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ABSTRACT. We find conditions for a singular point O(0, 0) of a center or a focus type to be a
center, in a cubic differential system with two invariant straight lines and one invariant cubic.
The presence of a center at O(0,0) is proved by constructing Darboux first integrals.
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1. Introduction

We consider the cubic differential system
& =y +ax® + cry + fy? + kad + may + pry? +ry® = P(a,y),

1
y = —(x + ga® + dey + by? + sa® + g2y + nxy® + 1y?) = Q(x,y), 1)

where P(z,y) and Q(z,y) are real and coprime polynomials in the variables z and y.
The origin O(0,0) is a singular point of a center or a focus type for (1). It arises the
problem of distinguishing between a center and a focus, i.e. of finding the coefficient
conditions under which O(0,0) is a center.

The problem of the center was solved for quadratic differential systems and for
cubic symmetric differential systems. If the cubic system (1) contains both quadratic
and cubic nonlinearities, then the problem of finding a finite number of necessary and
sufficient conditions for the center is still open. It was possible to find a finite number
of conditions for the center only in some particular cases (see, for example, [9]-[15]).

The problem of the center was solved for cubic differential systems (1) with at least
three invariant straight lines ([3], [4], [16]) and for cubic differential systems (1) with
two invariant straight lines and one invariant conic ([5], [6], [8]). It was proved that
every center in the cubic differential system (1) with two invariant straight lines and
one invariant conic comes from a Darboux integrability.

It is known [1] that a singular point O(0,0) is a center for system (1) if and
only if the system has a holomorphic first integral of the form F(z,y) = C in some
neighborhood of O(0,0).

The integrability conditions for some families of cubic differential systems having
invariant algebraic curves were found in [2], [7], [8], [11], [12], [17].

The goal of this paper is to obtain the center conditions for a cubic differential
system (1) with two invariant straight lines and one irreducible invariant cubic by
using the method of Darboux integrability. Our main result is the following one.
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Theorem 1.1. The origin is a center for cubic differential system (1), with two
invariant straight lines and one irreducible invariant cubic, if one of the conditions

(i)—(xiv) hold.

The paper is organized as follows. In Section 2 we present the known results
concerning relation between invariant algebraic curves and Darboux integrability. In
Sections 3, 4 and 5 we determine the integrability conditions for cubic differential
system (1) with two invariant straight lines and one invariant cubic by constructing
Darboux first integrals. Finally in Section 6 we prove the Theorem 1.1.

2. Algebraic solutions and Darboux first integrals

One of the most important problem for differential system (1) is whether the tra-
jectories to (1) can be described by an algebraic formula, for example, ®(z,y) = 0,
where ® is a polynomial.

Definition 2.1. An algebraic invariant curve of (1) is the solution set in C? of an
equation ®(x,y) = 0, where ® is a polynomial in z,y with complex coefficients such

that
o o

Ep(x’y) + FyQ(l"y) = K(l‘,y)q)(.’li,y)

for some polynomial in x, y, K = K (x,y) with complex coefficients, called the cofactor
of the invariant algebraic curve ® = 0.

We say that the invariant algebraic curve ®(z,y) = 0 is an algebraic solution of (1)
if and only if ®(z,y) is an irreducible polynomial in Clz, y].

We shall study the problem of the center for cubic differential system (1) assuming
that (1) has algebraic solutions: two invariant straight lines and one invariant cubic.

By Definition 2.1 a straight line

1+Az+By=0, AABeC (2)

is said to be invariant for (1), if there exists a polynomial with complex coefficients
K (x,y) such that the following identity holds

AP(z,y) + BQ(z,y) = (1 + Az + By)K (z,y).

If the cubic system (1) has complex invariant straight lines then obviously they occur
in complex conjugated pairs 1 + Az + By = 0 and 1+ Az + By = 0.

