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Standing wave solutions of a perturbed Schrodinger equation
in an Orlicz-Sobolev space setting

VASILE-FLORIN UTA

ABSTRACT. In this paper we study a class of non-linear Schrodinger-type equation on the

whole space. The differential operator was introduced by A. Azzollini et al. in the papers [2]

and [3] and it is described by a potential with a different growth near zero and at infinity.
We have the following perturbed problem:

-div [¢/(\Vu|2)Vu] + () |u|* %u = K(z)|ul*"2u + g(x) in RY

Our aim is to show that if the perturbation g(z) is not too large in a suitable topology, we
can prove the existence of at least one nontrivial solution using the mountain pass theorem in
the framework of an Orlicz-Sobolev space.
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1. Introduction

The Schrodinger equation plays a crucial role in the quantum mechanics theory. It
describes how the quantum state of a quantum system changes in time. Problems of
this type appear in the study of several physical phenomena: self-channeling of high-
power laser in matter see [6], [7], [10], [27], in the theory of Heisenberg ferromagnets
and magnouns, for more details we refer to [5] and [22], in plasma physics, (e.g. the
Kurihara superfluid film equation) studied in [14], [16] etc.

The linear Schrodinger equations are describing in a non-relativistic framework the
time evolution of the system’s wave function, which is also called state function.

P. Rabinowitz in [23] showed how variational arguments based on the mountain-
pass theorem can be applied to obtain existence results for nonlinear Schrédinger-type
equations with lack of compactness.

In his research P. Rabinowitz ([23]) studied the following problem

—Au+ a(z)u = f(z,u) in RY (N >3) (1)

where a is a positive potential and f has a subcritical growth. The existence of
nontrivial standing waves of problem (1) is obtained as a result of the mountain-pass
theorem.

For more details about the impact of the mountain-pass theorem we refer to [17],
21], 28], [31]
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Equations like (1) are deduced by taking:

Y(x,t) = exp(—iEt/h)u(z)
into Schrodinger’s equation:

2
i = o A+ V(@) — AP in BY x (0,00),

where 1 < p < %, and h is the Planck constant divided by 2w, v is the wave
function, m the magnetic quantum number, V is the potential energy and -~ is a
constant that depends of the number of particles.

D. Repovs studied in [26] a new type of Schrodinger equation involving also variable
exponents.

A. Azzollini in [2] and A. Azzollini, P. d’Avenia and A. Pomponio in [3] studied a
new kind of nonhomogeneous operator with an associated functional framework.

They examined the following differential operator:
div [¢'(|Vul*)Va]

where ¢ € C'(R,,R,) has a different growth near zero and at infinity.
An example is constituted by the prescribed mean curvature operator (capillary
surface operator), where the function ¢ is defined as

¢(t)=2(Vi+t—1)

and the differential operator becomes:

()

Furthermore, ¢(t) behaves as t%/2 for a sufficiently small ¢, and like t?/? when t is
large enough.
These conditions are satisfied by the function

o(t) = % [(1 + tq/Q)p/q — 1]

and we obtain a problem like

p—

—div (14 [Vul) T [Vul'"2Vu] + y(@)lul* 20 = K@)u]*2u+ g(z) i RV,

Many ideas in the study of these types of general operators in divergence form are
developed by G. Molica Bisci, D. Repovs in [20], V. Riadulescu in [24] and V.F. Uta
in [32].

The main goal of this paper is to study problem (1) in the new functional framework
introduced by A. Azzollini in [2] and A. Azzollini, P. d’Avenia, A. Pomponio in [3].

More contributions in the study of quasilinear elliptic equations in an Orlicz-
Sobolev space framework are also detailed in [25] by V. Riadulescu and D. Repovs.

