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Periodic solutions for some second-order impulsive
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ABSTRACT. In this article, we study the existence of periodic solutions for a class of second-
order impulsive Hamiltonian systems. Some new existence theorems are obtained by the least
action principle.
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1. Introduction

Consider the following second-order impulsive Hamiltonian systems

—u(t) + A(t)u(t) = VF(z,u(t)) + VH(u(t)), a.e. t €[0,T7,
A(U7(tj)) = IZJ(’UJl(tJ)), = 1,27 ...7]\[7 ] = 1,27 ey Py (11)
u(0) — u(T) = a(0) — a(T) = 0,

where N > 1,p > 2, u = (uy,...,un), T >0, A:[0,T] = R¥*¥ is a continuous map
from the interval [0, T] to the set of N x N symmetric matrices, t;, j = 1,2, ..., p, are
the instants at which the impulses occur, 0 =ty <t; < ... <t, <tpy1 =T, and

J t%tj

The following conditions are assumed to hold throughout the remainder of this article.
The functions I;; : R — R are Lipschitz continuous with the Lipschitz constants
Lij >0, i.e.,

[Li(s1) = Lij(s2)| < Lijls1 — s2 (1.2)
for every s1,s2 € R, and I;;(0) = 0 for ¢ = 1,2,..., N, j = 1,2,...,p. In addition,
F :[0,7T] x RN — R satisfies the following assumption:

(Ag) F(t,z) is measurable in ¢ for every x € RY and continuously differentiable in
for a.e. t € [0, 7] and there exist a € C(RT,R*"), b € L1([0,T];RT) such that

[F(t,2)] < alz)b(t), [VF(t )] < a(|z])b(t)

for all z € RN and a.e. t € [0,7].
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The function H : RY — R is continuously differentiable, VH is Lipschitz continuous
with the Lipschitz constant L > 0, i.e.,

IVH(&) — VH(&)] < LI — & (1.3)
for every &;,& € RN,
H(0,..,0)=0, and VH(0,...,0)=0. (1.4)

Assuming that VF : [0, T] x RY — R is continuous, it implies that the condition (Ao)
is satisfied.
The corresponding functions I on H4 given by

p N wi(t5) T T
1) = 0+ = 5P+ Y3 [ T ds [ ) [ Feu)

is continuously differentiable and weakly lower semicontinuous on H1 (see [11, The-
orem 3.1]), where

Hi = {u:[0,T] = RY | u is absolutely continuous, u(0) = u(T") and @ € L*([0,T])}
is a Hilbert space with the inner product defined by
T
<uy >0=/ [(alt), () + (u(t), v(t))] dt.
0

The corresponding norm is defined by

N|=

ullo = (/0 ()2 + Ju(t)]?) dt) for all u € HA.

Moreover, one has

T
I'(u)(v) = @' (u)(v) + ¥'(u)(v) =/0 [(a(t), 0(8)) + (A@)u(t), v(t)) = (VH (u(?)), v(t))] dt

T
St + [ (VF (). o) de
j=1i=1
for every u,v € HL. It is well known that the solutions of the problem (1.1) correspond
to the critical points of the functional I = ® + ¥ (see [11, Definition 2.4]).
We assume throughout that the matrix A satisfies the following conditions:
(My) A(t) = (aw(t)), E=1,..,N, I =1,..,N, is a symmetric matrix with ax; €
L>[0,T) for any t € [0,T];
(My) There exists 6 > 0 such that (A(t)¢, &) > 6|¢|? for any € € RY and a.e. t € [0, 7],
where (.,.) denotes the inner product in RY.
For every u,v € H*, we define

T
< v >= / Gi(t), 5(8)) + (A(Byu(t), o(t))] dt.

and we observe that conditions (M;) and (M) ensure that this defines an inner
product in H%. Then H} is a separable and reflexive Banach space with the norm
|ul| =< w,u>2  for all u € Hp.