Let the cubic system (1) have two distinct invariant straight lines [; = 0 and Iy =0
real or complex (la = I1) of the form (2). Assume that the invariant straight lines
Iy =0, ls = 0 intersect at a real singular point (xg,yo). By rotating the system of
coordinates (x — xcosg — ysinp,y — zsinp + ycosy) and rescaling the axes of
coordinates (x — ax, y — ay), we obtain I; Nls = (0,1). In this case the invariant
straight lines can be written as

l1 51+Q1$—y:0, lzzl—l—agx—y:(), ai, as G(C, (11—(12750. (3)
Assume now that the invariant straight lines (2) are parallel, then by a rotation of
axes we can make them parallel to the axis of ordinates (Oy)

ctVez —4m
- =z
2

1172 =1+ =0. (4)
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In [7] there were proved the following assertions

Lemma 2.1. The cubic differential system (1) has two distinct invariant straight
lines of the form (3) if and only if the following coefficient conditions are satisfied

k:(a_l)(a1+a2)+gv l:—b, r:_f_]-v S:(l_a)a1a27
m = (a1 +az)(c — a1 —az) + a1as —a+d+2, ¢ = (a1 +az — cJaraz — g, (5)
p=(f+2)(a1+az2) +b—c, n=—(f+2)araz — (d+1).

Lemma 2.2. The cubic differential system (1) has two parallel invariant straight
lines of the form (4) if and only if the following conditions hold

a=f=k=p=r=0, m(c? —4m) #0. (6)
Let us consider the cubic curve
O(x,y) = 22 + y% + azoz® + a1 2%y + ap2y? + apzy® =0 (7)

with (aso, az1, a12, ap3) # 0 and azo, az1, a2, aps € R.

By Definition 2.1, the cubic curve (7) is said to be an invariant cubic for (1), if there
exists a polynomial with real coefficients K (z,y) = c102 + co1y + o022 + 112y + co2y?
such that the following identity holds

0P 0P
Definition 2.2. System (1) is integrable on an open set D of R? if there exists a
nonconstant analytic function F' : D — R which is constant on all solution curves
(z(t),y(t)) in D, i.e. F(x(t),y(t))=constant for all values of ¢ where the solution is
defined. Such an F is called a first integral of the system on D.

When F exists in D, all the solutions of the differential system in D are known
since every solution is given by F(z,y) = C, for some C € R. Clearly F is a first
integral of (1) on D if and only if

OF _OF
P +Q° =

5z tQ%, =0 (8)

A first integral constructed from invariant algebraic curves f;(z,y) =0, j =1,q
Flx,y) =" f° - fie=0C 9)

with a; € C not all zero is called a Darboux first integral.
In this paper we find the conditions under which the cubic differential system (1)
has Darboux first integrals of the form

F(z,y) = [21520% = C (10)

composed of two invariant straight lines I; = 0, [ = 0 and one irreducible invariant
cubic ® = 0 of the form (7), where «o; € C.

3. Two parallel invariant straight lines and one invariant cubic

In this section we find the center conditions for cubic differential system (1) having
two parallel invariant straight lines and one invariant cubic.
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Lemma 3.1. The cubic differential system (1) with two parallel invariant straight
lines (4) and one invariant cubic (7) has a Darboux first integral of the form (10) if
and only if one of the sets of conditions (1)—(iv) is satisfied:
(i)a=d=f=k=l=p=q=r=0,n=(-3m)/2, s = (4bg — 4b?> — 10bc — 6¢* +
6cg — 3m)/6;
(i) a=d=f=k=1l=p=q=r=0,c=2b, m=mn, n = [8u(3bv — 2gu)(g —
30)]/[9(2u — v)?], s = () /u;
(iii) a=d=f=k=Il=p=qg=r=0,m=[((u—2v)c+2bu)(c—2b)u]/[4(u—1v)?],
v]/[4(u —v)?], s = [((2b + 49 — ¢)u + (4b — 2¢ —
4g)v)(u +v)(c — 2b)]/[12(u — v)?];
(ivya=f=k=1l=p=r=0,c=-3b, g = [b(® - d?)]/(2d?), m = 3(b* + d?),
n==2(b*+d?), ¢ = [b(b* + d*)]/(2d), s = [-6*(b* + d*)]/(2d°).