In the next section we will set the hypotheses, the abstract setting and we will ap-
proach an existence result of a nontrivial solution due to the mountain-pass theorem.
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2. The main result

We study the effect of a certain perturbation for the next non-linear Schrodinger
equation

—div [¢/(|Vul*)Vu] + y(2)u|**u = K(z)|u]**u + g(z) in RY (2)
In our study, the exponents «,p,q and s are real numbers, and they fulfill the
following assumptions:
l1<p<qg< N
«q
l<a<p v . (3)
max{a,q} < s < p*:= N—
2

where p’ and p are conjugate exponents, that is, p’ = - . Analogous we have ¢ and
q', that is, E—i—qi:l.

Throughout this paper we will denote by ||-||,- the Lebesgue norm for all 1 < r < oo
and by C°(R¥) the space of all C* functions with a compact support.

We suppose that « is a singular potential and it have the following properties:
(71) v € L2 (RV \ {0}) and essinfgny > 0;

loc

(72) lim y(z) = lim ~v(x) = +oo.
z—0 |z]—00

Remark 2.1. A function that satisﬁes these conditions is
v(zx) = | | , Ve RV {0}

(K) The function K : RN — R is strictly positive on RV and it is from L>(RY).
The perturbation g : RV — R has the following properties:
(g1) g € LP°(RYN), where py is the conjugate of the critical exponent p*, that is,
Pt Np
pr=1 Np-1)+p
(92) 1l9llpy < C, where C > 0 is an arbitrary small constant.
(93) g(z) > 0 for every z € RV,
The function ¢, that generates our nonhomogeneous differential operator is from
Cl(R,,R,) and it satisfies the following conditions:
(®1) ¢(0) = 0;
(®2) There exists ¢; > 0 such that
o(t) > ert?/? if t > 1,
o(t) > crt?/?, if0<t <1,

(®3) There exists ca > 0 such that

o(t) < ceot?/?, ift > 1;
B(t) < cot?/?, if0<t<1.

po=(p") =

(®4) There exists 0 < p < 1 such that
2t (t) < sue(t), Vit > 0;
(®5) The application t — ¢(t?) is strictly convex.
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As our assumptions enable ¢’ to approach 0, then our problem (2) is degenerate
and no ellipticity condition is assumed.

In order to study our problem (2) we will define our functional framework in few
steps.

Definition 2.1. We define the function space LP(R™) + L4(R™) as the completion
of C*(RY) in the norm:

lull 2o+ Lo = inf{[|v]l, + wllg; v € LP(RY), w € LIRY), u=v +w}.

The Orlicz space LP(RY) + L9(RY) was intensive studied in the following papers:
M. Badiale, L. Pisani and S. Rolando [4], A. Azzollini [2], A. Azzollini, P. d’Avenia and
A. Pomponio [3]. More details about Orlicz-Sobolev type functional frameworks used
in the study of quasilinear equations are developed by M. Mihailescu, V. Radulescu,
D. Repovs in [19], I. Stancut and C. Udrea in [29], I. Stancut and I. Stircu in [30].

In this paper for simplicity we will use the following notation:

[ullp.g = l[ullzr+La-
Note that, an important role is taken by the function space

X :=Co®My !

1/«
Julli= 19l + ([ 2@laloae)

which is defined by N. Chorfi and V. Radulescu in [11].

We also know from the above cited paper that the space X is continuously em-
bedded in the reflexive Banach space W, defined in A. Azzollini, P. d’Avenia and A.
Pomponio [3] and W is the completion of C°(RY) in the norm

with the norm

lull = IVullpq + llulla-
Definition 2.2. A weak solution of problem (2), is a function v € X\ {0} such that
/ ¢'(|Vu|2)VuV<pdx+/ v(2)|ul*2updr = / K(x)|u|s_2u<pdx+/ g(z)pdz
RN RN RN RN

for all p € X.

The energy functional associated to problem (2) is J : X — R define by:

1 1 1
() :=7/ ¢(|Vu\2)dx+f/ 'y(a:)|u|0‘dx—f/ K(a:)|u\sda:—/ w- g(x)dz.
2 RN o JrN S JrN RN
(4)
Remark 2.1. Our hypotheses reveals that:

2\ |Vul?, if [Vu| > 1;
H(IVul”) = { IVul?,  if |Vu| < 1.

