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Double merging of phase space for differential equations with
small stochastic supplements under Levy and Poisson
approximation conditions

IGOR V. SAMOILENKO AND ANATOLII V. NIKITIN

ABSTRACT. The paper is devoted to the study of limit theorems of evolving evolutionary
systems of ”particles” in random environment. Here the term ”particle” is used broadly to
include molecules in the infected individuals considered in epidemic models, species in logistic
growth models, age classes of population in demographics models, etc. The evolutionary
system is complicated by the influence of impulse perturbation and non-trivial structure of
the random environment. Namely, the the switching Markov process has a split phase space
of states. We propose a new approach in construction of the approximation scheme for the
impulse perturbation that allows not only to see the averaged and diffusion component of the
limit process, but also to preserve Poisson jumps that models catastrophic events like mass
extinction, earthquakes, etc. We discuss limit behavior of the generators of the evolutionary
systems that allows not only to claim convergence of corresponding distributions, but to use
the results obtained for solving the problems of stability and dissipativity of the limit processes.
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1. Introduction

During the analysis of complex systems, we often meet difficulties, which are essen-
tially complicated by the phase space of such systems. This situation can lead an
investigator to the practical impossibility of a visual representation of the model.
The actual problem of modern system theory is the development of mathematically
justified methods for constructing simplified models and their analysis does not cause
significant difficulties. Of course, most of characteristics of such models can be taken
for the corresponding characteristics of real models.

Concerning this problem, in order to be able to give analytical or numerical
tractable models, the state space must be simplified via a reduction of the num-
ber of states. This is possible when some subsets are connected between them by
small transition probabilities and the states within such subsets are asymptotically
connected. That is typically the case of reliability - and in most applications involving
hitting time models, for which the state space is naturally cut into two subsets (the
up states set and the down states set). In this case, transitions between the subsets
are slow compared with those within the subsets. In the literature, the reduction of
state space is also called aggregation, lumping, or consolidation of state space.
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142 I. SAMOILENKO AND A. NIKITIN

For the first time, the algorithm for phase consolidation of states of the system was
proposed and described in [1] by Korolyuk V.S. and Turbin A.F. The analysis of the
merging system is greatly simplified, but at the same time, with the successful splitting
of the phase space, the main characteristics of the simplified system can accurately
reflect the corresponding characteristics of the output. In turn, the proximity of real
and merging systems also means the proximity of global characteristics, which are
determined at increasing intervals of time. An important property of the algorithms
for phase cqnsolidation is the possibility of constructing a hierarchy of aggregated

systems S’, S,

Random evolution in the form of a differential equation with stochastic applications
use to describe a wide class of natural processes in many branches of science. An
extremely important case is the study of the behavior of similar evolutionary systems
in a random environment. The study of such systems is devoted to a large number of
famous scientists, including A.V. Skorokhod, M.I. Gichman, M.M. Bogolyubov and
others. A detailed bibliography on this subject can be found, for example, in the
monographs of V.S. Korolyuk [2], [3]. Particular attention should be paid to the
works [4], [5], [7], [6], [8], in which the approaches used in this paper were initiated,
in particular to the study of the stability and control of an evolutionary system with
diffusion perturbation.

This paper is devoted to the case when the system perturbations are determined
by the impulse process in the Levi and Poisson approximation schemes. First of
all, we will be interested in the double merging of the phase space of states of such
evolutionary models.

2. Double merging of phase space for differential equations with small
stochastic supplements under Levi approximation conditions

We investigate the stochastic evolutionary system in ergodic Markov environment
dus(t) = C(u(t), z(t/e®)dt + dn°(t), u°(t) € R, (2.1)

where 2°(t),t > 0 is Markov process determined on a standard phase space (F, &)
with splitting
N
E=|JEw ExNEy =0, k#FK
k=1
in a series scheme with a small parameter of a series of ¢ — 0, € > 0.
The Markov kernel has the form

Q°(z, B,t) = P*(z, B)[1 —exp{—q(2)t}], x € E, B€ &, t > 0.

