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A fixed point theorem of Sehgal-Guseman in b,(s)-metric
spaces
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ABSTRACT. In this paper, we establish a proof for Sehgal-Guseman type fixed point theorem
in by (s)-metric spaces. Some suitable examples are presented to substantiate our main result.
‘We deduce several analogous results in usual metric spaces, rectangular b-metric spaces and
b-metric spaces as corollaries of our finding.
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1. Introduction and preliminaries

Fixed point theorem due to Banach in metric spaces is regarded as one of the most
important applicable results in nonlinear analysis, which has been extended by a great
number of authors over the last several decades. One such extension is the following
result due to Bryant [3].

Theorem 1.1. [3] If T is a self-mapping on a complete metric space and if, for some
positive integer k, T* is a contraction, then T has a unique fized point.
In the above result, the mapping T satisfies the following contraction condition

d(T*z, T*y) < ad(z,y), where 0 < o < 1. (1.1)

In this direction, it is an interesting fact to observe that the positive integer k depends

only on T and works for all z,y € X. So it is a very natural question to ask whether

it is possible to find some contraction condition on 7' in which the positive integer

k depends on the points z,y € X, i.e., for different z,y € X, there exist different

positive integers k satisfying the contraction condition (1.1) and T possesses fixed
point. The following example justifies the necessity of investigating of this problem.

Example 1.1. Let X = {lnn : n > 2} with the usual metric and let T: X — X be
defined by T'(Inn) =In(n + 1). Then

T?’(nn)=T(n(n+1)=In(n+2),...,7%(Inn) =In(n+ k).
For fixed x = Inn and y = Inm, we have
k
d(Tkx,Tky) = ‘m:ﬁk' — 0 as k — oo.

Hence, for any fixed a < 1 and every z,y € X, there exists k (z,y) such that (1.1)
holds. But, Tx # « for each = € X.
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The above example shows that in the contraction condition (1.1), if the positive
integer k varies with x and y, then 7" may be fixed point free. However, in 1969,
Sehgal [14] proved the following interesting partial solution of the above mentioned
question.

Theorem 1.2. Let (X, d) be a complete metric space, ¢ € [0,1) and T : X — X be a
continuous mapping. If for each x € X there exists a positive integer k = k(x) such
that
ATz, THy) < qd(z, y) (1.2)
for all y € X, then T has a unique fived point uw € X. Moreover, for any x € X,
u= lim T"zx.
n—oo

In 1970, Guseman [8] extended the result of Sehgal to mappings which are both
necessarily continuous and which have a contractive iterate at each point in a (possibly
proper) subset of the space.

In the literature, there are a lot of generalizations of metric spaces concerning the
study of existence and uniqueness of various types of non-linear contraction maps.
Some of these results appear to be simple reformulations of the known results from
the framework of metric spaces, with just slightly modified proofs, or even their direct
consequences. However, the work in some of the generalized spaces is practically
harder and can not be simply reduced to the metric case. This is a major challenge
to prove some classical results in a generalized setting, which may be applicable in
many other abstract spaces including metric spaces. We mention here two of such
types of spaces.

Bakhtin [1] and Czerwik [4] introduced b-metric spaces, modifying the triangle
inequality to the following form

d(z,z) < s[d(z,y) + d(y, 2)], (1.3)

where s > 1 is a fixed real number. On the other hand, Branciari [2] substituted the
triangle inequality by a polygonal inequality of the form

d(m,z) Sd(w7y1)+d(y17y2)+"'+d(yvvz)a (14)

for arbitrary x, z and for all distinct points y1, %2, ..., Y, each of them different from
z and z (in particular, for v = 2, the inequality (1.4) is called rectangular). Further, a
lot of fixed point results for single and multi-valued mappings were obtained in both
kind of spaces by various authors , see [5, 6].

George et al. [7], as well as Roshan et al. [13], independently introduced b-rectangular
metric spaces, by combining inequalities (1.3) and (1.4) (in the case v = 2). Finally,
Mitrovié¢ and Radenovi¢ defined in [9] the concept of b, (s)-metric space for arbitrary
positive integer v (see the definition in the next section), thus generalizing all the men-
tioned types of spaces. They obtained some fixed point results in this new framework.
It should be noted that these spaces might not be Hausdorff, that a b, (s)-metric need
not be continuous and that a convergent sequence might not be a Cauchy one.

Definition 1.1. [9] Let X be a non-empty set, s > 1 be a real number, v € N and
let d be a function from X x X into [0,00). Then (X,d) is said to be a b,(s)-metric
space if for all z,y,z € X and for all distinct points y1,¥yo,...,y, € X, each of them
different from x and z the following hold:

(B1) d(z,y) =0 if and only if z = y;
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(B2) d(z,y) = d(y, z);
(B3) d(w,2) < sld(z,y1) + d(y1,y2) + -+ + d(yw, 2)].