From A. Azzollini [2] and A. Azzollini, P. d’Avenia and A. Pomponio [3] we observe
that J is well defined on X, and of class C.
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Furthermore, for all u, ¢ in X its Gateaux directional derivative is given by

T = [ S(TuRITTedst [ @l upds -

- K (z)|u|*2updr — / - g(x)de.
RN RN
We can enunciate now the main result of this paper, the following existence prop-
erty.

Theorem 2.1. If the following assumptions: (3), (71), (v2), (K), (¢1), (92), (g3)
and (D) — (®5) hold, then the problem (2) has at least one nontrivial weak solution.

We notice that an existence property was obtained by A. Azzollini, P. d’Avenia
and A. Pomponio in [3], but under the assumption that the potential v reduces to
a positive constant (v = 1), and by N. Chorfi and V. Rédulescu in [11], under the
hypotheses that K = 1 and the problem is not perturbed, with the property that the
nonlinearity is not a power nonlinearity but it satisfies the Ambrosetti-Rabinowitz
growth condition.

The effects of some perturbations in the nonlinear problems involving a singular
potential was also studied by M. Cencelj, D. Repovs, Z. Virk in [9].

The lack of compactness due to the unboundedness of the domain is handled by
A. Azzollini, P. d’Avenia and A. Pomponio in [3], by restricting the study to the case
of radially symmetric weak solutions.

The functional framework developed in this paper is more general and can not be
reduced to radially symmetric solutions, due to the presence of the potentials v and
K. For more details about singular points we refer to Y. Fu and Y. Shan [12]. A
key role is played in this paper by the fact that the function space X is continuously
embedded in the function space W defined by A. Azzollini in [2] and A. Azzollini,
P. d’Avenia and A. Pomponio in [3]. But the space W is continuously embedded in

LP"(RYN), by the fact that we have 1 < p < min{q, N}, 1 < p*g—:, and a € (1,p*[‘ﬂ—i>.
By interpolation we have the fact that the next continuous embedding

W — L"(RY)
holds for every r € [, p*].

They key argument in the proof of our main result is the mountain-pass lemma of
A. Ambrosetti and P. Rabinowitz [1](we also studied Brézis and Nirenberg [8]).

Theorem 2.2. Let X be a real Banach space and assume that J : X — R is a C!-
functional that satisfies the following geometric hypotheses:
(i) J(0) = 0 and there exist positive numbers a and r such that J(u) > a for allu € X
with ||u]| = r;
(73) there exists e € X with |le|| > r such that J(e) < 0.
Set
P:={pe C([0,1]; X); p(0) =0, p(1) = e}
and
c: ;Iel7f9 t?[iﬁ] J(p(t)).
Then there exists a sequence (up) C X such that

. o . / _
nh—>120 J(uy) =c¢ and nh_}n;@ Il (up)|| 2~ = 0.
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Moreover, if J satisfies the Palais-Smale condition at the level ¢, then ¢ is a critical
value of J.

3. Proof of the main result

Step 1. Verification of the first geometrical condition.
Let r € (0,1) and let u € X such that |lu]| =r.
We have

_ 1 UQ:L’l a:uo‘:rf1 x)|ul®dx — u - g(x)dr
I = 5 [ ovaPies 3 [ s@hitde= S [ K@hitde = [ g

1 1 1
f/ |Vul|ldx + = / \Vu\pder—/ () |u|“dx
2 Jivu<y 2 Jivu>1 a Jgy

- /K ul® dx—/ u - g(z)dz.