Clearly, H} is an uniformly convex Banach space.
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A simple computation shows that

N N
(A& E) = D an®&& < > Narll e 1
ki=1

k=1
for every t € [0,T] and ¢ € RY. Along with condition (M>), this implies
vmllullo < [lull < VM |[ullo, (1.5)

where m = min{1,} and M = max{1, chvl [laki|loo }, which means the norm || - || is

equivalent to the norm |- ||o. Since (H%, ||-|) is compactly embedded in C([0,T],RY)
(see [18]), there exists a positive constant ¢ such that

[ufloo < clull,
where [|ul|oo = max;ep, 7 [u(t)| and ¢ = \/%max{ﬁ, VT} (see [4]).

For u € Hf., let 4 = = fOT u(t) dt and @(t) = u(t) — . Then one has
T

- T : : .
a2, < D) |a(t))? dt  (Sobolev’s inequality),
0
P L R .
|72 < o) |a(t)|”dt (Wirtinger’s inequality)
0

(see [18, Proposition 1.3]).

When I;; = A = H =0, the problem (1.1) reduces to the second order Hamiltonian
system, it has been proved that the problem (1.1) has at least one solution by the
least action principle and the minimax methods (see [27, 33, 34]). Many solvability
conditions are given, such as the coercive condition (see [2]), the periodicity condition
(see [26]); the convexity condition (see [17]); the subadditive condition (see [23]); the
bounded condition (see [18]).

When the nonlinearity VF(t, z) is bounded sub-linearly, that is, there exist f,g €
LY([0,T],RT) and « € [0,1) such that

IVE(t,z)| < f(t)]x]* + g(t)

for all z € RY and a.e. t € [0,7], Tang [24] also proved the existence of solutions for
the problem (1.1) when I;; = A = H = 0 under the condition

T
lim |z|72® / F(t,z)dt — 400, (1.6)
|z|=+o00 0
or
T
lim |z|72® / F(t,z)dt — —o0, (1.7)
|z|—=+00 0
which generalizes Mawhin-Willem’s results under bounded condition (see [18]). Wu
and Tang [27, 28] also proved the existence of solutions for the problem (1.1) with
cited conditions under a convenient condition and (1.6) or (1.7) with a = 1.

For I;; # 0, i € {1,2,...,N}, j € {1,2,...,p}, the problem (1.1) is an impulsive
differential problem. Impulsive differential equations arising from the real world de-
scribe the dynamics of processes in which sudden, discontinuous jumps occur. For
the background, theory and applications of impulsive differential equations, we refer
the readers to the monographs and some recent contributions as [1, 6, 14, 19, 26].
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Some classical tools such as fixed point theorems in cones [1, 15, 25], the method of
lower and upper solutions [6, 30] have been widely used to study impulsive differential
equations.

For notations and definitions, and for a thorough account on the subject and related
problems concerning the variational analysis of solutions of some classes of boundary
value problems we refer the reader to [4, 5, 9, 10, 11, 12, 20, 32], and reference therein.

It has been shown by the least action principle that the problem (1.1) has at least
one solution which minimizes the functional I on H1. in many papers. When F(t,-)
is convex for a.e. t € [0,7], Mawhin and Willem [18] have studied the existence of
solution which minimizes I on H4 for the problem (1.1), by choosing A = H = 0 and
without impulsive condition. For non-convex potential cases, using the least action
principle, the existence of solution which minimizes I on H+ has been researched by
many people; for example, see [16, 21, 22, 23, 28, 29, 34] and their references.

Inspired and motivated by the results in [9, 16, 21, 28, 29, 32, 34], we obtain some
new results for the problem (1.1) by using the least action principle.

