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Infinitely many weak solutions for a fourth-order Kirchhoff
type elliptic equation

KARIMEH BAHARI ARDESHIRI, SOMAYEH KHADEMLOO, AND GHASEM ALIZADEH
AFROUZI

ABSTRACT. In this article, by using critical point theory, we prove the existence of infinitely
many weak solutions for a fourth-order Kirchhoff type elliptic equation involving multi-singular
inverse square potentials. Precisely this work is devoted to consider a fourth order elliptic
equation involving multi-singular inverse square potentials on the smooth bounded domain
QCRN (N > 5)

el re-Ea)s) oo

=\f (z,u) + ulul? o) for z € Q\{a1,...,ax}

u=Au=0 for z € 09,

where A? is the biharmonic operator and 2** is the critical Sobolev exponent, a; € Q,i =
N -2
.k, for k > 1 are different points, 0 < p; € R and Zle wi < pi= (T) where
is the best constant in the Hardy inequality, f : Q@ x R — R is L!—Carathéodory function
and M € C! ([0, +oo[,R).
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1. Introduction

In this work we consider a fourth order elliptic equation involving multi-singular
inverse square potentials on the smooth bounded domain QCRN (N > 5)

A2 M| [y [ IV u?- Z = |2 W |da | [Aw— Z |x - |2 (L)
=\ (z,u) + ulu|* _2,
for x € Q\{ay,...,ar}, coupled with boundary condition
u(x) = Au(z) = 0 for z € 09,

where A? is the biharmonic operator; that is,
N

’ ZN: i i
Ay = u~+ u
1 22U
— Ou; vy Ox; x5
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and 2** := % is the critical Sobolev exponent, a; € Q,i = 1,2,...,k, for k > 1
N -2
are different points, 0 < u; € R and Zle Wi < = <2> where fi is the best
constant in the Hardy inequality, f : @ x R — R is L' —Carathéodory function and
M € C* ([0, +oo[,R).
In 1883 Kirchhoff [24] extended the classical D’Alembert’s wave equation first by
introducing the equation

Pu (B[ 0) P

e h 2L 822
After that, many authors studied the following nonlocal elliptic boundary value prob-
lem

—M ([q, |Vul?dz) Au(z) = f (2, u) in Q,
u=0 on 09,

which is called the Kirchhoff type problem. Some interesting results for the problems
of Kirchhoff type can be found in the papers [2, 13, 19, 20, 25, 26, 28, 30]. Along with
it, the problem (1.1) is a modified version of time-independent Schrédinger-Poisson
equation appearing in an interesting physical context. According to a classical model,
the interaction of a change particle with an electro-magnetic field can be described by
coupling the nonlinear Schrédinger-Poisson equations. (We refer the readers to [4].)

In recent years, there has been a growing interest in the study of Schrodinger-
Poisson systems. For example the authors in [27] consider a modified version of
the Schrédinger-Poisson systems in R?, which describes the interaction of a charge
particle with an electro-magnetic field. Particularly in 2014 using variational methods
and critical points theory, Ferrara, Khademloo and Heidarkhani [11] established the
multiplicity results of nontrivial and nonnegative solutions for the following perturbed
fourth-order Kirchhoff type elliptic problem

AZu— [M (f, |Vu\p)}p_1 Apu + plulP=2u = \f (z,u) in
u=Au=0 on 01,

where p > max {1, 5} , A2u = A (JAu|P~2Au) is an operator of fourth order, the so-
called p-biharmonic operator. A > 0 is a real number, Q € RY (N > 1) is a bounded
smooth domain, p >0 and f:Q x R — R is an L'— Carathéodory function.

As far as we know, the literature does not contain any result on the existence of
nontrivial weak solutions to the problems involving singular points in domain.

The problem of finding such types of solutions is a very classical problem. It
has been studied in [15, 30] for example. Ferrara and Molica Bisci [12] studied the
existence of solutions for the elliptic problem with Hardy potential

p—2
|u|xp gt A () in

u=20 on Of).

Apu=p
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Huang and Liu [22] studied the sign-changing solutions for p-biharmonic equations
with Hardy potential
Ay —

b |2p\u|P 2u=f(r,u) i Q

u=Au=0 on 0N.