Now using the assumptions (®;) and (®2) we obtain

12

1
Ju) > & Vultde + |Vu|pdx+*/ V(@)[u|dz
2 Jivu<a) (IVul>1] a Jry

- 2 K@har- [ gl
C1 1 N
zmaX{ [ v, | |Vu|pdw}+ [ A@lulds

[[Vul<1] [[Vu|>1] a JgpN
_ %/ |U‘Sd$—/ u~g(:c)dx

S RN RN
1 HKHOO/ /

= IV “dp — = sdz — - g(x)da.
= ” u”p,q Q/RN y()u|*dz p o |u|®dx RNu g(x)dx

Now, using the fact that g € LP°(RY) and u € X, which is continuously embedded in
LP"(RYN), by Hélder’s inequality we obtain

/Rng(w)

Moreover, by Young’s inequality we have the following

/RNu-g(a?)d

where € > 0, C. = e=1/("~1) are constants.
Therefore

o 1 1Kl [ 1o *
T = IVl + [ a@ldds == [ e = el - Cloll;

Hence, using the following continuous embeddings we have:

X — L*(RN) yields there exists C; > 0 such that C4 ||ul| > ||ul|s;
X < L*(RYN) yields there exists Cy > 0 such that Cs||ul| > ||ul|a;
X — LP"(RYN) yields there exists Cp« > 0 such that C-

Y

p  9llpo-

b+ CelgllEs

po’
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Using the notation: Cp, = min{$-, 2} we have

[e Cl K o0 s
10) = Co (Il + [ s@lafede) - = - ~ Celgll
maxqQ CN’lHKHOO s
> CopJuf et — — ull® - — Cellgllz
Now making use of the hypothesis (g2) it follows that
max{a éanHOO s * * Val
J(w) > CopJufmoxtar — — Mull® = eCheflul” —Ce - . (5)

Now, taking ||u]| = r, r € (0,1) small enough, and using the assumptions (3), (K)
and (g2) we observe that there exists a > 0 such that

J(u) >a >0, for all u € X with ||lul| = r. 6)

So, the first geometrical condition, the existence of a “mountain” around the origin
is proved.

Step 2. Verification of the second geometrical condition.
We choose w € C°(RN) \ {0} and ¢ > 0.
Combining (4) with hypothesis (®3) we have:

1 1
Hew) = 5 [ o(9@0R [ @l
- é - K(x)[tw|*dz — /RN tw - g(x)dx
Co

IN

] IV (tw) |2z + 2 / IV (tw) [P da

2 i iew)i<y) 2 Jivtw)>1)

+ l/ () |tw|*de — 1/ K(z)|tw|*dx — t/ w - g(z)dx
o JrN S JrRN RN

= (tq/ |Vw|qu+tp/ |Vw|pdx) + t—/ v(z)|w|“dx

2 RN RN a JrN

ts

S IR t/RN w- g(z)da. (7)

S

IN

Since w is fixed, taking account of relation (7) and hypothesis (3) we obtain tlim J(tw) =
— 00

—00. So, we can find a tg > 0 such that
J(tow) < 0. (8)

In order to set relation (8) in terms of Theorem 2.2 we can consider e = tw with
le]| = [[tw|| = t|jw]| > r, for ¢ taken sufficiently large.

Therefore, the second geometrical condition, that is, the existence of a “valley”
over the chain of mountains, is proved.
Step 3. We will show in what follows that the associated min-max value given by
the Theorem 2.2 is positive.

We define

— inf J
c: ;gmgl[g>§] (p(t)),
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where
P = {p € C([0,1};X); p(0) =0, p(1) = tow}.
We see that for every p € P
¢ = J(p(0)) = J(0) = 0.
In what follows we claim that
c>0. (9)

Arguing by contradiction, we suppose that ¢ = 0. So, this means that for all € > 0,
there exists ¢ € P such that

0< J(q(t .
< jmax, (q(t)) <e

Set € < a, where a is given by (6). Therefore we have ¢(0) = 0 and ¢(1) = tow, hence
lg(@ =0 and  fq(1)]>r

