on (17) (see [12, Lemma 5]) we readily have from (50),

Vuxqoej<ky = V(92 + Tk(v)) X jve|<ky = VUX{|oc|<k} a-€. in Q,
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which means that
a(t, z, Vuxue|<iy) Vu© = a(t, z, Vuxjye|<ky) Vu strongly in L'(Q) and a.e. in Q.

Finally, collecting together all these facts with (15), we obtain the equi-integrability of
the sequence |Vu€\p(“’)x{|ve‘§k} in (), we can write as consequences of Vitali’s theorem

and since g§ strongly converges in LP- (0, T} Wol’p(')(ﬂ)) yields
T (u€ — g5) — Tr(u — gs) strongly in LP~ (0, T; Wo ) ().
Now, we have to check that
VT (uf — g5) = VTi(u = g5) in (LP(Q))".
We need the following lemmas.

Lemma 4.2. [26, Theorem 1.4] Let v,v,, € LP)(Q), n =1,2,---. Then the following
statements are equivalent

(1) nlgrgoh)n - v|p(') = 0;
(@) lim (0 — ) =0

(3) vy, converges to v in Q in measure and nlﬁgopp(.)(vn) = pp()(v).

Lemma 4.3. Lebesque Generalized Convergence Theorem: Let (fn)nen be a sequence
of measurable functions and f a measurable function such that f,, — f a.e. in Q. let
(gn)nen C LY(Q) such that |fn| < gn a.e. in Q and g, — g in L*(Q). Then

/fndxdt%/fdxdt.
Q Q

Now, set f¢ = |VT(u)|P®), f = [V (w)[P), ¢¢ = a(t,z, Vux{jpe|<iy) - VU
and g = a(t,x, Vux{ee|<r}) - Vu, f€ is a sequence of measurable functions, f is a
measurable function and according to the almost convergence of VTj(uy,) to VT (u)
in €,

f¢— fae inQ.
Using a(z, VT (u)) - VT (u¢) — a(z, VT (u)) - VTi(u) strongly in L*(2) and a.e. in
Q, we have (¢%)>0 C LY(Q), g¢ — g ae. in Q, g¢ — g in LY(Q), and |f¢| < Cg°.
Then, by Lemma 4.3 we have

/ fedzdt — // fdxdt,
Q Q
which is equivalent to

/ VT (u€) [P dadt — / / VT (u) [P dadt.
Q Q

We deduce from (2) that the sequence (VIj(uc))eso converges to VIj(u) in @ in
measure. Then, by Lemma 4.2, we deduce that

lim / |V Ty (u€) — VT (u) [P dzdt = 0,
Q

e—0
which is equivalent to

VTi(u€) = VT (u) in (LPO(Q)N.
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Finally, we are able to prove that problem (18) has a renormalized solution. Let
S € W2°°(R) be such that S’ has a compact support, and let ¢ € C2°(Q); then the
approximating solutions v and u® — g5 satisfy

- [ Stueto)ds = [ ou S -y + /Q S'(u* = g5)alt, z, Vu*)Vipdadt

+/ 8" (uf — g5)a(t,z, Vu )V (u® — g5)pdrdt = / S'(u€ — g3) f pdadt
Q Q
(50)
+/ S'(u€ — g5)F* - Vdadt +/ S"(u¢ — g5)F - V(u¢ — g5)pdadt

Q Q

+/ S'(u€ — ¢5)GiVdadt +/ 8" (uf — g5)GV (u¢ — g5)pdadt.
Q Q

We consider the first term in the left-hand side of (50). Since S is continuous, Propo-
sition 4.1 implies that S(u® — g5) converges to S(u — ¢2) a.e. in @ and weakly, in
L>(Q). Then (S(uf — g5)): converges to (S(u — g2)): in D'(Q) as e — 0, that is

/ (S(u® — g5))rpdadt — / (S(u — g2))rpdadt.
Q Q

As supp S’ C [-M, M] for some M > 0, we have
S (u¢ — gs5)a(t,z, Vu®) = S (u° — g5)a(t, z, VIn (u(u® — g5) + Vgs))
S" (u€ — g5)a(t,z, Vuc) - V(u — g5)
=8"(u - g5)a(t,x, VI (u® — g5) + Vg5) VT (u — g5).