Let us consider the following assumptions:
1: A kernel describing transition probabilities of imbedded Markov chain zZ,n > 0
is defined as follows
P¢(z,B) = P(z,B) + P (z, B).
The stochastic kernel P(z, B) on the split phase space is defined as

1, x € Eg,
P(177Ek):1k($):{ 0 xgE:
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The stochastic kernel P(z, B) define accompanying Markov chain z,, n > 0 on
classes Ex, 1 < k < N. In addition, the perturbing kernel P;(x, B) satisfies the
condition

Pl (l‘v E) = 07
that is a direct corollary of equality

Pé(z,FE)=P(z,F) = 1.
2: Associated Markov process z°(t), t > 0, given by the generator

Qp(x) = q) / P, dy)p(y) — o)),
E

is uniformly ergodic in each of classes Ey, 1 < k < N, with stationary distribution
mr(dz), 1 < k < N, satisfied relation:

mo(de)q(@) = quon(da), qx = / e (da)q ().
Ey

3: Average probability of exit

D = q(x)/pk(dm)Pl(x,E/Ek) >0, 1<k<N.
By

Thus, the perturbing kernel P;(x, B) determines transitional probabilities between
classes Fj, 1 < k < N, so, equality

P*(z,B) = P(z,B) + Py (z, B)

means that imbedded Markov chain 5, n > 0 spends a great deal of time in each of
the classes Ej and jumps between classes with low probabilities e Py (x, E/Ey).

Example 2.1. Consider a three state Markov process, E° = {0, 1,2} with generator
matrix

0 0 0 0 0 0 0 O 0
Q=1 ex —(1+e)A A = 0 =X A +el A =X 0
Ep Iz —(I+e)u 0 u —p o0 —p
The transition matrix of the embedded Markov chain is
1 0 0 1 0 0 0 0 0
Pf = € 0 1—¢ = 0 01 |4+l 1 0 -1
e 1—e¢ 0 01 0 1 -1 0

Now, for the ergodic process x(t), t > 0, taking values in F' = {1, 2}, and generator
Q, we have m = ( ﬁ“, ﬁ) For the ergodic embedded Markov chain x,, n > 0, we
have p = (1/2,1/2).

Thus, since we have p(1) = —P;(1, E) = 1 and p(2) = —P;(2, E) = 1, the stoppage
probability is p = 1.

On the other hand, we have ¢(1) = A, and ¢(2) = p.

Hence
2\
= 1 2) = ——
q=m1q(1) + m2q(2) N
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and o)
A=gp= ﬁ
The limit of distribution of the normalized absorption times is
P{( > t} = exp(—At).
Under conditions ME1-ME3, there is a weak convergence [3]
v(zf(t)) = i(t), e =0, viz)=ke E={1,.,N}, z€ B, 1<k <N.

Limited Markov process &(t), ¢t > 0 on the enlarged phase space E = {1,..,N}
determined by the generating matrix

Ql :((jlﬂ'v 1 Sk,TSN),
where

Akr = QEPrr, kK #1, @ = qrpr, 1 <k <N,

Dikr = Dkr/Dks Der = /pk(dx)P1(x,Er)7 1<k,r<N, k#r,
Ey

b= [ ldo)Pr(e B,
Ey
4: Merging Markov process Z(t), t > 0 is ergodic process with stationary distribu-
tion 7 = (7, k € E).
Therefore, Q¢ is the operator that can be represented as

Q= Q+:Qi, Qi) = qla) / Py (. dy)o (),

E

Q(z) = q(x) / Pz, dy) () — o(@)], Q) = qi(x) / Py, dy)o(y).