By the continuity of ¢, there exists t; € (0,1) such that ||g(¢1)]| = 7, so

[T (a(t)ll = a > e,

which is a contradiction. This shows that our claim (9) is true.
Using Theorem 2.2, we find a Palais-Smale sequence for the positive level ¢ > 0,
that is, a sequence (u,) C X such that

lim J(u,)=c and ILm | (wn)|| 2+ = 0. (10)

n—oo

Step 4. Next, we prove that the sequence (u,,) described in (10) is bounded in X.
Using the conditions from (10), we find that

1
c+0(1) + o([Junll) = J(un) — EJ’(un)un =
_ 1 2 l @ _ 1 S
= 3 [ vt o [ @l = [ K@)l

1
_ / un~g(x)da:—f/ & (|Vun|?) |V 2
RN S RN

1 1 1
7/ ’y(x)|un|adx+f/ K(x)|un|sdx+f/ - g()da =
RN S JrRN S JrN

S

L [3e09u®) - 2o vu v s (2= 1) [ @l

S

s (5-0) [ K@ (3-1) [ g
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Taking use of the assumption (®,4) we have:

e+ 00 +ofllunl) > T /ﬂ{wwﬁm(i—l) | A@lunfde+

(1) [ o st

co [min{|Vun||g7q, IVun|l? ,} +/RN v(w)lunladw} +

+ C - 1) /RN - g(a)da,

where ¢y > 0 is a constant.
In what follows we will use some ideas developed in [18].
We claim that (uy,) is bounded in X.
To this end we argue by contradiction and we suppose that ||u,|| — +oo.
Using the previous estimates we may write that:

_|_

v

c+O00) + Jlun|l = <o [min{|Vun||g,q, HVuan’q} +/]RN ’y(z)|un|ad4 +

4 C - 1) /RN up - g(a)da.

/ U - g(@)de < ||luy,
RN

Since
e 19llpe < Cp-Cllunl,

we can say that

. 1\ —
¢+ O(1) + [lun | = collun ") (1 - ) Gy

Dividing by ||u,|| and passing to the limit, we obtain a contradiction.

We can say now that (u,) C X is bounded.

Like we said before, because X is a closed subset of W, using Proposition 2.5 in
[3] we get that the sequence (u,) (up to a subsequence) converges weakly in X and

strongly in L7 (RY) to some ug:

Uy — U in X
Up — Ug in L; . (RY).

We prove in what follows that ug is a solution for the problem (2).
Fix 0 € C°(RY) and set ) := supp(#). Define

1 1
Aw =5 [ o(1VuPydo+ [ A(@)lulds
Q @ Ja
and
B(u) = 1/ K(z)|u|’dx +/ g(z) - udx.
S Ja Q

Considering that (10) holds we deduce that

A'(un)(0) — B'(u)(0) = 0 as n — oo. (11)
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Since
Up — ug in L(Q).
it ensures that
B(uy,) — B(ug) and B (uy)(0) — B'(ug)(0) as n — oo. (12)
Using (11) and (12) together we have that
A'(un)(0) — B'(uo)(0), as n — oo. (13)
Knowing that (®5) holds, we deduce that the nonlinear mapping A is convex. Hence
A(up) < A(ug) + A'(un) (up, — ug), ¥n € N. (14)
Using (13) and the fact that u, — ug in X, relation (14) yields

lim supA(u,) < A(ug).

n—oo
Now, by the fact that A is convex and continuous, it follows that it is lower semicon-

tinuous, and we obtain that

A(up) < liminfA(uy,).

n—oo
Finally we get that
A(uy) — A(ug), as n — oo.
In what follows we use the same arguments like A. Azzollini, P. d’Avenia and A.
Pomponio [3], and Lieb, Loss [15], by the fact that u, — ug in X we obtain
Vu, = Vug in LP(RY) + L9(RN)
Uy — Ug in LQ(RN).