Xu and Bai in [30] studied the existence of infinitely many weak solutions for a fourth-
order Kirchhoff type elliptic problems with Hardy potential

M ([, |[AulPdz) AZu —

|z \2p|U|” 2u=\f(z,u) +pg(r,u)  in Q,

u=Au=0 on Of).

Many authors have considered problems involving multi-singular inverse square po-
tentials. They have discussed on existence, multiplicity or behavior of the solutions.
For example see [8, 21, 29].

In this article a fourth-order Kirchhoff type elliptic equation is investigated which
involves multi-singular inverse square potential. Motivated by this large interest pre-
sented, for example in [22, 30], we establish the existence of an interval A such that,
for each A € A the problem (1.1) admits a sequence of pairwise distinct solutions.
The plan of the paper is as follows: In section 2, some necessary preliminary facts
and the main result are presented. In section 3, we give the main existence results.

2. Preliminaries and main results

Before giving preliminaries, we introduce some notations and assumptions.

Definition 2.1. A function f : xR — R is said to be an L' —Carathéodory function
if it satisfies

(7) for each = € Q the function f (z,.) : R — R is continuous;

(49) for each u € R the function f (.,u) : @ — R is measurable;

(iii) for every positive integer k there exists hy € L' (2, R;) such that

|f (z,u)]| < hg (u) forall |u| <k and almost every z € Q.

Hi) M : [0,+o00[— R is a continuous function such that there are two positive con-
stants mg, my such that

0<myg<1<M(t)<my, forallt>0, (2.1)
and
M(t) > M(t)t, (2.2)
where
/M ds for t>0.
Ma) 0<n <po<..<pue<fi and S0 <ji

Hs) [f:OQxR— R is an L'—Carathéodory function and F (z,t) > 0 for every
(x,t) € Q x [0, 400, where

F(gc,t):/of(ams)ds7 (z,t) € A xR.
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H4) Choose s > 0 such that B(0,s) C Q, where B(0, s) denotes the ball with center
at 0 and radius of s. Put

12 N 1 24N N-11
/ | + +9( )7|27AN71d7,’
r

N\

N
? 2 s? 5
122, 24z,  9z;\°
ez=/ 2(3—2+ )
B(0,5)\B(0,5) =1 S S ST
where I' denotes the Gamma function, and
O =0, +65. (2.3)

Assume that Ay be the positive first eigenvalue of the second order problem
{ —Au=Xu in Q,
u=20 on 0N).
Then A; (A — ¢) will be the positive first eigenvalue of the fourth-order problem
{Azu +cAu=Mu in Q,
Au=u=0 on 0f).
where ¢ < A;. From Poincaré inequality, one has
[Au[l72 ) + VullZs (g

5 > M\ —c¢) forall we H*Q)NH(Q), (2.4)
HU”Lz(Q)

(see [3, 17, 28]). For p; = 0 using the well known Sobolev-Hardy inequalities, we get

P Z
(/ & dx) < Cp,s/ Vuldz,  for all u € Hy (Q),
Q Q

| — al®

where a € Q, 2 <p <2* and 0 < s < 2. In the case p = s = 2, it is the same as the
well known Hardy inequality

u? 1
——dx < — Vu Qda:, for all u € H} (Q , 2.5
| tmte< s [ vu @) (2.5)

(' see [7,9, 21]).
Let X = H?(Q) N H(Q) be the Hilbert space equipped with the inner product

k
(u,v); = / <AuAv + VuVu — Z Muv) dz,
Q = lr—a

and the deduced norm

Jalft = [ (1l +vuf? - Z T luf)da.
This norm is equivalent to
Jull = [ (AuP + o
which it corresponds to the following inner product

(u,v) = /(AuAv + VuVv)dx
Q
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in X. Having two equivalent norms ||.|| and ||.||1, one will always be able to find the
constants C7 and Cy such that the following inequality holds:
Cillull} < [lull* < Colfull3, (2.6)

for every u € X. More precisely, by Ho,
k .
Z LQ >0
= e —ail
Thus
k
Jul} = / (180l 1Vl = 37 s ul? ) dr < / (18 + |VuP) dz = [|u]?,
i=1 @i
and from Hs and (2.5) one has
2 _ 2 2
it = [ (1P + v Z L)
|Au|?de + [ 1 - @ \Vu|?dx
Q K Q

k
> (1 _ Zzﬂ‘“) 2.
il

& -1
So for the constants C; =1 and Cy = (1 — W) the inequality (2.6) holds.