Example 1.2. Consider the set X = {1 :n € N, n > 2}. Define d: X x X — [0,00)
by
d(1 1) _ {k—m|, if |k —m| # 1,
k’m % if [k —m|=1.
It is an easy task to verify that (X, d) is a bs(3)-metric space.

The notions of convergent sequence, Cauchy sequence, and completeness of a b, (s)-
metric space are introduced in the same way as in standard metric spaces.

This paper is a continuation of the recent works see [10] and [11]. The aim of
this paper is to obtain a version of Sehgal-Guseman type theorem in b,(s)-metric
spaces. As applications of our obtained results, we deduce the analogous versions of
Sehgal-Guseman theorem in the framework of usual metric space, b-metric space and
rectangular metric space.

2. Main result

Before coming to the main result we first give the following lemma.

Lemma 2.1. Let (X, d) be a complete b,(s)-metric space and T : X — X a mapping
satisfying the condition: for each x € X there exists k (x) € N such that

d (Tk(x)ac,Tk(x)y) < M (z,y), (2.1)
for ally € X, where A € (0,1). Then for each x € X, r(z) = sup{d(T"(z),z) : n € N}
is finite or T has a unique fized point.

Proof. We will consider that v > 1. If v = 1, we refer to see the paper [10]. Let x € X
and further assume

l(x) = sup{d(Tk(m),x) cke{l,..., k1 +ka+ -+ kngtv-1}}s

where ng € N such that \™0 < and

_ 1

2s(v—1)
k= k(z), ko = k(TH ), ks = k(T 12),. .. kpypo = k(TFrotv-1tthigy,

Let S1 =k1 +ko+--- +k‘n0 and Sz’+1 =5 —|—kn0+i,i € {1,2,...,11 — 1} We have,

d(TSix7 TSi+ll.) — d(Tkl-5‘/€z-|-~~-i'l€n0+i711.7 Tk1+k2+'~~+kn0+ix)

IN

)\d(Tk1+k2+~~+kno+i—2x Tk1+k52+~~~+kn0+i—2 (Tkn0+i )I)
)

IN

Aot (g Thnotig),
for all i € {1,2,...,v — 1}. Now since

d(z, T*rot+iz) <I(z) for all i € {1,2,...,v — 1},
we obtain

(TS x, TS+ ) < X1 (), for all i € {1,2,...,v —1}. (2.2)
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We have the following
d(z, T x) < () (2.3)

and for n > S,

d(T%x,T"z) = d(T%z, T (T" % x)) (2.4)

< AL (g, TS,

Let n € N. We give the proof in the following three cases:
L. If T"x = Tz for any i € {1,2,...,v} then d(z,T"z) < I(z) and proof holds.
2. If TS 2 = TSizx for any i < j then T2 = T+ 12 and T%x is a fixed point of T
and proof is done. Namely, if 7%z # T% 41z, we obtain

d(T%z, 75 e) = d(T%z, T5 )

< NT(T%x, T )

< d(T%z,T% ).
It is a contradiction.
3. If 7%z =z for any i € {1,2,...,v} then Tx = x and proof is done. Namely, if
Tx # x then we have
d(z,Tz) = d(T%z,T5 )

< Ntz Tx)

< d(z,Tx).
It is a contradiction.

So, T%ix,i € {1,2,...,v} are different point and 7%z € X\{T"z,z},i € {1,2,...,v}.

If n > S, then there exists an integer ¢ > 0 such that ¢S, < n < (¢t +1)S,. From
(B3), (2.2), (2.3) and (2.5), we obtain

d(T"z,z) < sld(TST"=9) g TS 0) + d(T%x, T x) + - -

+ d(T%22, T 2) + d(T5 2, 2)]

< s [NTTLG(T S ) + AT TR () e A () + ()]
< s [x\”“d(T"iS“:c, z) + (v — D)A™I(z) + I(z)]

< 1

SA(T" 5, 2) + (1 + s) I(z).

Similarly, we obtain

2

1 1
d(T" 5z, x) < 2d(T"_25”x,:E)+<2+s) I(z).
So,

d(T"z, z) < %d(T"*Qva,Tx) + <1 + ;) <; + s) I(x). (2.6)

Continuing in this process we obtain

1 1 1 1
d(T"$7.’17) < fd(Tn_tva; Tm) + (1 +-+--+ 22&1) ( + S) l(l’)

A 2 2
< %l(m) +2 (; + s) I(z)
< 2(1+49)l(z)
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and r(z) is finite. O

Theorem 2.2. Let (X, d) be a complete b, (s)-metric space andT : X — X a mapping
satisfying the condition: for each x € X there exists k (x) € N such that

d (T"'(“”)ac7 Tk(’”)y) < M (z,y), (2.7)

for ally € X, where A € (0,1). Then T has a unique fized point, say v € X, and
Tz — u for each x € X.