Let IT be the projector to zero-subspace of a reducible-invertible operator Q. Its
effect on the test functions is defined as follows:

N
p(x) =Y érli(x), G = /Wk(d$)<ﬂ(d95)-

k=1 By

Reducible operator Ql can be determined by relation
Q11 = TIQuI1.
Let IT be the projector to zero-subspace of a reducible-invertible operator Q1
¢ := q(x) Y #ndu.
kEE

Potential matrix Ry = [jo; 1 < k,l < NJ can be determined by relation

Q1Ro = RyQ, =TI - E.
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Impulse perturbation process (IPP) n*(t), t > 0, in the Levy approximative scheme
can be determined by relation

7 () = / 7 (ds, 2(s/%)), (2.2)

where n°(t,x), t > 0, x € X is a set of processes with independent increments that
can be determined by generators

I(z)p(w) = 2 /(ap(w +v) — p(w))I(dv,x), z € X (2.3)
R

and satisfied to Levy approximation conditions
L1. Approximation of averages

/st(dv,x) — car(2) + £2(as(x) + 0a(x)), Oulz) — 0, € — 0,
R
and
/szE(dv,x) =e(b(x) + 0p(x)), Op(x) = 0, € = 0,
R
L2. Condition to the distribution function

/ 9(0)T=(dv, ) = 2(Ty(2) + (), 0,(x) = 0, & =0,
R

for each g(v) € C?(R) (space of bounded functions with values in R and g(v)/[v]|? — 0,
|v] = 0). Measure I'y(x) is bounded for each g(v) € C2(R) and can be determined
by relation

Lyfa) = [ g@o(dv,z), glo) € C2(R)
R
L3. Uniform quadratic integrability

sup CILIEO v*To(dv, z) = 0;
lv|>c
Let’s denote:
Iy (z)p(w) = a(z)¢'(w)
Let the condition of balance be fulfilled
I, =0, (2.4)

where I'¢(w) = IIT; () (w).
We shall investigate further the asymptotic properties of the perturbation process.

Theorem 2.1. Let the balance condition (2.4) and L1-L3 hold. Then the weak
convergence

e (t) = n°(t), € = 0.
holds true.
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The limit process n°(t) is determined by generator

#w) + 56" () + [lp(w+ ) - p()Fa(do),
R

Q))

Pp(w) =

where

= Z ﬁk/’frk(dl')(a2(x) - (10(1')),

keE g,

52 = Zﬁk/ﬂ(dag)(b( ) — bo(x +2Z7rk/ (dz)ar () Roas (),

keE g, k€eE g,

Zwk/vFo (dv, ),

keEE  Ey

Zﬂk/vFodvx)

keE  Ey

Z i / (dz)To(v, x)

keE g,
and it is a Levy process that has three components: deterministic shift, diffusion, and
Poisson jump part.

Proof. Firstly let’s prove some additional propositions.

Lemma 2.2. Generators of independent increment processes n°(t,x), t >0, v € X,
acting on test functions p(w) € C%*(R) under assumptions L1-L3 have asymptotic
presentation

I (2)¢(w) = e 'T1(z)p(w) + T2(z)p(w), (2.5)

where

Ty (2)p(w) =a1 ()¢ (w),

Pa(e)p(ur) =(aa(x) — aol@)¢/(2) + 3 (b(a) — bo(x))g" (2)+
+ / [p(w + v) — @()]To(dv, ).

R
Proof. We use the expansion of the function ¢(w) to the Taylor series. Then by (2.3)
we obtain:
D (@)olw) = [ (p(w+0) - p(o))T*(do,2)
R
1
=2 [ (plw+ ) = (o) ~ vp'(0) — 303" ()T (dv, )+
R
1
+e72 /(vgp’(w)l“s(dv, x)+ 21}28_2 /v2<p”( )T¢ (dv, z)
R

R



DOUBLE MERGING FOR STOCHASTIC DIFFERENTIAL EQUATIONS 147

= [t +0) = o(0) = v/ (w) = 507" (w))To(dv,a)+

R
e (@) (1) + ax(@)g! () + 45 (b(a) — bole)g" )+
+ / (p(u 4 v) — p())To(dv, 2) + 47 (w)p(aw),