2. Main results

In this section, we establish the main abstract results of this paper. Before in-
troducing our results and without further mention, we first will assume throughout
that

p N
K :=¢ 2LT+ZZLU» <1,

j=11i=1

and recall a definition due to Wu and Tang [28]:
A function G : RY — R is called (), u)-subconvex if

Gz +y)) < p(G(z) + Gy))

for some A, > 0 and all z,y € RY. A function is called v-subadditive if it is (1,~)-
subconvex. A function is called subadditive if it is 1-subadditive. The convex and
subadditive functions are special cases of subconvex functions.

Now, we present our first main result as follows:

Theorem 2.1. Suppose that F(t,x) = Fi(t,x) + F»(x), where Fy and Fy satisfy
assumption (Ag) and the following conditions:

(i) Fi(t,x) is (A, p)-subconvez for a.e. respect to t € [0,T], where X\ > 1 and
< 2\%;
2
(79) there exist constants 0 <1y < W, re € [0,4+00) such that

|VFy(z) = VEy(y)| < rilo —yl + 12
for all z,y € RN ;

(ii)

W

Then the problem (1.1) has at least one solution which minimizes the functional I on

1 (T
(/ Fi(t, \x) dt—l—TFg(x)) — 400 as |z| = Foo.
0
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Proof. Let § = logg‘;, then since 2\ > 1, one has 21 < 4)\% and loggﬁf <2,;s08<2 In
a similar way to Wu and Tang [28], by the (), pt)-subconvexity of G(-) and assumption
(Ap), one can prove that

Fi(t,z) < (2plz|? + 1) ag b(t)

for a.e. t € [0,7] and all z € RN, where 3 < 2, ag = maxp<s<1 a(s). Thus it follows
from (7) and Sobolev’s inequality that

T 1 T - T _
/0 Fl(t,u(t))dtzﬁ/o Fl(t,)\u)dt—/o Fu(t, —u(t)) dt

1 T T
> [ R0 @l 1) [ s
K Jo 0
e ~ B
> | R -Gl - G (2.8)
0

for some constants Cy and Cs. It follows from assumption (i¢), Wirtinger’s inequality
and Sobolev’s inequality that

T T 1
/ (Fo(u(t) — Fy(a)] dt| = u/(v&@+ﬁw»ﬂm>wﬁ
0 0

/ 1 (VEy(a + si(t)) — VEy(a), a(t)) dsdt

/ / ris|a(t \dsdtJr?"g/ [a(t)| dt

<2 [ P dt+ T
0

’I°1T
§82

for all u € H}. and some positive constant Cs. It follows from (1.2), (1.5), (2.8), (2.9)
and the fact that 1;;(0) = 0,

1) =00+ 90 = L+ 103 [

Jj=11i=1

/ H(u dt+/ F(t,u(t)) dt

[4]13 + Cs]l]2 (2.9)

v

%(I—K)HuHQ—&—/O Fet,u(t)) dt
T T
+ /0 [Fa(u(t)) — Fa(a)] dt + /0 Fy(a) dt

1 /7 ) T )
;/o Fl(t,)\u)dtJr/O Fg(u)dt]

v

1
S (1= Kymlul3 +
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. rnT? . .
—Chllal); - Cy - 52 13 — Callil| 2
1 mT?1, e |1 [T -~ _
51— Fm — } |42 ;/0 Fy(t, M) dt + T Fy(i)

— Cylafl§ — Co = Cslil 2
for all w € Hf, which implies that
I(u) = 400

as |lul] = oo by (#i7) because r; < M, B <2 and

1
[ull = o0 & ([al* +||all3)* — oo

By Theorem 1.1 and Theorem 1.4 in Mawhin and Willem [18], and the fact that the
functional I is weakly lower semi continuous, the proof is completed. O

Theorem 2.2. Suppose that F(t,x) = Fi(t,x) + F»(x), where Fy and Fy satisfy
assumption (Ag) and the following conditions:
(i) there exist ko,mg € L'([0,T);R") and a positive constant v with v < 1 such
that |VFy(t,z)| < ko(t)|z]Y +mo(t) for all z € RN and a.e. t € [0,T];

2
i1) there exist constants 0 < r; < w, ro € |0, +00) such that
T

[VEy(z) = VE(y)| < mife =y + 72
for all z,y € RY;
(4i7)

1 T
— F(t,z)dt — 400 as |z| = +o0.
2> Jo

Then the problem (1.1) has at least one solution which minimizes the functional I on
H.