Proof. Let xop € X be arbitrary. Let k1 = k(xg), 1 = T*1x and inductively k;; =
k(z;), 241 = TF+12;,7 € N. Let n,p € N. We have

d(mn+p7 mn) = d(Tkn+pxn+p717 Tknxnfl)

d(Tk'n,+p+kn+p—l Tk’n-‘rkn—1

Tn4p—2; x’ﬂ—2)

_ d(T’ﬂwp-H%Hrp—l-‘r'“-‘rkarll.p7 Tkn"l'k'nfl +tky 370)

d(Tkn,+p+kn+p—1+“'+kp+1+kpxp_1’ Tkn,+k77,—1+"'+k51x0)

A(TFntoTontp-1be bbbtk g otk 1tk g )

_ d(TknJFknfl‘i""‘i'kl (Tkn+l+"'+kn+px0), Tkn+k7n71+"'+kl ZO)

/\nd(Tk"+1+"'+k"+p$0, JJQ).

IN

Therefore,
A(Zntp, 2n) < A1 (20). (2.8)

If r(xo) is not finite, from Lemma 2.1, we conclude that T has a fixed point and the
proof is done. On the other hand, if r(x) is finite, we infer that (x,) is Cauchy.
From the completeness of (X,d) we have z, — u, for some u € X. Now, we show
that Tu = w. For this u, there is k(u) € N such that

d(T* Wy, TFW g, ) < Ad(, 1), (2.9)
Hence,
lim d(T*Wg,,, TFWqy) = 0. (2.10)
n—oo

Now, from (2.7) we have
ATz, 2y) = d(THO g, TFrg, 1) < ATz, 1, 2,-1)  (2.11)
it follows that

d(T* W, z,) < AN A(T* W g, 20) < A"r(x). (2.12)
From Lemma 2.1, we obtain
lim d(T*Wx,,z,) = 0. (2.13)
n—oo

From inequality (B3) we obtain
A(TF Dy u) < sld(TFu, TFWg,)) + d(TF Yz, 2,)
+ d(l’n, $n+1) + d(xn-‘rl; xn+2) +- 4+ d($n+v—27 u)]
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and together with (2.10) and (2.13) we obtain d(T*“u,u) = 0. By (2.7), u is the
unique fixed point for 7%, Then Tu = T(T*®)u = T*®(Tu). This shows that
T is also a fixed point of 7% and hence we have Tu = uw. But then w is the unique
fixed point of T. O

Example 2.1. Let X = [0,00) and define a function d : X x X — R by

0, ifx =y;
d(z,y) =< 1+ 2z + 2y, if 2,y > 0;

x +y, if one of x,y is 0.
Then, it is easy to verify that (X, d) is a complete by (2)-metric space. Next, we define
a function T': X — X by
0, if z € [0, 75
2z, if z € (15, 1]
Se+1, if z € (1,3]

1 -
i, if > 3.

Tx =

Therefore, for any € X, if we choose k(x) = 8, then it easy to check that
1
d(TH Dz, THDy) < Sd(z,y)

for all y € X. Hence, all conditions of Theorem 2.2 are satisfied. So by that theorem
T has a unique fixed point. Indeed, 0 is the only fixed point of T

Example 2.2. Let X = {1,411 } and define d : X x X — [0,400) as follows

11 lm —mn|, if|m-—n|#1,
d —, — - 1 .
m’'n 59 if jm—n|=1.
Then (X, d) is a b3(3)-metric space. Let T': X — X be defined by

’ T =73,

I

Tx = , T =z,
o re{i s}

Let k(z) = 3 for all z € X. The mapping T is not a contraction because d(T'%,T1) =

) = 2, but satisfies the hypothesis of Theorem 2.2 and hence T has a fixed point

w

|| Oy =

Remark 2.1. Theorem 2.2 generalizes Banach contraction principle in b, (s)-metric
spaces obtained in the paper [9, Theorem 2.1 |.

Taking v = 1,s = 1 in Theorem 2.2, we have the following corollary.

Corollary 2.3. Let S : X — X be a mapping on a complete metric space (X,d). If
for each u € X there exists a natural number k = k(u) such that
d(S* Wy, SFWE) < qd(u,t)

for allt € X, then S has a unique fixed point ug € X. Moreover, for any u € X,

ug = lim S™u.
n—oo

If we take v = 1 in Theorem 2.2, we have the following corollary.
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Corollary 2.4. Let S : X — X be a mapping on a complete b-metric space (X,d).
If for each w € X there exists a natural number k = k(u) such that

d(SFWy, SFW4) < qd(u,t)

for allt € X, then S has a unique fized point ug € X. Moreover, for any u € X,

ug = lim S™u.
n—oo

Again taking v = 2,s = 1 in Theorem 2.2, we have the following corollary.

Corollary 2.5. Let S : X — X be a mapping on a complete rectangular metric space
(X,d). If for each u € X, there exists a natural number k = k(u) such that

d(SFWy, SFW1) < qd(u,t)

for allt € X, then S has a unique fized point ug € X. Moreover, for any u € X,

ug = lim S™u.
n—oo
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