Therefore using same details as in [11] we obtain Vu,, — Vug as n — oo in LP(RY) +
L4(RYN) and

/ (@) *dz — / A(@)luo|*de,  as n - 50
RN RN

/ K(x)|un|*de — / K(x)|up|’dz, asmn — oo.
RN RN

Hence
/¢/(|Vu0\2)Vu0V9dx+/ ’y(as)|u0\°‘72u09dx:/K(x)|u0|572u00dz+/ g(z)-0dx.
Q Q Q Q

By standard density arguments, we deduce that this identity holds for all § € X,
therefore wug is a weak solution of problem (2).

Final step. As we are on an unbounded domain, the problem lacks compactness; by
the Step 4, the weak limit ug of the Palais-Smale sequence is a weak solution of the
problem (2), and the main problem is that it could be uy = 0. As a final step we will
clarify that ug # 0. To this end we studied some ideas developed in [11], [13] and
[18].
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Using the properties of the Palais-Smale sequence (uy,), in relation (10) we obtain
for a sufficiently large positive integer n, that:
1
5 < ) =5 (), = (15)
1 1
= [ 609wy~ $(Tu PV ot (1= 5) [ @l
RN 2 RN

(%

1 1 1
— K(2)|up|*dz — = - g(2)d
s (53-1) [ K@l g [ gt

Taking account of the condition (®5) that the application ¢ — ¢(t?) is strictly convex
we deduce that

o(t?) — ¢(0) < ¢ (7).
Therefore:
¢(|v“n‘2) < ¢/(|vun|2)\Vun|2. (16)

Hence, we have

c 1 1 1 1 1
35 l5 73 ° S-= K Sdg — = . _

For now on, due to the perturbation term g(x) we have to split this step into two
cases.
(I) We suppose that sgn(u,) # sgn(g(z)). Considering that, we set

|0, if u,, > 0;
Un = Up, if u, <O.

We rearrange the terms in the following way:

c 1 1 1 1 1
_ _ -. < | == — | - = K —|s
s [ e s (-3) [ @halra (5-1) [ K@l

and we can say using hypothesis (g2) that

c 1 ¢ CCy-
— 4 . dr > — — P
2+2/RN“” g(z)de 2 5 = —

Since ||uy|| is bounded, due to Step 4, Cp« > 0 is a constant and C' is supposed to be
arbitrary small, we can find ¢ > 0 such that

c 1
< - — . dx <
c < Gty uaades

11 e 11 .
(5-3) [@haart (5-1) [ K@l

(II) We suppose now that sgn(u,) = sgn(g(z)), so we set

Ui{ Up, if U, > 0;

Uy |-

0, if u, <0.

Then, we obtain

/ ut - g(x)dz >0,
]RN
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so one have

c 1 1 1 1
< (=== e —— K Fl5dx.
2._(0{ 2)u4Nvo»mndx+-(2 S)béN (o) uif*d

We proceed now to show that ug # 0 for this case, the previous could be handled
analogous.

Firstly, we suppose that a > 2 which yields that s > 2, so we have

1 1
s() K@)t de
2 S RN

N o

and using the hypothesis (K) we obtain

c 1 1 s
55— <) 1K lslluy -
2 2 s

To point out that ug # 0 we will use some ideas developed by F. Gazzola, V. Radulescu
in [13]. To this end we will prove the following technical result:

Lemma 3.1. There exists a constant Cy > 0 such that |lu;|| > Co.