Proof. By condition (i), Sobolev’s inequality and v < 1, one has

/O [Fy(t,u(t)) — Fy(t,0)] dt| = /0 (VEL(t, @+ su(t)), a(t)) dsdt

T 1 T
g/o /0 ko(t)|ﬂ+su(t)|7|u(t)\dsdt+/0 mo(8)|a(t)] dt
2mw+mﬁwwmé %wm+wmA mo(t) dt

3 T T 2 T T
< S+ Flar  [ro@at) +20@0 oo di+ e [ mo d
0 0

*IIUHQ+C4IUIQV+05HM|”+1 + Cslla2 (2.10)

| /\
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for all w € HL and some positive constants Cy,Cs and Cg. It follows from (2.9) and
(2.10) that

I(u) = ®(u) + ¥(u) > (1 = K)|ul +/O F(t,u(t)) di

DN =

T

T
(1 - F)all? + / [Fu(t,u(t) — Fi(t,a)] di + / (Fy(u(t)) — Fy(a)] di

0

m
>
-2
7’1T2

ol = Callill

T
+/ F(t,a)dtzg(l—K)Hﬂllg—
0

1. _ . . T _
- 1““”3 — Calul® = Cs||al 37 = Co i) +/ F(t,u)dt
0
7"1T2 1
472 2
1
|af>

2 [ma-ro-

! [ il - €+ colals

= Csllally ™ + g™

T
/ F(t,a)dt — Cy
0

for all u € H1, which implies that I(u) — 400 as |Ju|| — +oo by (i) because v < 1,

2
< 27 [Qm,(z}z—K)—l] and

1
lull = +o0 & (laf® + [[a]3)* — +oo.

By Theorem 1.1 and Theorem 1.4 in Mawhin and Willem [18], the proof is completed.
O

Remark 2.1. (see [32, Remark 2.1]) By choosing A = H =0 and I;; =0, u,(t;) =
u;(t;) = 0, for every ¢ = 1,2,..., N, j = 1,2,...,p, Theorem 1 in [29] is the direct
corollary of our Theorem 2.1, where the condition (#) of Theorem 1 in [29] implies
the one of our Theorem 2.1. In the same reason, with choosing suitable ¢ > 0,
in condition (i7) of Theorem 2, it follows that Theorem 2 in [29] is also the direct
corollary of our Theorem 2.2.

Theorem 2.3. Suppose that F(t,x) = Fi(t,x) + Fa(x), where Fy and F» satisfy
assumption (Ag) and the following conditions:
(i) there exist some g € L*([0,T];R) and some h € L*([0, T]); RY) such that

Fi(t, ) = (h(t), x) + 9(t)

for all x € RN and a.e. t € [0,T7;

amr?(1-K)
T2

(#7) there exist constants 0 < ry < , T2 € [0,400) such that

|VFy(x) = VFy(y)| < rile —yl + 72

for all z,y € RY;
(iii) 29 1o as |x] = +o0.

|]
Then the problem (1.1) has at least one solution which minimizes the functional I on
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Proof. By condition (i) and Sobolev’s inequality, one has
T T
| Fa@arz [ (a.a+ww) +gto) i
0 0

T T T
—\ﬂl/o A (t)] dt — ||UII<><>/0 |h(15)|d?f+/0 g(t)dt
—D1la| — Da|lil2 + Ds, (2.11)
for some constants Dy, Dy and D3. By (2.9) and (2.11), one has

v

v

1 T
I(u) = ®(u) + U(u) > §(I—K)Hu||2+/ F(t,u(t))dt
0

T T T
m . _ _
> ?(1 — K)Hu”% +/ Fy(t,u(t)) dt +/ [Fo(u(t)) — Fy(a)] dt +/ Fy(u)dt
0 0 0
m . . mnT? . . (ST Fa(a) dt
> 5(1*K)HU||§*D2||U||2+D3* lez [a]|3 — Cs]lal|2 + |u] R IOLL il - D

for all u € H}, which implies that I(u) — +oo as |lu|| — +oo by (iii) because

2(1-K)

0<rm < 4m7rT2 and

1
[ul| = +o00 & (|af® + [[a]]3)* — +oo.