Definition 2.2. u € X is said to be a weak solution of the problem (1.1) if

/AuAvdx—l—M(/ <|vu|2 Z| |u|2> dm)
(/ VuVv — Z‘ uvdm) =\ (/ f(z,u)vde + < /|u\2 _qud:v>

for every u, v € X.
The corresponding energy functional of problem (1.1) is defined by
I\ (u) = @ (u) — AV (u),

k
1 / 2 1L / 2 i 2
=— [ |Aul*dz + =M |Vu|* — ———|ul® | dz |,
2 o2 2 ( 9( ;W‘W 2.7)
1 .
U (u) = F(z,u) + lul>" ) de.

The functionals ® and ¥ are well defined and continuously Géateaux differentiable.
Their derivatives are

where

O (u)v=
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k
/ AuAvdx+M (/ ( (|Vul? — Z Py u|2> dw) (/ VuVov — Z I'ui|2uvdx> ,
Q Q i1 T — a;

(2.8)
and

v)z/f(x,u)vdx—!—l/ lu?” ~2uvde, (2.9)
Q Ao

for every u,v € X.

It is standard to show that the nontrivial solutions of problem (1.1) are equivalent to
the nonzero critical points of I(u). For more details, we refer the readers to [6] and
[23].

Our main results are the following;:

Theorem 2.1. Suppose that Hi — Hy4 hold. Let there exists s > 0 as considered in
Hy such that if we put

L SWe g Jo (@ e Jo(0,5) F (2. t/h) dz
« := lim inf , B:=limsup , (2.10)
t— oo t2 400 t2
one has
a < Lp,

where
)\1 ()\1 — C) m()h2

m1902 ’
in which h > 1, © as in (2.3) and Cy as in (2.6). Then for every
)\1 ()\1 — C) mo L l
202 LB7 (6%

the problem (1.1) possesses an unbounded sequence of weak solutions in X.

L:

A€EA:=

Theorem 2.2. Suppose that H1 and Ho hold. Also assume
(H3') f: QxR — R is an L'—Carathéodory function and there exists ¢ > 0 such
that

F (z,t) >0 for every (z,t) € Q2 x [0,(].
(H4') There exists s > 0 as considered in H, such that, if we put

S 3 PETeP JoF (@ &de y J5(0.5) F (@ t/h) do
& := limin e , B :=limsup 3 ,
t—0+
one has )
& < Lp,
where

)\1 ()\1 — C) m0h2

m1902 ’
in which h > 1, © as in (2.3) and Cy as in (2.6).
Then, for every

L=

~ — 1 1
ANEA = —)\1 ()\1 C)mo —, =

205 Lﬁ «
the problem (1.1) admits a sequence {u,} of weak solutions such that w, — 0 strongly
mn X.
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Remark 2.1. The conditions Hs, H4, H3' and H,' guarantee that problem (1.1) has
infinitely many solutions. Precisely Hs and #H4 ensure that the primitive F' of f
satisfies a suitable oscillatory behavior at infinity for obtaining unbounded solutions
and H3' and H,' ensure that the primitive ' of f satisfies a suitable oscillatory
behavior near the origin for finding arbitrarily small solutions. (See [18]).

Our main tool to prove the above-mentioned theorems is the following infinitely
many critical points theorem [6].

Theorem 2.3. Let X be a reflexive real Banach space; @,V : X — R be two Gdteaux
differentiable functionals such that ® is sequentially weakly lower semicontinuous,
strongly continuous, and coercive and ¥ is sequentially weakly upper semicontinuous.
For every r > infx @, let us put

su 10— oor Y(v) — ¥(u
e et PO - ¥
ued—1(]—o00,r) r— ®(u)
v =lminfe(r),  §= i inf o(r).

Then, one has
(1) If v < 400 then, for each \ € }0, %{ , the following alternative holds: either the
functional ® — AV has a global minimum, or there exists a sequence {un} of critical
points (local minima) of ® — AV such that lim,_, o P(u,) = +o00.
(#3) If 6 < 400 then, for each \ € ]0, % [, the following alternative holds: either there
ezists a global minimum of ® which is a local minimum of ® — AU, or there exists
a sequence {u,} of pairwise distinct critical points (local minima) of ® — AV, with
limy, 4 0o P(uy) = infx ®, which weakly converges to a global minimum of ®.