Using Proposition 4.1, the strong convergence of g5 to gs in LP- (0, T} Wol’p(')(Q)) and
assumption (16), we have
S (u€ — gs5)a(t,z, VT (u — g5) + Vgs)
= 8'(u = go)a(t,x, VTur (u — g2) + Vg2) in (L7 (@)™
S (u€ — g8)a(t,z, VT (u® — g5) + Vgs) VT (u — g5)
— 8" (u— g2)a(t,z, VI (u — g2) + Vg2) VT (u — g2) in LH(Q).
The pointwise convergence of S’(u€ — ¢5) to S’(u — g2) and the strong convergence of
f€to fin LY(Q) yields
1S (uf — g§) — fS'(u — go) strongly in L' (Q) as € — 0.
Finally, we recall that V.S (u¢ — g§) — V.S’ (u — go) weakly in (LP()(Q))". Then the
term S”(u€ — g§) F' - V(u — g§) which is equal to F - V.S§'(u® — ¢5) satisfies
S (u€ — g§)F - V(uf — g5) — F - VS (u— g2) in L'(Q) as ¢ — 0.
We can identifies the term F - VS'(u — g2) with S”(u — g2) F - V(u — ¢g2). As a
consequence of the last convergence results, we are in position to pass to the limit as
e — 0 in (50), and to conclude that u satisfies Definition 3.2. It remains to show that
S(u — g2) satisfies the initial condition (31). To this end, we take in mind the last
convergence results of the terms of equation (50), which imply that
(S(uf — g5))s is bounded in X* + L*(Q).
While S(u®—g§) strongly converges in X, we deduce [38, Theorem 1.1] that S(u€—gs)
being bounded in L*°(Q) and

S(u€ —g5) = S(u — g2) strongly in C([0,T7; LI(Q))
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It follows that

S(u — g5)(0) — S(ug) strongly in L*(Q).
Hence (31) is fulfilled. Thus, the proof of existence of renormalized solution u of
problem (18) is complete.

Now, we try to stress the fact that the notion of renormalized solution, as in the
elliptic case, should be the right one to get uniqueness. As we said before, if the
datum g belongs to My(Q), the renormalized solution turns out to be unique (see
[22]); the same happens for general Sobolev spaces with diffuse measure as data and
ug € L1(Q) as initial condition by choosing an appropriate test function motivated by
[16]. Let S, be defined as in Definition 3.2. We take T} (Sy, (u1 — g2) — Sn(uz2 — g2)) as
a test function in both the equation solved by u; and us, we subtract them to obtain

Jo+Th =T+ T3+ TJs+ Ts + Ts + J7, where
Jo = Jy Jo(Sulun = g2) = Suuz = 92))eTh(Su(u1 = g2) = Sn(uz — g2)),
Jr = foT Jo 8] (u1 — g2)a(t, z, Vuy) — S}, (ug — g2)a(t, z, Vus)]
VTk(S (u1 — g2) — Sn(uz — g2)),
= — JolSn(w1 — g2)a(t, z, Vur)V(ur — g2) — S} (uz — g2)a(t, z, Vuz)V(uz — g2)]
[7%( ( = 92) — Suluz — g2))],
= Jo F(SH( U1 —g2) = Sp(u = 92)) Tk (Sn(u1 — g2) — Sn(uz — g2)),
74 = Jo F(Sh(u1 — g2) = S}, (uz — 92)) VT (Sn(ur — g2) — Sn(uz — g2)),
T = [olSn(ur — g2) FV (u1 — g2) — S} (uz — g2) 'V (uz — g2)]
Ty (Sn(ur — g2) — Sn(uz — g2)),
= Jol G1 Sp(ur — g2) = 55, (uz — 92)) VI (Sn(u1 — g2) — Sn(uz — g2))];
..77 = Jo[Sn(ur — g2)G1V (u1 — g2) — S} (uz — g2) GV (u2 — g2)]
'Tk(Sn(ul — g2) — Sn(uz — g2)).
We estimate J;, 7 = 1,...,7 one by one. Recalling ©(r), Jo can be written as

Jo = A@k(sn(ul — gg) — Sn(u2 - 92))(T)dx

@k(sn(ul - g2) - Sn(uz - gz))(T)da?.

Q
Due to the same initial condition for u; — g2 and us — g2, and properties of Oy,

To= [ O(Su(u1 = g2) = Sulz — 92)) (O = 0.
Q
We deal with J; splitting it as bellow.
Ji = / la(t,z, Vui) — a(t, z, Vuz)] - (Vur — Vua)
{ISn(u1—g2)—Sn(uz—g2)|<k}N{|ur—g1|<n,|uz—g2|<n}

)
{ISn(u1—92)—Sn(uz2—g2)|<k}N{|us —g2|<n,|uz—g2|>n}
[Sy(ur — g2)a(t, x, Vur) — Sy, (uz — g2)a(t,z, Vuz)] - V(Sn(ur — g2) — Sn(uz — g2))]

+
{ISn(u1—g2)—Sn(uz—g2)|<k}N{|uz—g2|>n}
[Sh(u1 — ga)a(t, z, Vui) — Sy, (u2 — g2)a(t, z, Vuz)] - V(Sn(ur — g2) — Sn(uz — g2))]

