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Hypersurfaces of a Finsler space with exponential form of
(av, B)- metric

BRIJESH KUMAR TRIPATHI

ABSTRACT. In the present paper we have studied the Finslerian hypersurfaces of a Finsler
B B
space with the special form of exponential (o, 8)- metric such as L(a,8) = aea + fe” o .

We also examined the hypersurfaces of this special exponential metric as a hyperplane of first,
second and third kinds.
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1. Introduction

We counsider an n-dimensional Finsler space F™ = (M™, L), i.e., a pair consisting
of an n-dimensional differential manifold M™ equipped with a fundamental function

Lz, y).

Definition 1.1. A Finsler space F™ of dimension n is a differentiable manifold such
that the length s of the curve z*(t) of F™ is defined by S = [ L(z,y)dt.The fundamen-
tal function L(z,y) = L(x!,...2™ y',...y") is supposed to be differentiable for y # (0)
and satisfies the following condition:-

() Positively homogeneous: L(x,py) = pL(x,y), p > 0.

(#i) Positive: L(z,y) > 0, y # 0.

2
(#33)Positive definite metric g;; = %% > 0.

The interesting and important examples of an (o, §)- metric are Randers metric
a+ B, Kropina metric %2 and Matsumoto metric [9] ﬁ The notion of an (a, 8)-
metric was introduced by M. Matsumoto [7] and has been studied by many authors.

Definition 1.2. A Finsler metric L(«, 8) in a differentiable manifold M™ is called an
(a, B)-metric, if L is a positively homogeneous function of degree one of a Riemannian
metric @ = (az;(x)y'y?)? and a one-form 8 = b;(x)y’ on M™.

Definition 1.3. A Hypersurface is a generalization of the concept of hyperplane.
Suppose an enveloping manifold M has n dimension, then any submanifold of M of
(n — 1) dimension is a hypersurface. The co-dimension of hypersurface is one. If
m > n, then V,, is called a subspace of V,,. V,, is also enveloping space of V,, if
m > n. In particular if m = n + 1, then V,, is called hypersurface of the enveloping
space Vj41.
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A hypersurface M™ ! of the M™ may be represented parametrically by the equation
2t = 28 (u®),a = 1,2,3,...,(n — 1), where u are Gaussian coordinates on M"~1. If
the supporting element y* at a point u® of M™ ™! is assumed to be tangential to
M"~1 we may then write y* = B! (u)v®, so that v thought of as the supporting
element of M"~1 at a point (u®). Since the function L(u,v) := L(x(u),y(u,v))
gives rise to a Finsler metric of M"~! we get an (n — 1)-dimensional Finsler space
F=D = (M"Y L(u,v)).

The concept of Finslerian hypersurface is first introduced by Matsumoto in the year
1985 and further he defined three types of hypersurfaces that were called a hyperplane
of the first, second and third kinds. Further many authors studied these hyperplanes
in different changes of the Finsler metric [2, 3, 4, 5, 6, 10, 11] and obtained different
results.

In the present paper we consider exponential form of special Finsler (o, §)-metric
and determine Induced Riemannian metric,second fundamental v tensor also exam-
ined the hypersurfaces of this special metric as a hyperplane of first, second and third
kinds.

2. Preliminaries

In the present paper we consider an n-dimensional Finsler space F" = {M", L(«, 5)},
that is, a pair consisting of an n- dimensional differentiable manifold M™ equipped
with a Fundamental function L as a special Finsler Space with the metric

B

L(a, ) = aes + fe & (1)

Differentiating equation (1) partially with respect to a and 8 are given by

B B 2 _B B _B _B
Lo =e= — Dea + e, Lg=e=—e o —Lea

g% 8 282 _B8 B3 _B 1 8 2 b B B8
Laa—ase”_ 3 € ”+a4e ) Lﬁﬁ—ae“_ae ”+a2’e o

Lap = me” o — e,

oL
where La = %, Lﬂ = %7 Laa = ({iaLTav Lﬂﬁ = T;’ LO‘B = 6(3LBQ'