R

where penultimate equality follows from L1-L3 (we remark also that function p(w +
v) — p(w) — v (w) — 029" (w) € C*(R), because it is bounded and ¢(w) is bounded
along with its derivatives, and

lo(w +v) = p(w) — v (w) - %v%”(w)]/\v?I =0

when v — 0.
We recall that ¢ (w)p(w) = o(e?), p(w) € C?(R), and thus, we obtained the
presentation (2.5). O

Lemma 2.3. Generator of a two-component Markov process (n°,z(t/e%)), t > 0 can
be represented as follows

(@) (w, 2) =e7°Qp(w, ) + e 'T1(2)p(w, z)
+ Ta(2)p(w, ) + 77 () (w, ), (2.6)
where Ty (z) and Ta(x) are defined at Lemma 2.1 and remainder term ||v¢ (z)p(w, )| —

0 when e — 0, p(w,-) € C*(R).

Proof. The lemma’s statement follows from the generator of Markov process definition
and from the form of the corresponding process generators n°(t,z) and x(t/e?). O

The truncated operator has a form
Lf=e3Q 4+ ' 4Ty = 2Q+¢2Q; + 71Ty + 1. (2.7)
Lemma 2.4. Under balance condition (2.4) the solution of the problem of singular
perturbation for cut operator (2.4) on test functions
p(u,x) = p(u) +ep1 + g + ey

is determined by the relation

U5 (2)¢" (u, ) = Lip(u) + £6; (x)p(w), (2.8)
where remainder term is uniform bounded with respect to x.
Limiting operator can be represented by the formula

L =TIy RoI'y 1T + T, 1. (2.9)
Proof. Let’s calculate
(e3Q+e2Qu+ 7T +To)(p+ep1 + 2y +303) =

=eQp +e72(Qp1 + Quyp) + e H(Qp2 + Qugpr + Tip)+
+(Qeps + Qupz + Tipr + o) + 0o(e).
From here we get 4 relations:
Qp = 0; (2.10)
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Qp1 + Qi =0; (2.11)
Qp2 + Qi1 + g = 0; (2.12)
Qys + Qupz + 1oy + Tap = L. (2.13)

Further we define the form of L.
From (2.10) follows ¢ € Ng;
According to (2.11), since ¢ € Ng, then from the solvability condition we have

Q;IIy = 0.
Let’s denote
Q: =@y, Hp=¢.
Then
Q19 =0,
and further
P €Ny, .
Let’s consider (2.12): from the solvability condition for Q we obtain
Qi1¢1 + 14 =0.
According to balance condition (2.4) one can see I'1¢ € R, so, the solution
$1 = Rol'1 9,
where Ry — reducible-invertible to Ql.
Let’s turn to (2.13): from the solvability condition for Q we obtain

IIQIlgp, + I Il + 0,10y = [TLIp, (2.15)
Q2 +T141 + T2 = i@
Remembering ¢1 = Rol'1¢, we have
Qréo + 1R + Tap = Lo
Further, from the solvability condition for ¢9
I, RoT' Ty + T, 11p =T,
where R
L =1II' Rl IT + TITS 1T,
$o = Ro[[1Rol'y + T2 — L],
¢35 = Ro[Qup2 + 11 + T —'Log).

The boundedness of 65 (z)p(w) follows from the form of operators I'y, I's and
Ry. O

The completion of the Theorem 2.1 proof is carried out using Lemma 2.4 and
Theorem 6.3 in [3]. O
Further let’s consider asymptotic properties of evolutionary system (2.1).



