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Special concircular normal projective Lie-recurrence in NP-F},
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ABSTRACT. In this paper we discuss a normal projective Lie-recurrence generated by special
concircular vector field and such Lie-recurrence is termed as a special concircular normal
projective Lie-recurrence. We have obtained certain results related to a special concircular
Lie-recurrence in N P— F, as well as in birecurrent and bisymmetric NP — F,,. It is established
that an VP — F,, admitting a special concircular normal projective Lie-recurrence is a Finsler
space admitting special concircular H-Lie-recurrence.
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1. Introduction

In 1982, P. N. Pandey [3] introduced the concept of Lie-recurrence in a Finsler space.
It is an infinitesimal transformation % = z* + e v’(27) with respect to which the Lie-
derivative of curvature tensor is proportional to itself. In 2003, S. P. Singh [12] studied
an infinitesimal transformation with respect to which the Lie-derivative of curvature
tensor is proportional to itself and called such transformation as curvature inheritance.
Obviously a curvature inheritance is nothing but a Lie-recurrence. Shivalika Saxena
[4] discussed projective N-curvature inheritance in a Finsler space and obtained some
results. C. K. Mishra and D. D. S. Yadav [1] discussed projective curvature inheritance
in NP — F,, and obtained some results.

The aim of the present paper is to discuss a normal projective Lie-recurrence
generated by special concircular vector field. Such Lie-recurrence is termed as a
special concircular normal projective Lie-recurrence. We have obtained certain results
related to a special concircular Lie-recurrence in NP — F,, as well as in birecurrent
and bisymmetric NP — F,,. Apart from other theorems, it is being proved that an
NP — F,, admitting a special concircular normal projective Lie-recurrence is a Finsler
space admitting special concircular H-Lie-recurrence.

2. Preliminaries
Let F,, be an n-dimensional Finsler space equipped with a metric function F' sat-

isfying the requisite conditions [11]. The relation between the metric tensor g;; of the
Finsler space F,, and the metric function F are given by

1. . o
(a) gij = gaz'ajfﬂa (b) gijy'y’ = F?, (1)
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where @ = %
K. Yano [14] defined normal projective connection coefficients H};h by

i i Y’ r
= — 7G y 2
kh kho T kb (2)
where G}, are Berwald connection coefficients. The functions IT},,, G}, and G%,,, are
symmetric in their lower indices and positively homogeneous of degree 0, 0 and —1
respictively in y*. The derivatives 9;11%, , denoted by H; kh 1S given by
. , 1 _ .
) . 7 IWals XYl
Ly, = Ggn — m(‘sj ke T3 Glppy)s (3)
where tensor Hj &h 1S symmetric in last two lower indices and positively homogeneous
of degree —1 in y*. The tensor H; h, Satisfies the following:

i T
a) ijh = Hjhkv
i i
b) iji = Gjlci7
. ’L
c) @15, =0, (4)
- h T i’ T
d) & 4ijh L ks
1 1
e) I n+1 Zikh-

The normal projective covariant derivative of an arbitrary vector field 7% with respect
to connection coefficients 1%, is given by

ViT! = 0T = (0, T )y + T, (5)
where 0y, = %.
The Ricci commutation formula for normal covariant derivative is given by

VieViT! — Vi VTP = T" N}y, — (0, TN}, y°, (6)

where Niilkr = ahH%cr - (atH}cr)thxg + Hgﬂ“Hih - akH;'Lr + (Btﬂﬁw)ﬂgkxg - H);Lrnik are
components of the normal projective curvature tensor. This tensor is skew-symmetric

in first two lower indices and positively homogeneous of degree zero in y*. The tensor

Ny, defined by
Nin = N, (7)

(2

satisfies

(a) Njin = =Niju = =Njn, (b) Niy; = Nij — Nji.. (8)

P. N. Pandey [5] obtained the following relation between the normal projective cur-
vature tensor Ny, and the Berwald curvature tensor Hy,:

Njgn = Hijpn = -7 OnH . ©)
Transvecting (9) by y” and using the fact yhahH;kT =0, we get

N;khyh = H;ka (10)
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where H}, = ;G — 0,GL + GG — GG,
The commutation formula for the operators of partial differentiation with respect to
y* and normal covariant differentiation is given by

O (ViT") = Vi(OpT") = T}, — (8,7}, .y°. (11)
Let us consider an infinitesimal transformation
7' =2 + ev'(a?), (12)

generated by a contravariant vector field v*(27) which depends on position co-ordinates
only. € appearing in (12) is an infinitesimal constant.