In Finsler space F" = {M™, L(a, 8)} the normalized element of support I; = oL
and angular metric tensor h;; are given by [8]:

li=a 'L,Y; + Lgb;
hij = pai; + qobib; + q_1(b;Y; +b;Y;) + ¢_2YiY;

where Y; = a;;37. For the fundamental metric function (1) above constants are

B B, 28 [ _2
= — ]._* a e
a+( a) +a3e ’
2
qO——2+7+€%—(2—é)§€_Zf,
8] o «
B, B B> _2s
71:(1—a){§+56 “},

g2 = i{w?’ —0?B— 20202 + (a?F — o' + 0BT + (B —308%)e T} (2)
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Fundamental metric tensor g;; = %818] L? and its reciprocal tensor g% for L = L(a, 3)
are given by [§]

gij = paij + pobib; + p_1(b:;Y; +b;Y;) + p_2Y;Yj, (3)
where
po = qo+L3,
p—1 = q-1+L 'pLg,
po = qo+p’L% (4)
The reciprocal tensor g™ of gi; is given by
g9 =pla — spb't — s_1(blyd 4+ Vyt) — s oty (5)
where bt = aijbj and b? = aijbibj
S0 = %{ppo + (pop—2 — p* 1)},
s-1 = %{pp—l + (pop-2 — p*1)B},
S_o = %{pp—z + (pop—2 — p*1)b*},
T = plp+pob® +p-_18) + (pop—2 — p21)(a?b” — 5%). (6)
The hv-torsion tensor Cjji, = %G}Cgij is given by [11]
2pCiji = p—1(hiymy + hjzm; + hgim;j) +yimgm;my, (7)
where
"= p%];) —3p_1q0, mi="b; —a 2BY;. (8)

Here m; is a non-vanishing covariant vector orthogonal to the element of support %°.
Let {%} be the component of Christoffel symbols of the associated Riemannian

space R™ and v/, be the covariant derivative with respect to z* relative to this
Christoffel symbol. Now we define,
2E;; = bij + by, 2F;; = b;; — by (9)
where b;; = iji._ o
Let CT' = (I'};, I'G;, ;) be the Cartan connection of F™. The difference tensor
D3y, = Fj}c — ;k} of the special Finsler space F™ is given by
D}y =B'Ejj, + FiB;j + F| By, + Blbox + Bj.bo; — bomg"" Bj, — C} AR — Ch,, AT’
+ Ciem AL g™ + X (C),, Ol + Crn Ol — C1RCr) (10)
where
By, = poby +p_1Ys, B'=gYB;, FF=¢"F,
1 Ipo

Bij =3 p-1(ai; —a”?Y;Y;) + 28 MM | B} = g" Bj;,

& = By'Eoo + B" Eo + BrFg" + BoFy",
Am = BmEOO —+ QB()F(;W, B() = Blyz, (11)
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where '0’ denote contraction with y* except for the quantities pg, go and s,.
3. Induced Cartan Connection

Let F"~' be a hypersurface of F™ given by the equation z* = z'(u®) where
{a =1,2,3...(n — 1)}. The element of support y* of F™ is to be taken tangential to
F=1 that is [8], 4 4
y' = B (u)v” (12)
the metric tensor gos and hv-tensor Cypgy of F' n=1 are given by
9ap = 95 BLBS,  Capy = Cijn BLB)BY,
and at each point (u®) of F"~1, a unit normal vector N*(u,v) is defined by
gij{z(u,v),y(u,v)} BEN? =0,  gij{z(u,v),y(u,v)}N*N7 = 1.
Angular metric tensor hop of the hypersurface are given by
hap = hijBLB%,  hiyBLN7 =0, h;N'NI =1, (13)
(B&, N;) inverse of (B!, N') is given by
BY =g*Pg;;B), BLB] =65, B!N'=0, B.LN;=0,
N;=gyNI, BF =¢"Bj;, BLBY+N'N; =6

The induced connection ICT = (I';5, G§, Cg, ) of F"~1 from the Cartan’s connection

CT = (%, Tk, Cii) is given by [8].
U5 = B (B, + T3 By BY) + Mg H.,,
G4 = BY(Bjg +TiB%), C§, = BYC;.B,BE,

where
Mg, = N;Cj, B4BY, Mg = g* Mg, Hg = Ni(Bjg+ T B),
and )
i 9Bj i i
BB'Y = W, BO,B = BO‘B/U .

The quantities Mg, and Hg are called the second fundamental v-tensor and normal
curvature vector respectively [8]. The second fundamental h-tensor Hg., is defined as

8]
Hg, = Ni(Bjy, + T3, B,BY) + MgH,,, (14)
where
Mg = N;C}, B, N*. (15)
The relative h and v-covariant derivatives of projection factor Bf, with respect to ICT
are given by
Bjs = HapN', Bils=MasN".
It is obvious form the equation (14) that Hg, is generally not symmetric and
Hgy — Hyp = MpHy — M, Hp. (16)
The above equation yield
Hy,=H,, H,=H,+M,H,. (17)
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We shall use following lemmas which are due to Matsumoto [8] in the coming section

Lemma 3.1. The normal curvature Hy = Hgvﬂ vanishes if and only if the normal
curvature vector Hg vanishes.