DOUBLE MERGING FOR STOCHASTIC DIFFERENTIAL EQUATIONS 149

Theorem 2.5. Under balance condition (2.4) the weak convergence

(s (t),n°()) = (a(t),n°(t)), e = 0

holds true. X
The limit process (u(t),n°(t)) can be given by generator

Lo(u,w) = C(u)g), (u,w) + Tio(u, ) + TVo (-, w)RolY (-, w) + THe(-,w)  (2.16)
where

&m:nqm:/ﬂmm@@;

X

and generators f‘7f and fll",Q are determined in 2.2 and they have the same form, but
acting with respect to different values.

Remark 2.1. The weak convergence of processes (uf(t),7°(t)) = (a(t), n°(t)), e — 0,
follows from convergence of respectiv generators when prelimiting set of processes
u®(t) is compact. Theorems about compactness of processes with independent incre-
ments in Levy aproximative scheme were proved, in particular, in [4].

Proof of Theorem 2.5.

Lemma 2.6. The generator of three components Markov process (uf(t),n°(t), z¢(t/?)),
t > 0, can be represented as follows

Lf (2)¢(u, w,2) =e 7 Q p(u, w, ) + T4, (2)p(u, -, x) + eI, (2) (-, w, )+
+ C(z)p(u, w, x) + 05, (z)p(u, w, z), (2.17)
where T'¢(x) — the generator of set of IPP (2.3),
C(z)p(u,w,z) = C(u,z)¢., (u, w, x).
Remainder term ||05,(x)e(u, w, x)|| — 0 when € — 0.
Proof. One can be find in [6]. O
Lemma 2.7. Generator L¢(z) in a case of IPP has asymptotical representation
Lf ()¢ (u, w,2) = Q p(u, w, ) + T (2)p(u, w, x) + +I'F (2)p(u, w, )
+ (@) p(u,w, z) + +C(z)o(u, w, ) + 05,p(u,w,z),  (2.18)
where R
O (x) =" + 0, (),
Iy (z) and I'y(x) are given in 2.2
Remainder term ||05,(x)e(u, w, x)|| — 0 when € — 0.

Proof. The proof is carried out with the representation of the operator (2.5) and the
results of the 2.6. (]

Truncate operator has a form:
L (2)p(u, w,z) = > Q¢ (u, w,x) + e~ 'T (2)p(u, w, x) + 5 () p(u, w, 2)+
+ T (2)e(u,w, x) + C(z)p(u, w, x) (2.19)
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Lemma 2.8. Under balance condition (2.4) the solution of singular perturbation prob-
lem for truncate operator (2.19) on test functions

O (w, ) = p(w) + ep1(w, ) + 2o (w, ) + 3p3(w, )
can be found from relation
L (2)¢ (w, z) = Lp(w) + %05, (z)p(w), (2.20)

where remainder term 05, (x) is uniform bounded with respect to x.
Limit operator L can be given by the formula

L =1I[C +T% + TYRIY + TY)II. (2.21)
Proof. To perform the equality (2.20) it is necessary that the coefficients at the same
degrees € on the left and the right be equal. Therefore we can calculate:
(e7°Q+e Qo +e Ty + T3 +e 'Y + 15 + C)(p+epr + %0 +e7p3) =
=e7°Qp +e7H(Qp1 + Qi) + 71 (Qpz + Qupr + T + TYp)+
+(Qps + Qupz + I'fpr + ITp1 + T30 + T 0 + Co) + ofe).
Again, we get four relations:

Qp = 0; (2.22)
Qy1 + Qi = 0; (2.23)

Qp2 + Qupr + T + IV p =0; (2.24)

Qs + Qups + Tio1 + TV + T8 + T8 o + Cp = Lo. (2.25)

Let’s define the form of L.
From (2.22) follows ¢ € Ng.
According to (2.23), since ¢ € Ng, then from the solvability condition we have

IQ: Iy = 0.
Let’s denote
Q1 = @1, Hp = ¢.
then
Qlcﬁ =0,
and
P €Ny, .
In (2.24) from the solvability condition for Q we have
HQ1H<p1 + HF1HQD = O,
Q1p1 + T8 + TV = 0.
From the balance condition (2.4) one can see f%@, f%gb € Ng, then, the solution
¢1 = Ro[l} + 1],
where Ry — reducible-invertible to Ql.