3. Proof of main Theorems

In this section our main results will be proved. We apply part (i) of Theorem 2.3
to prove Theorem 2.1. In fact it will be indicated that the functional I, does not have
a global minimum.

Proof of Theorem 2.1. Let ®, ¥ be the functionals defined in (2.7). Since

, , Jo(IV wP =Xt s ful?)de
/ IV u ZI |2|u| dz :/0 M (s)ds,

thus from (2.5) and (2.6) we get

1
seclulP it mo > 1

o (u) > (3.1)
?2||UH2 if mo < 1,

and

1
Sll? i <1,

TLyul2 i mg > 1
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The above inequalities and H; conclude that

mo 2 mi 2
- < < — .
s Il < @ (w) < Tl (3.2

k
Diz1 Mi

—1
where Cy = (1 — > . Consequently @ is coercive. From the weakly lower

semicontinuity of norm, the monotonicity and continuity of M , it is clear that @
is sequentially weakly lower semicontinuous. Moreover, ® is continuously Gateaux
differentiable and its Gateaux derivative admits a continuous inverse.

For fixed u € X, let u,, — u weakly in X as n — oco. Then u,, converges uniformly
tou on Q as n — co. (See [31]). Since g (x,u) = f (z,u) + ulu|>” ~2 is continuous
in R for every z € Q, so g(z,u,) = g(z,u) for every z € Q as n — oo. Hence
v’ (un) — o’ (u) as n — oo, which means that ¥ is strongly continuous on X.
This implies that ' is a compact operator by Proposition 26.2 of [31]. Thus it is
sequentially weakly upper semicontinuous.

Now, we wish to prove that

v < 0.
By (2.4) and (3.2), one has

(-0, 7)) ={ue X, ®(u)<r}

mo 9
C eX:—— <
we X : 0l < r
2rC. .
C ueX:Hu||2<% (3:3)

2rCly
X : 2 MO —c)me |
Cou€ X ullfzq) < M (A —o) mo}

Note that ® (0) = 0 and ¥ (0) = 0. For every r > 0, it is obtained by (3.3) that

. SUPyed-1(]—o0,r v (U) -V (U’)
p(r) =infueo-1(0—co,r) = (]r — (I[D)(u)

SUPyea—1(J—oo,r) ¥ (V)

r *
<Supllg”Lz(ﬂ)SdeF(x’g)dx 1 SupHEHLz(Q)Sde ul* *da

- r A2%* r ’
where
d = 27’02 '
A1 (A1 —c)mg
Let {d,} be a sequence of positive numbers such that d,, — +o0o0 and
SUD || a0y < Jo (@) d supygy, o< Jo F (2,8 da
= lim inf ) (3.4)
n—+00 d% t— 400 t2
Let
A (A1 —
T wdz forall neN.

2C5 "
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From (2.10) and (3.4) we get
T <l
v =liminfe(r) < liminf o ()

r—+00

2C; lim Sup”f“Lz(Q)gdn fQ F (.Z"f) dx
B )\1 ()‘1 - C) mg n—+oo d%
-
1 202 . ||u L2 ()
l _—
TNy — O mo e T
1 2C,
- ' 3.5
_2**)\/\1(>\1fc)moa<+oo (3.5)
By (3.5) it gives that
2C. 1
N — 2 A< ;.

/\1 (/\1 — C) mo A
Since o < L3, we have A C }0, % [
Fix A € A, the previous inequality assures that the conclusion (¢) of Theorem 2.3
can be used and either I has a global minimum or there exists a sequence {u,} of
solutions of problem (1.1) such that lim,_, [Ju|| = +o0.

The other step is to verify that the functional ® — AW for A € A is unbounded from

below. Since
1 2Cy 2h?

- < Lp = ,
A /\1 (/\1 — C) mo ﬁ ml@ﬁ
there exists a sequence {a, } of positive numbers and ¢ > 0 such that a,, = +o0o0 and

1 oo 9h2 fB(o,g) F (x,an/h)dx 51)
A m10 a2 ’
for n large enough. Consider a sequence {w,,} in X defined by setting
0 r€Q\B(0,s),
wy (x) = % (p°—Bp?+2p—1) 2€B(0,5)\B(0,%), (3.8)
o reDB (O, %) ,

where p = dist (z,0) = \/Zi]\; z2. Obviously w, € X. A direct calculation shows

wy (z) {0 z € (MB(0,5)NB(0,5),

O, % (28 - Up 42 e B0,9)\B(0,3),
and
o) [0 z € (AB(0,5)NB(0,3),
Tor | g (B2 ) e B0\ BOg).