Proof. Since a > 2 and s > 2, it yields that

c 1 1
s < (53 Ikl
Taking use of the continuous embedding X < L*(RY), we have Ci > 0 such that
Cilluf|l > |lut]ls, for any n € N. We have that
luslls < Cilluz |1°.
Therefore if using the fact that (u;}) is a Palais-Smale sequence, for n € N large
enough we obtain that

c 1 1 ~
< Z_Z el +s'
2_.(2 S)qum G llus |

1/s

c

So we can choose Cy = ~ . O
(2 (% - %) ”K”oo ’ Cf)

We treat now the case: a <2, s <2 and a < s. So we have

g < Jh) - 2T (g

1 1 1 1
< (=== g S K (2)|u}]d
< (2-3) [ o@hara (5-1) [ K@i

We argue by contradiction and we suppose that ug = 0. We obtain that
ul — 0, in L (RY). (17)
Let k£ belong to N*, we define the set

1
F::{xeRN;k<|x|<k}.
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By (17) we have that

Cp/ luf | dr < g, for k large enough ,
r

1 1
where Cr > 0 is a constant. We may arbitrary pick Cr = < — > > 0.
@

2
Hence
° < CF/ Juy | d
2 RN\T
Cr / n Cr
Y~ ’Y(l’)|un|ad9€+-7/ y(@) |t |* da
infij<1/k V(@) Jjjui<1/8) inf g1k 7(T) Jija)>H
1 1
< CrN |- + - ], 18
: [lnf|m|<1/k7(9€) inf| >, () (18)

where N = sup/ (@) |ut|*da.
n RN
Taking k sufficiently large and using the hypothesis (7y2) in (18), yields that ¢ =0
which is a contradiction.

For the case where @ < 2 and s > 2 we obtain that

1 1 1 1
el / v@ et ede+ (= -2 [ K@)t .
2 « 2 RN 2 S RN

With the same arguments like the ones used in Lemma 3.1 and choosing I' like in the
case studied before, we obtain that ug # 0 which leads to the end of our last step.

In conclusion, if we go through all our steps we obtain that ug is a nontrivial
solution for the problem (2).

O

References

(1] A. Ambrosetti, P.H. Rabinowitz, Dual variational methods in critical point theory, J. Funct.
Anal. 14 (1973), 349-381.

[2] A. Azzollini, Minimum action solutions for a quasilinear equation, J. Lond. Math. Soc. 92
(2015), 583-595.

[3] A. Azzollini, P. d’Avenia, A. Pomponio, Quasilinear elliptic equations in RY via variational
methods and Orlicz-Sobolev embeddings, Cale. Var. Partial Differential Equations 49 (2014),
197-213.

[4] M. Badiale, L. Pisani, S. Rolando, Sum of weighted Lebesgue spaces and nonlinear elliptic
equations, Nonlinear Differ. Equ. Appl. (NoDEA) 18 (2011), 369—405.

[5] F. Bass, N. Nasanov , Nonlinear electromagnetic spin waves, Physics Reports 189 (1990), 165—
223.

[6] A.V. Borovskii, A. Galkin, Dynamical modulation of an ultrashort high-intensity laser pulse in
matter, JETP Letters 77 (1993), 562-5763.

[7] H. Brandi, C. Manus, G. Manfray, T. Lehner, G. Bonnaud, Relativistic and ponderomotive
self-focusing of a laser beam in a radially inhomogeneous plasma, Physics of Fluids B 5 (1993),
3539-3550.

[8] H. Brézis, L. Nirenberg, Remarks on finding critical points, Comm. Pure Appl. Math. 44 (1991),
939-963.

[9] M. Cencelj, D. Repovs, 7. Virk, Multiple perturbations of a singular eigenvalue problem, Non-
linear Anal. 119 (2015), 37-45.



(10]

(11]

(12]
(13]
14]

[15]
(16]

(17]

[18]
[19]
[20]
[21]
[22]
23]
[24]

[25]

[26]
27]
(28]

29]

(30]
(31]

(32]

STANDING WAVES OF PERTURBED SCHRODINGER EQUATION 303

X. Chen, R. Sudan, Necessary and sufficient conditions for self-focusing of short ultraintense
laser pulse, Physics Review Letters 70 (1993), 2082-2085.

N. Chorfi, V. Radulescu, Standing wave solutions of a quasilinear degenerate Schrédinger equa-
tion with unbounded potential, Electronic Journal of the Qualitative Theory of Differential
Equations 37 (2016), 1-12.