In (2.25): from the solvability condition for Q we have
11Q1 11y + MM gy + MY + I Ty 4 OTYTIe 4+ HCIp = LIy,

Q10+ TUp; + 100, +TUG + T + Cp = L.



DOUBLE MERGING FOR STOCHASTIC DIFFERENTIAL EQUATIONS 151

Remembering ¢ = Rof”fgb + I%of'l”gb, we obtain
Q162 + Ty RT3 + TYRoTY o+
TP RoIYG + TV RV + T30 +T¥ 0 + Cp = L.
Further, from the solvability condition for (g
T RoIUITp + TITY Ry DY ITp + T RoT U T3+
+ITY ReI'Y g + DT + MIDYTIS + TICTG = L.
where )
L =Ty Roly IT + IITLIT + HICTI,
$a = Ro[L — 1 Rol'y — Ty — Cp,
¢3 = Ro[L + Qupz + T1p1 + Do + Cy).
Boundedness of 07 (z)p(w) follows from the form of the operator [y, Ty and Ry. O

The completion of the Theorem 2.5 proof is carried out using Lemma 2.4 and
Theorem 6.3 in [3]. O

3. Double merging of phase space for differential equations with small
stochastic supplements under Poisson approximation conditions

In this section we will consider the case, when system perturbation is determined
by jumping process under Poisson approximating scheme. In particular, we interest
in double merging of phase space for such evolutionary models.

Let’s consider an evolutionary system in ergodic Markov environment that has
form of stochastic differential equation as follows

dus(t) = C(us (t), z(t/e2))dt + dn° (t), us(t) € R, (3.1)

where Markov process z¢(t),t > 0 is determined in standard phase space (F, ) with
splitting
N
E=|JE ExNEy =0, k#K
k=1
at a series scheme with a small parameter of a serie € — 0 when ¢ > 0.
Markov kernel has a form

Q°(z, B,t) = P*(z, B)[1 —exp{—q(2)t}], x € E, B€ &, t > 0.
Let’s conditions ME1-ME4 from previous section hold true.

Impulse perturbation process n®(t), t > 0 under Poison approximative scheme is

given by relation
t

() = [ ds,a(o/=), (32)
0
where set of processes with independent increments n®(t,z), ¢ > 0, x € X, is deter-
mined by generators

I (2)p(w) = =2 / (p(w +v) — p(w)T*(dv, z), = € X (3.3)
R
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and satisfies the Poison approximation conditions
P1. Approximation of averages

/vrs(dv,x) — c(a(@) + 0a(x)), Ou(z) = 0, £ =0,
R

and

/UQFE(CZ’U,.%‘) =e(b(z) + 6p(x)), Op(x) = 0, £ = 0,
R

P2. Condition for the distribution function

/ G(0)T% (dv, 2) = £(Ty () + 0,(x)), By(x) = 0, € = 0,
R

for each g(v) € C%(R) (space of real values bounded functions that g(v)/[v|?> — 0,

lu| = 0). Measure I'y(z) is bounded for each g(v) € C*(R) and is determined by
relation

Ly(z) = /g(v)I‘o(dv,x), g(v) € C*(R);
R
P3. Uniform quadratic integrability

sup Chﬁrgo v*To(dv, ) = 0;
l[v|>c

P4. Absence of a diffusion component

b(z) = / 2T (dv, 7).

R
Let’s denote:

Iy (2)p(w)

a(x)¢' (w) + /[e@(w +v) = p(v) — v’ (w)To(dv, z).
R

Firstly we investigate asymptotic properties of perturbation process.

Theorem 3.1. Under conditions P1-PJ the weak convergence

e (t) = n°(t), e = 0.
holds true.

Limit process n°(t) is determined by generator

where
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and it is process with independent increments, deterministic shift and Poison jumping
component.