By Theorem 1.1 and Theorem 1.4 in Mawhin and Willem [18], the proof is completed.
O

References

(1] R.P. Agarwal, D. O’'Regan, Multiple nonnegative solutions for second order impulsive differential
equations, Appl. Math. Comput. 114 (2000), 51-59.

[2] M.S. Berger, M. Schechter, On the solvability of semilinear gradient operator equations, Adv.
Math. 25 (1977), 97-132.

[3] M. Bohner, S. Heidarkhani, A. Salari, G. Caristi, Existence of three solutions for impulsive
multi-point boundary value problems, Opuscula Math. 37 (2017), no. 3, 353-379.

[4] H. Chen, Z. He, New results for perturbed Hamiltonian systems with impulses, Appl. Math.
Comput. 218 (2012), 9489-9497.

[5] G. D’Agui, Multiplicity results for nonlinear mixed boundary value problem, Bound. Value
Prob. 2012 (2012), No. 134.

[6] W. Ding, D. Qian, Periodic solutions for sublinear systems via variational approach, Nonlinear
Anal. RWA 11 (2010), 2603-2609.

[7] A. Fonda, M. Garrione, P. Gidoni, Periodic perturbations of Hamiltonian systems, Adv. Non-
linear Anal. 5 (2016), no. 4, 367-382.

[8] M. Frigon, R.L. Pouso, Theory and applications of first-order systems of Stieltjes differential
equations, Adv. Nonlinear Anal. 6 (2017), no. 1, 13-36.

[9] J.R. Graef, S. Heidarkhani, L. Kong, Infinitely many periodic solutions to a class of perturbed
second-order impulsive Hamiltonian systems, Differential Equations & Applications - DEA 9
(2017), no. 2, 195-212.

[10] J.R. Graef, S. Heidarkhani, L. Kong, Multiple periodic solutions for perturbed second-order
impulsive Hamiltonian systems, Inter. J. Pure Appl. Math. 109 (2016), no. 1, 85-104.

[11] J.R. Graef, S. Heidarkhani,L. Kong, Nontrivial periodic solutions to second-order impulsive
Hamiltonian systems, FElectron. J. Diff. Eq. 2015 (2015), no. 204, 1-17.

[12] S. Heidarkhani, A.L.A. De Araujo, G.A. Afrouzi, S. Moradi, A variational approach for a per-
turbed second-order impulsive Hamiltonian system, preprint.



(13]
(14]
(15]
(16]
(17]
(18]
(19]
20]
(21]
(22]
23]
24]
25]
[26]
27]
(28]
29]
(30]
(31]
(32]
(33]

(34]

PERIODIC SOLUTIONS FOR SOME IMPULSIVE HAMILTONIAN SYSTEMS 311

S. Heidarkhani, M. Ferrara, G. Caristi, A. Salari, Existence of three solutions for impulsive
nonlinear fractional boundary value problems, Opuscula Math. 37 (2017), no. 2, 281-301.

V. Lakshmikantham, D.D. Bainov, P.S. Simeonov, Theory of Impulsive Differential Equations,
World Scientific Press, Singapore, 1989.

E.K. Lee, Y.H. Lee, Multiple positive solutions of singular two point boundary value problems
for second order impulsive differential equation, Appl. Math. Comput. 158 (2004), 745-759.
J. Ma, C.L. Tang, Periodic solution of a class of non-autonomous second order systems, J. Math.
Anal. Appl. 275 (2002), 482-494.