Lemma 3.2. A hypersurface F("=V is a hyperplane of the first kind with respect to
connection CT if and only if H, = 0.

Lemma 3.3. A hypersurface F=1) is a hyperplane of the second kind with respect
to connection CT' if and only if Hy, =0 and H,g = 0.

Lemma 3.4. A hypersurface F("~Y) is a hyperplane of the third kind with respect to
connection CT' if and only if Hy, =0 and Hog = Mo = 0.

4. Hypersurface F("~Y(c) of a exponential form of (o, §)-metric in Finsler
space

Let us consider a Finsler space with exponential form of (a, §)-metric L(«, 8) =

aes + Befg, where, o = +/a;;(z)y’y’ is a Riemannian metric and vector field
bi(z) = 6(?;1' is a gradient of some scalar function b(x). Now we consider a hyper-

surface F("~1(c) given by equation b(z) = ¢, a constant [11].
From the parametric equation z° = x%(u®) of F"~1(c), we get
Ob(x) ob(x) Ot ;
=0 . =0 b;B!, = 0.
Ou ’ Oxt Ou“ ’ @
Above shows that b;(x) are covariant component of a normal vector field of hypersur-
face F"~1(c). Further, we have

biB. =0 and by'=0 ie =0, (18)
and induced matric L(u,v) of F"~(c) is given by
L(u,v) = aapv®v?, ans = aijBiBé (19)

which is a Riemannian metric.
Writing 8 = 0 in the equations (2), (3) and (5) we get

p= 17 qo = _1a qd—1 = 07 q—2 = —Oé_27

Po = 3, pP—1 = 2Ck_17 pP—2 = 0, T=1-— b2,

1 2 4b%
=TT ST oo T 2o (20)
from (4) we get,
o 2 S .
1] — 1] tha 2, T\ 2., 21
g7 =a" + 5t a(1—b2)(by +0'y") Za VY (21)
thus along F"~!(c), (21) and (18) leads to
3 b2
phy —
g7 b;b; =)
So we get
b2 y
bz(x(u)) = Ni b2 = a”bibj, (22)

(1-10%)
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where b is the length of the vector b’.
Again from (21) and (22), we get
b =ab; = (1 - b*)N* + % (23)
thus we have,

Theorem 4.1. The exponential form of («, 8)-metric, L(a, 8) = aes + ﬂe’g n a
Finsler hypersurface F("=Y(c), the Induced Riemannian metric is given by (19) and
the scalar function b(x) is given by (22) and (23).

Now the angular metric tensor h;; and metric tensor g;; of F™ are given by
1 2
hij = aij — bzbJ — 72Y;Y; and gij = aij —+ 3b1b] + 7(b1Y,J + bj}/l) (24)
o} o}

From equation (18), (24) and (13) it follows that if h&ag denote the angular metric

tensor of the Riemannian a,;(z) then we have along F(’é)_l, hag = h&aﬁ)

Thus along F(Z)_l, %—’? = —%, from equation (8) we get
2
==, m;=1b,
a

then hv-torsion tensor becomes
1 1
Ciji = E(hijbk + hjgb; + hyibj) + Ebz’b]’bk (25)

in the exponential form of («, §)-metric of a Finsler hypersurface F ((Sfl). Due to fact
from (13), (14), (15), (18) and (25) we have

1/ b
MQ,B = a mhaﬁ and Ma = 0. (26)

Therefore from equation (17) it follows that H,g is symmetric. Thus we have

Theorem 4.2. The second fundamental v-tensor of the exponential form of (o, f)-
metric with Finsler hypersurface F((Sfl) is given by (26) and the second fundamental
h-tensor Hug is symmetric.

Now from (18) we have b; B: = 0. Then we have
bis B, + biBl, 5 = 0.

a
Therefore, from (16) and using b;g = bi‘jBé + b;|j N7 Hg, we have

by BLBY + by BLNHg + biHapN' = 0, (27)

ilj

since b;|; = —b,Ch

ij> we get

by, BLNT = 0.