The Lie-derivative of an arbitrary tensor Tj’ with respect to the infinitesimal trans-
formation (12) is given by [14]

£T! =v"V, T = T/V, 0" + TV 0" + (0, T))Vu'y®. (13)
The commutation formula for the operators £ and 8y, is given by
O£ — £8,Q =0, (14)

where (2 is any geometrical object.
An infinitesimal transformation (12) is Lie-recurrence or H-Lie-recurrence if the Lie-
derivative of Berwald curvature tensor HJ’ wp, Of the Finsler space satisfies ([13], [6])

"EH;kh = ¢H;kha (15)

where ¢ is a non-zero scalar field [3].

In view of this concept, the infinitesimal transformation (12) is called normal projec-
tive Lie-recurrence if the Lie-derivative of normal projective curvature tensor satisfies
[4]

£NGen, = ONjups ¢ # 0. (16)
A vector field v* in NP — F,, is said to be special concircular if
Vo' = pdi, (17)

where p = p(z) [7].

Definition 2.1. A Finsler space F,, with normal projective connection coefficients
IT},;, and the normal projective curvature tensor [V Jkh 18 termed as mormal projective
Finsler space and usually denoted by NP — Fj,.

3. Special concircular normal projective Lie-recurrence

Definition 3.1. Let a symmetric NP — F,,(n > 2) be characterized by [2]
Vo N, = 0. (18)
Let us consider an NP — F,, admitting the infinitesimal transformation (12) gener-
ated by a special concircular vector field v*(x7). Suppose that the special concircular

transformation (12) is a Lie-recurrence in the NP—F, (n > 2). Then we have equation
(16). In view of equation (13), equation (16) may be written as

V'V N + (0, Ni ) Vv y® = N3, Vo'
AN} V0" + N2 Viv" + N, Viao™ = 6N . (19)



128 G. P. YADAV AND P. N. PANDEY

Using equations (18) and (17) and the fact that the normal projective curvature tensor
N, }ij . is positively homogeneous of degree zero in 3/, we get ¢ = 2p if the space is
non-flat. Since p is independent of y* and ¢ = 2p, ¢ is also independent of y* [4].
Transvecting equation (16) by 3" and using (10), we get

LH}) = ¢HY;. (20)
Differentiating (20) partially with respect to y” and using equation (14), we get

£Hijk = qSHijk, which shows that the special concircular normal projective Lie-
recurrence is an H-Lie-recurrence. Thus we have:

Theorem 3.1. A special concircular normal projective Lie-recurrence in a non-flat
symmetric NP-F,, is an H-Lie-recurrence.

Suppose the special concircular transformation (12) is a normal projective Lie-
recurrence in N P— F,, space, characterised by (16). In view of equation (13), equation
(16) may be written as

V'V N + (0, Nb ) Vv y® = N3y, Vo'

AN} V0" + N Vid™ + N, Vo' = oNj . (21)
Using equation (17) and degree of homogeneity of N]’fkh in y°, we get
UTVTN;kh = (¢— QP)N;km (22)
Differentiating equation (17) covariantly with respect to z", we get
thkvi = ph(sz, (23)

where pp, = Vpp.
Taking skew-symmetric part of equation (23), we get

ViViv' — Vi Vo' = pidi — pro,. (24)
In view of equation (6), equation (24) becomes
0" Nipy = prbi — pidj,- (25)
Contracting the indices i and k in equation (25) and using equation (7), we get
V" Npr = (n— 1) pp. (26)
Using equation (26) in equation (25), we get
((n — 1)N{p, + Ngr6h — Nppdp o™ = 0. (27)

This leads to:

Theorem 3.2. The normal projective curvature tensor N;kh of an N P—F,, admitting
a special concircular Lie-recurrence satisfies the identity (27).

The Lie-derivative of pj is given by

£pr =0"Vepr + (Orpr) Vs y® + p. Vo', (28)
Using equation (17) and fact that py, is homogeneous of degree 0 in y?, we get
Lpx = v"Vypr + ppr. (29)

Transvecting equation (22) by v/, we get

V"V N = (6 — 2p) N0 (30)
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Differentiating equation (25) covariantly with respect to ™ and using (17), we obtain
leihm + UTVleihr = Vmphé,i - vmpk(%- (31)

Transvecting equation (31) by v™, we get

PV N, + 0" 0"V Nipyye = 0™ (Vo 6, — Vo pr.0y,). (32)
In view of equation (30), equation (32) implies
(6= PN 0" = 0™ (Toupi — Vimprl). (33)
Using equation (25) in equation (33), we get
(& = p)(pndi, = prd3) = V"™ (Vinpn0f, — Vi pioy,)- (34)
Contracting indices ¢ and h in equation (34), we get
(¢ = p)or = V" Vs (35)
Using equation (35) in equation (29), we have
Lpr = dp. (36)

This leads to:

Theorem 3.3. If an NP-F,, admits a special concircular Lie-recurrence characterized
by equations (16) and (17), the covariant derivative of scalar p appearing in equation
(17) is Lie-recurrent with respect to the Lie-recurrence.