Y. Fu, Y. Shan, On the removability of isolated singular points for elliptic equations involving
variable exponent, Adv. Nonlinear Anal. 5 (2016), no. 2, 121-132.

F. Gazzola, V. Radulescu, A nonsmooth critical point theory approach to some nonlinear elliptic
equations in unbounded domains, Diff. Integral Equations 13 (2000), 47-60.

S. Kurihara, Large-amplitude quasi-solitons in superfluid films, Journal of the Physical Society
of Japan 50 (1981), 3262-3267.

E.H. Lieb, M. Loss, Analysis, American Mathematical Society, Providence, RI (2001).

A. Litvak, A. Sergeev, One dimensional collapse of plasma waves, JETP Letters 27 (1978),
517-520.

M. Malin, Discrete Emden-Fowler problems driven by nonhomogeneous differential operators,
Annals of the University of Craiova, Mathematics and Computer Science Series 41 (2014), no.
1, 59-68.

M. Mihailescu, V. Radulescu, Ground state solutions of nonlinear singular Schrédinger equations
with lack of compactness, Math. Methods Appl. Sciences 26 (2003), 897-906.

M. Mihailescu, V. Radulescu, D. Repovs, On a non-homogeneous eigenvalue problem involving
a potential: an Orlicz-Sobolev space setting, J. Math. Pures Appl. 93 (2010), 132-148.

G. Molica Bisci, D. Repovs, Multiple solutions for elliptic equations involving a general operator
in divergence form, Ann. Acad. Sci. Fenn. Math. 39 (2014), no. 1, 259-273.

P. Pucci, V. Radulescu, The impact of the mountain pass theory in nonlinear analysis: a
mathematical survey, Boll. Unione Mat. Ital. (3) 9 (2010), 543-582.

G. Quispel, H. Capel, Equation of motion for the Heisenberg spin chain, Physica A 110 (1982),
41-80.

P.H. Rabinowitz, On a class of nonlinear Schrédinger equations, Z. Angew. Math. Phys. 43
(1992), 270-291.

V. Radulescu, Nonlinear elliptic equations with variable exponent: old and new, Nonlinear
Analysis: Theory, Methods and Applications 121 (2015), 336-369.

V. Radulescu, D. Repovs, Partial Differential Equations with Variable Exponents: Variational
Methods and Qualitative Analysis, CRC Press, Taylor & Francis Group, Boca Raton bf FL,
2015.

D. Repovs, Stationary waves of Schrédinger-type equations with variable exponent, Anal. Appl.
(Singap.) 13 (2015), 645-661.

B. Ritchie, Relativistic self-focusing and channel formation in laser-plasma interactions, Physics
Review E 50 (1994), 687-689.

M. Rosiu, Trajectory structure near critical points, An. Univ. Craiova Ser. Mat. Inform. 25
(1998), 35-44.

I. Stancut, C. Udrea, Existence and multiplicity of solutions for a class of isotropic elliptic equa-
tions with variable exponent, Annals of the University of Craiova, Mathematics and Computer
Science Series, 40 (2014), no. 1, 138-153.

I. Stancut, I. Stircu, Eigenvalue problems for anisotropic equations involving a potential on
Orlicz-Sobolev type spaces, Opuscula Math. 36 (2016), no. 1, 81-101.

I. Stircu, An existence result for quasilinear elliptic equations with variable exponents, Annals of
the University of Craiova, Mathematics and Computer Science Series 44 (2017), no. 2, 299-315.
V.F. Uta, Ground state solutions and concentration phenomena in nonlinear eigenvalue problems
with variable exponents, Annals of the University of Craiova, Mathematics and Computer
Science Series 45 (2018), no. 1, 122-136.

(Vasile-Florin Utd) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CRAIOVA, 13 A.I. Cuza
STREET, CRAIOVA, 200585, ROMANIA
E-mail address: uta.vasi@yahoo.com