=T+ T2+ Ji
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Next, as {|Sn(u1 — g2) = Sn(uz — g2)| <k, [us — g2| > n} C {Jur — gof > n, Juz — gof >
n — k} and using the fact that S, (t) =0 if [t| > n + 1 and |S},(¢)| < 1, we have

i< [ lalt, 2, V) |V (11 — g2) | dadt
{n<|uz—g2|<n+1}
+f lalt,, Vur)||V (uz — go)|dodt
{n<|ur—g2|<n+1}n{n—k<|uz—g2|<n+1}
+/ la(t, z, Vu)||V(u1 — g2)|dxdt
{n<|ur—g2|<n+1}n{n—k<|ug—g2|<n+1}
+/ la(t, z, Vuz)||V (u2 — g2)|dzdt.
{n—k<|uz—g2|<n+1}
We deduce from the first integral in the right- hand side of (51),
/ la(t, z, Vul) ||V (u1 — g2)|dzdt
{n<|ur—g2|<n+1}
< / B(b(t, ) + [Vua [P V(s — go)|dedt
{n<lur—g2|<n+1}
</ Bb(t,2)|V (ur — g2)|
{n<lur—g2|<n+1}

4 / BIVus POV (uy — go)|decdt
{n<|ui—g2|<n+1}

< / g|b(t, )7 @ dwdt + / GV (ur — g2)P@dadt
{lu1—g2|<n+1} P- {lu1—ga|<n+1} P-
+/ g|Vu1|”(z)dxdt+/ £|V(u1 — 92)|P dadt.
{lu1—g2|<n+1} P- {lu1—g2|<n+1} P-

Since b(t, ) is bounded in LP- (0, T; Wol’p(')(Q)) and meas{n < |u; — g2| < n+ 1}
converges uniformly to zero as n — oo, we deduce from conditions (29) and (33) that

lim // la(t, z, Vuq)||V(u1 — g2)|dzdt = 0.
[ur—gz2|<n+1

n—-+o00

Similarly, we prove that all the other integrals in the right-hand side of (51) converge
to zero as n — +oo. Thus J; converges to zero. Changing the roles of u; — go and
Uy — g2, we may get the similar arguments for J2. Furthermore, J2 converges to
zero. An application of Fatou’s Lemma gives

lim inf J; > / [a(t,z, Vuy) — a(t,x, Vuz)|(Vus — Vug)dzdt.
{luvr—uz|<k}

n—-+oo

Now, we can pass to the study of the limit of J>. We have
T
T2 = / /[S;L/(Ul — g2)a(t,z, Vu1)V(ur — g2)]Tk(Sn(u1 — g2) — Sn(uz — g2))dzdt
o Ja

T
+ / / 150z — ga)a(t, 2, Vuz)V (us — g2)]Tk(Sn (s — g2) — S (uz — go))dadt
0 Q
=TJs + T3
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By symmetry between J3 and J7, it is enough to prove that Ji tends to zero. Since
|S(s)] <1 and S}/(s) # 0 only if |s| € [n,n + 1], using (16) we can write

mek//’ la(t, 2, Vur) [V (w1 — g2)|
{n<|uy—g2|<n+1}

<k Bb(t, ) + |[Vur |P@ |V (w1 — go)|dadt

{n<|uy—g2|<n+1}
= k/ Bb(t,x) + [Vur [PV (wr = g2)[X (< uy —gs) <ns1yddt
Q

— 0 asn — +oo.

We conclude that lirﬂ Jo = 0. Let us recall that by definition of .S,,, we have that
n—-4+0oo

S! converge to 1 for every s in R. Then
f(S! (uy — g2) — S. (uz — g2)) — 0 strongly in L' (Q) as n — +oo0.

Using the dominated convergence Theorem, we deduce that HIE Js = 0. Let us
n—-+0oo

study the limit of Js, we have S/, (u; —ga2)— S, (uz—g2) = 0in {Ju; —g2| < n, jus—gsa| <
nyU{|ui| > n+1,|uz| > n+ 1}, then J5 = J§ + JZ + T, where

[G1(Sn(u1 — g2) — Sp(u2 — g2))

- V(Sn(u1 — g2) — Sn(uz — g2))]

1
jG = /
{ISn (u1—9g2)—Sn(uz—g2)|<k}N{|ui —g2|<n,|uz—g2|>n}

Recalling that S, (¢) = t if |¢t| < n, S, is nondecreasing and Supp S), C [-n—1,n+1],

mﬂg/ mewerMﬁ+/ GV (uz — go)|ddt.
{n—k<|u1—g2|<n} {n<|uz—g2|<n+1}

So that, using Holder’s inequality, we get
1761 < CllG1lp o)

1 1
X (max(/ |Vur — Vga|P*)) 7= ,(/ |Vuy — Vga|P™ dzdt) P+ )
{n—k<|u1—g2<n|}

{n—k<|us —g2|<n}

N N
+ max(/ |Vus — Vol "™ dadt) -, (/ |Vus — Vol "™ dadt) 7+ ))
{n<lug—g2|<n+1} {n<Juz—g2|<n+1}
Thus by (29) we get that (J) converges to 0 as n — co. The same is true for (J2)

Ji = [G1(Sn(ur — g2) — Sn(u2 — g2))

/{lsn(ul—92)—Sn(u2—g2)\Sk}”{"S\U1—92|Sn+1}
: V(Sn(ul - 92) — Sn(u2 — gg))da:dt].