4. Special concircular normal projective Lie-recurrence in a birecurrent
NP -F,

Let us consider a birecurrent NP — F;, characterized by

vmle;kh = almN;khﬂ (37)

where a;,,, are components of a non-zero covariant tensor of type (0,2) and N ;kh #0
[10].

Suppose that this space admits a special concircular normal projective Lie-recurrence
characterized by equations (16) and (17). Differentiating equation (22) covariantly
with respect to ™, we get

V0" Ve Ny + 0"V Ve Ni, = (6m — 20m) Nigy + (0 — 20) Vi NJ (38)

where ¢,,, = V,,¢. Using (17) and equation (37) in equation (38), we have
(vrarm - d’m + 2PM) ;kh = (¢ - BP)VMNJZkh (39)

In view of the definition for a birecurrent Finsler space, N;kh # 0. In equation (39),
VN # 0, for VN2, = 0 implies ViV, Ny = 0 e agy = 0, a contradiction.
Therefore, equation (39) implies either of the follwing conditions:

(i) ¢ —3p =0, vV amr — om + 2pm =0,

(1) ¢ =39 £ 0, VG — b + 20m 7 0.
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We can write the condition (i) as ¢ = 3p, v"amr = pm.-
Let us consider the condition (i7). In this case equation (39) may be written as

('Uramr — Om + ZPm) i

¢ o 3p jkh>
which shows that the space is NPR — F,. The second author [5] proved that an
NPR — F,, does not admit a special concircular vector field, which implies that an
NPR — F,, does not admit a special concircular normal projective Lie-recurrence.
Therefore, the pair of conditions (i¢) is not possible.
Hence, we may conclude:

Theorem 4.1. A birecurrent NP — F,, admitting a special concircular normal pro-
jective Lie-recurrence necessarily satisfies the conditions ¢ = 3p and v" tpmyr = P -

Taking skew-symmetric part of equation (37) and using Ricci-commutation formula
exhibited by (6), we have
N;kthimr - N:ik:thrlm - sz"rth:lm - N;kTNlT’I‘”I’Lh - (8szkrh)Nlesys = AlmN;kh7 (41>
where Aj, = apm — am. Operating both sides of equation (41) by operator £ and
using equation (16), we get
£Alm = ¢Alm
This leads to:

Theorem 4.2. The skew-symmetric part of the recurrence tensor ay, of a birecur-
rent NP-F,, admitting a special concircular normal projective Lie-recurrence is Lie-
recurrent with respect to the Lie-recurrence.

5. Special concircular normal projective Lie-recurrence in a bisymmetric
NP - F,

Let us consider a bisymmetric NP — F,, admitting a special concircular normal
projective Lie-recurrence characterized by [8]

Vi VilNjp, = 0. (42)
In view of equations (17) and (42), equation (38) becomes
(¢ — 3P)VmN;kh = (2pm — ¢m)N;kh‘ (43)

If ¢ = 3p, equation (43) reduces to pmN;kh = 0 which implies N}k.h =0 for p, # 0.
Thus, we conclude:

Theorem 5.1. A bisymmetric NP — F,, admitting a special concircular normal pro-
jective Lie-recurrence with condition ¢ = 3p is flat.

If ¢ = 2p then ¢y, = 2p,,. Therefore, equation (43) may be written as

This shows that the space is symmetric. Thus, we see that a bisymmetric NP — F,,
admitting a special concircular normal projective Lie-recurrence with ¢ = 2p is a
symmetric space admitting a special concircular normal projective Lie-recurrence. In
view of a result due to the second author [9], a symmetric NP — F),, admitting special
concircular transformation is a Riemannian space.

Thus we conclude:
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Theorem 5.2. A bisymmetric NP — F,, admitting a special concircular normal pro-
jective Lie-recurrence with ¢ = 2p is a Riemannian space with constant Riemannian
curvature.

If ¢ # 2p and ¢ # 3p, then equation (43) may be written as

i 2Pm — bm i
Vi Ny = WN]M. (45)

This shows that the space is recurrent, but an N PR — F,, admitting a special concir-
cular normal projective Lie-recurrence does not exist.
Thus, we may conclude:

Theorem 5.3. A bisymmetric NP — F,, can not admit a special concircular normal
projective Lie-recurrence if ¢ is neither 2p nor 3p.

From Theorems 5.1, 5.2 and 5.3, we may conclude:

Theorem 5.4. A bisymmetric NP — F,, admitting a special concircular normal pro-
jective Lie-recurrence is either flat or a Riemannian space of constant Riemannian
curvature.
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