Proof. We begin from obtaining of some propositions.

Lemma 3.2. Generators of processes with independent increments n°(t,x), t > 0,
x € X, on test functions p(w) € C?(R) under Poison approzimative conditions P1-P/
have asymptotical representation

I (z)p(w) = Ti(z)p(w) + 77 (z)e(w), (34)
where
y(e)p(w) = a(o)e!(w) + [ p(w+0) = plo) - vp'(w)Lo(do,),
R
and remainder term ||v¢(z)o(w)|| — 0 when e — 0, ¢(w,-) € C%(R).

Proof. Using a Taylor series of functions I'y (z)p(w) we can transform generator (3.3):

I (2)p(w) =~ / ((w + ) — p(v)) T (dv, z) =
R

=1 /(w(w +0) — p(v) — vy’ (v) — %U%”@))FE(@, )+
R

1
+et /(vw'(w)Fs(dv,x) + 5025_1 /UQQ/'(w)FE(dv,x) =
R R

= [l +0) = (o) = g/ (w) = 507" (w))Ta(dv,2)+
R

LB () + 4 (@)p(w) =

= /(@(u +0) = @(v) = ¢'(w)To(dv, z) + a(x)¢ (w) + 7 (w)e(w),
R

+ a(x)¢' (w) +

where preemption equality follows from conditions P1-P4 (we remark that function

plw+v) — p(w) — vyl (w) — 2076 (w) € C*(R),

since it is bounded because p(w) and its derivatives are bounded and relation

1
lp(w +v) = p(w) = vp' (w) = 0" (w)]/]v*| = 0
holds true when v — 0.
Remembering v (w)p(w) = o(e?), p(w) € C*(R), we obtain (2.4). O

Lemma 3.3. Generator of two-component Markov process(n®,x(t/?)), t > 0 has a
form as follows

L= (@)p(u, w,z) = €2 Q%p(u, w, ) + 77 (@) p(u, w, z), (3:5)

where T'1(x) is determined at Lemma 3.2, and remainder term ||v¢(x)p(u, w, x)|| — 0
when ¢ = 0, p(u,w,-) € C*(R).
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Proof. The statement of the lemma follows from definition of Markov process gener-

ator and from respective forms of generators n°(t,z) i x(t/e?).
Truncate generator has a form

L (u, w, x) = e *Qp(u, w, z) + T'1(2)p(u, w, z).

(3.6)
O

Lemma 3.4. The solution of singular perturbation problem for truncate operator

(3.6) on test functions
@E(uv w, x) = QO(U, w) + 5901({“’ w, :C) + 52902(ua w, :C)

can be given by relation

U5 (2)¢" (u, ) = Lip(u) + €65 (x)p(w),
where remainder term is uniform bounded with respect to x.
Limit operator can be determined by formula

L =TI, 1T
Proof. Let’s calculate

(e?Q+e'Qu +T1)(p(u) +ep1 +e%p2) =

=e2Qp+ e Q1 + Qip) + (Qp2 + Quip1 + i) + o(e).

We have three relations:
Qe =0;
Qp1 + Qi =0;
Qp2 + Qupr + Ty = L.
Further we find a form of L.
From (3.9) follows ¢ € No;
In (3.10), since ¢ € Ng, from solvability condition we obtain
11Q, Iy = 0.
Let’s denote R
Q1 = @1, Hp=¢.
Then .
ngb =0,
where
P ENy,-
Let’s consider (3.11): from solvability condition for Q we obtain
[1Q; Iy + I I = M LIy,
where .
Q11 + T4 = Lo
Further, from solvability condition for ¢s we obtain
11 = L,
where )
L =110 11,
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¢1 = Ro[l'y — L] &,
P2 = Ro[Qip1 + T — L.