Since |Sy,(t)| > n — k implies |t| > n — k, we have
72 < [ GalI (s — )] + [ GalIV (a2 ~ g2l
{n<lur—g2|<n+1} {n—k<|uz—g2|<n+1}

So that using Hélder’s inequality and (29), we get that (J¢@) converges to zero. The
term (Jg) can be dealt with the same way using that S/,(t) = 0 if |t| > n + 1. Hence
we deduce lim Js = 0. As regards (J7), note that using the properties of S;/ and

n—-+oo
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(16), we can split the integral as follows.

|J7| = / SZ(?M —92)G1 - V(ur — g2)Tk(Sn(u1 — g2) — Sn(uz — g2))dzdt
Q

(52)

- / Sy (uz2 — g2)G1 - V(uz — g2)Tk(Sn(u1 — g2) — Sn(uz — g2))dxdt.
Q

We denote (J7,J7?) the two integrals of (52). Using the properties of S,, and S/
(recall that S}/ (s) = —sgn(s)X{n<|s|<n+1}) We have

<k 1G9 (s — ga)ldardt < CR|Gal o o
{n<|uy—g2|<n+1}

1 1
< max( [Vur = Vol )7 (| Vs — Vgal? ) 7).
{n<lui—g2|<n+1} {n<Jur—g2|<n+1}
Applying Hélder inequality and using property (33), we easily get that (J7) converges
to zero as n tends to infinity. Similarly, we have

2
|T7] < Ck||G1||Lp’(w)(Q)

1 1
x max( / Vuz — Vol ) 7= ( / Vs — Vo [P 75,
{n<|ug—g2|<n+1} {n<|ug—ga|<n+1}

Again Hélder inequality together with (29) allow to deduce that (J2) converges to
zero as well. So that we finally get that hrﬁ J7 = 0. Similarly we have 1in+1 Jys=0
n—-+oo n—-+0oo

and 1_1& Js = 0. Putting together (71) — (Js) and (J7), we obtain 1i_r>n 23:0 Ti =
lim Zzzz Ji, as n tends to infinity. Then

n—oo
/ [a(t,x,Vui) — a(t,z, Vuz)|(Vu; — Vug)dzdt <0
{lu1—uz|<k}
letting k tends to infinity (recall that w; and uy are finite a.e. in @), we deduce that
/ [a(t,x, Vuy) — a(t, x, Vuz)|(Vur — Vug)dzdt < 0.
Q

The strict monotonicity assumption (17) implies that Vu; = Vusy a.e. in Q. Then,
let G = Ty (Tos1 (U1 — g2) — Tny1(uz — ga2)). We have ¢, € LP~(0,T; Wy ") (Q)) and
since V(u1 — g2) = V(uz — g2) a.e. in Q,
Oon {Jlur —g2] <n+1,Jug —2 | <n+1}U{|ur — g2| > n+1,|uz — g2| > n+1}
Vi = Lt —g2- T 1 (wa—g2)1<13 V(U1 — g2) on {Jus — g2 <n+ 1, Juz — g2 > n+ 1}
~Lup—go—Tp i1 (ur—g2)l<13 V(U2 — g2) on {fur — g2 > n + 1, ug — go| <n +1}.

But, if [s] >n+1,|t| <n+1and [t — Tyy1(s)| <1, then n < [¢| <n+ 1, and
/ [V ¢n|P dadt < / IV (w1 — go) [P daxdt
Q {n<lui—g2|<n+1}
+/ |V (u2 — g2)[P®dzdt — 0 as n — +oo.
{n<lug—gz|<n+1}
Then, ¢, — 0 in LP-(0,T; Wol’p(')(Q)), and thus in D'(Q) as n — +oo. Since (, —

Ty (u1 —¢g1) — (ug — g2)) a.e. in S as n — 400 and remains bounded by 1, we also
have ¢, = Ti((u1 — g2) — (u2 — g2)) in D'(Q). Hence, T1((u1 — g2) — (u2 — g2)) =0
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ie.,
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U1 — go = uz — g2 on Q. Therefore u; = us. Thus, we obtain the uniqueness of

the renormalized solution to (18). O
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