J. Mawhin, Semi-coercive monotone variational problems, Acad. Roy. Belg. Bull. Cl. Sci. 73
(1987), 118-130.

J. Mawhin, M. Willem, Critical Point Theory and Hamiltonian Systems, Springer-Verlag, New
York, 1989.

A.M. Samoilenko, N.A. Perestyuk, Impulsive Differential Equations, World Scientific Publishing
Co. Pte. Ltd, Singapore, 1995.

J. Sun, H. Chen, J.J. Nieto, M. Otero-Novoa, The multiplicity of solutions for perturbed second-
order Hamiltonian systems with impulsive effects, Nonlinear Anal. 72 (2010), 4575-4586.

C.L. Tang, Existence and Multiplicity of periodic solutions for nonautonomous second order
systems, Nonlinear Anal. 32 (3) (1998), 299-304.

C.L. Tang, Periodic solution of non-autonomous second order system, J. Math. Anal. Appl. 202
(1996), 465-469.

C.L. Tang, Periodic solution of non-autonomous second order system with y-quasisub-additive
potential, J. Math. Anal. Appl. 189 (1995), 671-675.

C.L. Tang, Periodic solutions of nonautonomous second order systems with sublinear nonlin-
earity, Proc. Amer. Math. Soc. 126 (1998), 3263-3270.

Y. Tian, W.G. Ge, Applications of variational methods to boundary value problem for impulsive
differential equations, Proc. Edinburgh Math. Soc. 51 (2008), 509-527.

M. Willem, Oscillations forcées de systémes hamiltoniens, in: Public. Sémin. Analyse Non
Linéaire, Univ. Besancon, 1981.

X.P. Wu, Saddle point characterization and multiplicity of periodic solutions of non-autonomous
second order systems, Nonlinear Anal. TMA 58 (2004), 899-907.

X.P. Wu, C.L. Tang, Periodic solution of a class of non-autonomous second order systems, J.
Math. Anal. Appl. 236 (1999), 227-235.

R.G. Yang, Periodic solutions of some non-autonomous second order Hamiltonian systems,
Nonlinear Analysis: Theory, Methods & Applications 69 (2008), no. 8, 2333-2338.

X.X. Yang, J.H. Shen, Nonlinear boundary value problems for first order impulsive functional
differential equations, Appl. Math. Comput. 189 (2007), 1943-1952.

E. Zeidler, Nonlinear Functional Analysis and its Applications, vol. II, Springer, Berlin-
Heidelberg-New York, 1985.

X. Zhang, Y. Zhou, Periodic solutions of non-autonomous second order Hamiltonian systems,
J. Math. Anal. Appl. 345 (2008), 929-933.

F.K. Zhao, X. Wu, Existence and multiplicity of periodic solution for non-autonomous second-
order systems with linear nonlinearity, Nonlinear Anal. 60 (2005), 325-335.

F.K. Zhao, X. Wu, Periodic solution for class of non-autonomous second order systems, J. Math.
Anal. Appl. 296 (2004), 422-434.

(Fatemeh Vahedi) DEPARTMENT OF MATHEMATICS, FACULTY OF MATHEMATICAL SCIENCES,
UNIVERSITY OF MAZANDARAN, BABOLSAR, IRAN
E-mail address: fatemehvahediO@gmail.com

(Ghasem A. Afrouzi) DEPARTMENT OF MATHEMATICS, FACULTY OF MATHEMATICAL SCIENCES,
UNIVERSITY OF MAZANDARAN, BABOLSAR, IRAN
E-mail address: afrouzi@umz.ac.ir

(M. Alimohammady) DEPARTMENT OF MATHEMATICS, FACULTY OF MATHEMATICAL SCIENCES,
UNIVERSITY OF MAZANDARAN, BABOLSAR, IRAN
E-mail address: amohsen@umz.ac.ir