Boundedness of 05 (z)p(w) follows from the form of operators I'y and Rp. O

The completion of the Theorem 3.1 proof is carried out using 3.4 and Theorem 6.3
in [3]. O
Further we investigate asymptotic properties of evolutionary system (26).

Theorem 3.5. Under conditions P1-Pj weak convergence

(us(t),n°(t)) = (a(t),n°(t)), e = 0.

holds true. .
Limit process (0(t),n°(t)) is can be determined by generator
Lip(u, w) = C(u)¢l, (u,w) + T (-, w), (3.12)
where

C(u) = TIC(E) = 3 7 / (dz)C(u, 7);
keE o
and generator 1:”” is defined in Theorem 3.1, acting at variable w.

Remark 3.1. Weak convergence of processes uf(t) = u(t), e — 0, follows from
convergence of respective generators under assumption of compactness prelimiting
set of processes u(t). Respective theorems one can read, in particulary, in [3].

Lemma 3.6. Generator of three-component Markov process (uf(t),n°(t),z%(t/e3)),
t > 0, has a representation

LE((E)QD(’U,7 w, .T) 2872Q5Q0(U, w, .T) + €Fi(x)cp(u, " .’E) + Ffu(x)go(v w, .’£)+
+ C(x)p(u, w, x) + 0, () p(u, w, ), (3.13)
where T'¢(x) is IPP generator (3.3),
C(z)e(u, w, x) = C(u, )¢, (u, w, ).
Remainder term ||05,(x)e(u, w, x)|| — 0 when € — 0.
Proof the reader can see in [3].
Lemma 3.7. Generator L*(x) in a case of IPP has asymptotic representation
Le(2)o(u, w, z) = e 2Q 0 (u, w, x) + eT%(x)p(u, w, x)+
+TY (2)p(u, w, @) + Cla)p(u, w, z) + 5 p(u, w, ), (3.14)
where .
O (@) =7° + 0, (),
Ty (z) is defined in 3.2
Remainder term ||05,(x)p(u, w,z)| — 0 when € — 0.

Proof. follows from representation of generator (3.4) and 3.6
Truncate operator has a form:

Li(x)p = e2Q ¢ + I'f'(2)p + Cz)p (3.15)
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Lemma 3.8. The solving of singular perturbation problem for truncate operator
(3.15) on test functions

°(w,2) = p(w) +ep1(w, ) + e*p2(w, 7)
holds by relation
L§ ()" (w, 2) = Lip(w) + £°05, (2)p(w), (3.16)
where remainder term 0%, (x) is uniform bounded at x.
Limit operator L is defined by formula

L=C+T1v. (3.17)
Proof. In order to satisfy (3.16), it is necessary that the coefficients at the same
degrees ¢ of the left and right be equal. For this purpose we calculate
(€7?Q+e7'Qu+TY + C)(p +epr +e%p2) =

=e2Qp+e 1 (Qp1 + Qi) + (Qpa + Qupr + TYp + Cp) + o(e).
and again we have three relations:

Qp = 0; (3.18)
Qp1 + Qi =0; (3.19)
Qs+ Qup1 + T = Lep. (3.20)

We define the form of L.
From (3.18) it follows that ¢ € Ng.
In (3.19), since ¢ € Ng, according to solvability condition we obtain
11Q, Iy = 0.
Let’s denote
1HQ: = Qh He = ¢.
Then
Q1¢ =0,
where
P €Ny, -
Let’s consider (3.20): from solvability condition for Q we have

QI + NI Ile + NICHp = LTIy, (3.21)
Further .
Qo1+ 1Yo+ Cp = L.
Again, from the solvability condition for ¢» we obtain

T + vl = Lé,
where A
L =TICTI + [TV,
¢1 = Ro[L — TV — o,

$2 = Ro[Lyp + Q11 + ' + Col.
The boundedness of 8 (x)¢(w) follows from the form of operators I and Ry. O
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The completion of the Theorem 3.5 proof is carried out using Lemma 3.4 and
Theorem 6.3 in [3]. O
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