Therefore from equation (27) we have,

| b2 D
Ty Her + bi; BLB) =0 (28)
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because b;|; is symmetric. Now contracting (28) with v and using (12) we get

p L

Again contracting by v® equation (29) and using (12), we have

B2 o
—Hy +b;,y"y’ =0. 30
(1—b2) 0+ iy (30)
From Lemma 3.1 and 3.2, it is clear that exponential («, 3)-metric with Finsler hy-
persurface F ((Sfl) is a hyperplane of first kind if and only if Hy = 0. Thus from (29) it
: ilj
being the covariant derivative with respect to CI" of F'"* defined on y*, but b;; = v/,;b;
is the covariant derivative with respect to Riemannian connection {;k} constructed

is obvious that F (’2;1 is a hyperplane of first kind if and only if b;;y'y’ = 0. This b

from a;;(x). Hence b;; does not depend on y'. We shall consider the difference bij;—bij
where b;; = v/;b; in the following. The difference tensor D; e = 1"3*,’c - {; ) is given by
(10). Since b; is a gradient vector, then from (9) we have

Eij = bija Fij = 0, and F; =0.
Thus (10) reduces to

e = B'bjk+ Bibor + Biboj — bomg " Bjx — Cl, AY' — C AT
+Cjrm AT 9" + N (Ch Ok + Ciem Cf — CJiChis), (31)
where
_ , 1 c2(1— 8b2) )
B; =3b;+2a7'Y;, B'=-— bt g
(3 3 + @ (3 (1_b2) + a(l_b2)y7
; 4-=350% m 1 Y;Y; 1
B;B' = ﬁ’)\ = B™boo, Bij = a(aij - ?) - Ebib-’"
) —2vri 4, 21+0%), 8b? i
Bj:a(éj—a YY]-)—?ij— o2 bjy—a3(1_b2)y)/}-
= By boo + B™bo. (32)

In view of (20) and (21), the relation in (11) becomes to by virtue of (32) we have
Bé = 0, BiO = 0 which leads AgL = meo(].
Now contracting (31) by y* we get

Diy = B'bjo + Bjibgy — B"C},,boo.
Again contracting the above equation with respect to 37 we have
1 o 2(1—8b%)

Dio = Blboo = (=" + or )

" }boo-

Paying attention to (18), along F((S_l), we get
. 2 1 e R
bl‘DjO = —mbj() + &bjb()(] - m}{jb[)o - mbzb ijbo(]. (33)
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Now we contract (33) by ¢’ we have

; 5b2
biDOO = 71—7@600. (34)
From (14), (22), (23), (26) and M, = 0, we have
bb"™C},, Bl = b M, = 0.
Thus the relation b;; = b;; — b, Dj; the equation (33) and (34) gives
o . L+4p?
bijjy"y’ = boo — by Do = ﬁboo
Consequently (29) and (30) may be written as
b2 1+ 4b? - b2 1+ 42
H, bioB;, =0, H boo = 0. 35
T—pz e T g e Tz 0T T (35)

Thus the condition Hy = 0 is equivalent to by = 0. Using the fact S = by’ = 0 the
condition bgy = 0 can be written as bijyiyj = biyibjyj for some ¢;(x). Thus we can
write,
2bij = biCj + bjCi. (36)
Now from (18) and (36) we get
boo = 0, bijBéBé = 0, bi]‘B(—xyj =0.

Hence from (35) we get H, = 0, again from (36) and (32) we get b;b’ = #, AT =
0, AiB% =0 and B;;B. B} = Lhag.
Now we use equation (14), (21), (22), (23), (26) and (31) then we have

Co b3

r iRl
b, D B.B) = Sl = P has. (37)
Thus the equation (28) reduces to
Cob2
H hag =0 38
a6+2(1_b2) B (38)

Hence the hypersurface F(’Z)_l is umbilical.

Theorem 4.3. The necessary and sufficient condition for a exponential form of
(a0, B)-metric in Finsler hypersurface F((Sfl) to be a hyperplane of first kind is (36).

In this case the second fundamental tensor of F&;l is proportional to its angular
metric tensor.

Now from Lemma 3.3, F] ((Sfl) is a hyperplane of second kind if and only if H, =0
and H,g = 0. Thus from (37), we get
co = ci(z)y’ = 0.
Therefore there exists a function ¢ (z) such that
ci(x) = P(a)bi(x).
Therefore (36) we get

2bij = bi(z)Y(2)b;(x) + bj(x)(z)bi(z).
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This can also be written as

Theorem 4.4. The necessary and sufficient condition for a exponential form of
(a, B)-metric in Finsler hypersurface F((Sfl) to be a hyperplane of second kind is

(38).
Again Lemma 4.4, together with (26) and M, = 0 shows that F(Z)_l does not
become a hyperplane of third kind.

F(n—l)

Theorem 4.5. The exponential form of (a, B)-metric in a Finsler hypersurface ©

is mot a hyperplane of the third kind.
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