By (2.3) and (3.9) we have

92w, (x 0 z e (Q\B(0,s)NB(0,%),
5 <>:{

s (L) 20y 4 WD) g e B(0,5)\ B(0,3),

53 sp
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and
297N/2 % 12(N+1) 24N  9(N—-1)1
Aw, 2 _ Qn / : _ L2 N—1
/Q|w(x)|dm (h) o) £| 3 32+ . T|7“ dr
2
01
= ﬁa%, (3.11)
and
2(12(N+ D)z 24z 9,
/\an(x)|2dx=/ Z(%) < ( 3 Jai ;:z+m> dz
Q B(0,5)/B(0,5) 521 s s s p
N 2
G 2/ an \ 2 (12pxi 24x; 9 xl)
= (& an et R
( h ) B(0,)/B(0,3) ; ( h ) s3 52 s p
an\ 2
- (F> 0. (3.12)
Thus, by (2.1), (3.11) and (3.12) one gets that
® (0,) < TGP = B [ | (B + [Twnf?) do
2 2 /g
my (6 D) m10
On the other hand, by (2.10) and (3.7), one has
1 .
U (wy,) = / (F (x,wy, () + [wy, |* ) dx
Z/ F (z,ay,/h)dzx
B(0,5/2)
m10¢a?
Hence, it follows from (3.13), (3.14) and (3.7) that
2
B (wn) — AT (wy) < %—A/ F (z,an/h) dz
2h B(0,s/2)
m]@ 2
< — .
< A=A, (3.15)

for every n € N large enough. Thus

lim (@ (w,) — AV (w,)) = —c0.

n—-+o0o

From the Theorem 2.3 case (i) there exists an unbounded sequence {u,} of critical
points of the functional ® — AW . The proof is completed in terms of the relation
between the critical points of ® — AU and the weak solutions of problem (1.1).

In the following, by using part (i) of Theorem 2.3, we prove Theorem 2.1. Precisely
we establish the existence of infinitely many solutions of the problem (1.1) converging

at zero.

O
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Proof of Theorem 2.2. Let {d,,} be a sequence of positive numbers such that d,, — 07,
and

d :=liminf p (r) < liminf ¢ (r,)

r—0+ n—+o00

o 20 o SUPlEl 2oy Sdn Jo F(2,8) dx
1m
- )\1 (Al — C) mg n—+oo d%
li —L @&
TN (= o T
1 2C
: & < 00, (3.16)

T2\ (/\1 — C) mo

so A C]0,L].
Let ® and W be as in (2.7) and {a,, } a sequence of positive numbers such that a,, — 0™
and ( >0
1 oh2 fB(O’%) F(z,a,/h)dx
A <¢< m1© a2 ’

for n large enough. From the fact that miny ® = ® (0) = 0, (3.13), (3.14), and (3.7)
one gets

m10¢a?
(b (wn) - A\Ij (wn) S % - AIB((LS/Z) F(x,an/h») dx
m1@ 2
< (1—=X)a2 <0=2a(0)— AV (0),

~ 2h?
for every n € N large enough, where {w,} is the sequence in X defined in (3.8).
Taking into account ||wy|| — 0, we derive ® — AU does not have a local minimum at
zero. The conclusion is obtained from case (ii) of Theorem (2.3).

Remark 3.1. We point out that the authors in [16], using the same variational
framework but different technical arguments, ensured the existence of infinitely many
solutions for the problem (1.1) where k = 1 and f(z,u) = |u|7%u,1 < ¢ < 2 or
2 < g <2,

Remark 3.2. By using the strong maximum principle and quite standard arguments,
it is verifiable that such solutions which are achieved in Theorem 2.1 do not change
sign, so we can assume that they are positive. The authors in [1] obtained a maximum
principle for fourth order operators with singular terms. They proved that in the case
of Navier boundary condition © = Au = 0 on 9f), maximum principle holds and if
the minimizers exist, then one can expect a non-negative solution. (See [5, 10, 14]).
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