Proof. Let the cubic system (1) have two invariant straight lines Iy = 0, I3 = 0 of the
form (4) and an invariant cubic ® = 0 of the form (7). In this case the system (1)
will have a Darboux first integral of the form (10) if and only if the identity (8) holds.
Identifying the coefficients of the monomials 'y’ in (8), we obtain a system of fifteen
equations

{Uij =0, i+7=3,4, 5} (11)

for the unknowns asg, as1, ai2, aps, a1, ag, ag and the coeflicients of system (1).
When ¢ + j = 3, we express as1, ag3, 1, a3 from the equations of (11). Next
express ag from U3 = 0, g from Usg = 0, [ from Upy = 0 and reduce the equations of
(11) by s from U31 = 0. Then U50 =0 and U05 = (a12 + b)d2 = 0.
I. Let d = 0, then U05 = U14 = U32 =0 and U23 = (112((1%2 — cay2 + m) =0.

We assume that g # b + ¢, otherwise the cubic curve (7) is reducible.

Suppose that a;2 = 0. Then n = (—3m)/2 and we obtain the set of conditions
(i) for the existence of a first integral (10) with aq = 3v/c?2 —4m — 4b — 3¢, ap =
3vVe2 —4m 4 4b+ 3¢, az = —2v/¢? — 4m and

ho=24(ctVR—4m)z =0, P =3(z* +y?) +2(g — c—b)a® = 0.

Suppose that ais # 0 and reduce the equation Uy; = 0 by a2, from Us3 = 0, then

Ugy1 = (2b—c)arg +2(m —n) =0.

If ¢ = 2b, then m = n, ajo = (24b*> — 8bg — 6n + 35)/[4(3b — g)] and Usz = 0
admits the following parametrization n = [8u(3bv — 2gu)(g — 3b)]/[9(2u — v)?], s =
[8v(3bv — 2gu) (g — 3b)]/[9(2u — v)?]. We get the set of conditions (ii) for the existence
of a first integral (10) with oy =0, ag = a3 =1 and

Iy = 6u — 3v + (12bu — 4gu)x = 0, Iy = 6u — 3v — (6bv — 4gu)x = 0,
® = 2(3b — g)(va? + 2uy®)z + 3(2u — v) (2% + y*) = 0.

If ¢ # 2b, then Uy = 0 yields aj;o = 2(m — n)/(c — 2b). The equation Usz = 0
admits the following parametrization m = [((u — 2v)c + 2bu)(c — 2b)u]/[4(u — v)?],
n = [((u—2v)c+ 2bu)(c — 2b)v]/[4(u — v)?]. We obtain the set of conditions (iii) for
the existence of a first integral (10) with oy =0, g = u — 2v, a3 = —u and

l1 =2u—2v+ (2bu+ cu — 2cv)r =0, Iy = 2u — 2v + (cu — 2bu)x = 0,
® = 2[((2b — ¢+ 4g)u + (4b — 2¢ — 4g)v)x? + 3(2bu + cu — 2cv)y?]+
+6(u —v) (2% +y?) = 0.

IT. Let d # 0, then Uy = 0 yields a1 = —b. We express s, n, m from the equations

Uss = 0, Uy = 0, Us; = 0, respectively. Then we calculate the resultant of the
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polynomials Usz and Uy with respect to g and obtain that (11) is compatible if and
only if ¢ = —3b and g = b(b* — d?)/(2d?). In this case we get the conditions (iv) for
the existence of a first integral (10) with oy = a2 =1, az = —1 and
lio=2—(3b+iV3b +12d2)x = 0, = 3d*(2? + y?) + (bx + dy)?(bx — 2dy) = 0.
In each of the cases (i)—(iv), the system (1) has a Darboux first integral of the form
(10) and therefore the origin is a center for (1). O

4. A bundle of two invariant straight lines and one invariant cubic

In this section we find the center conditions for cubic differential system (1) having
a bundle of two invariant straight lines and one invariant cubic.

Lemma 4.1. The cubic differential system (1) with a bundle of two invariant straight

lines (3) and one invariant cubic (7) has a Darboux first integral of the form (10) if

and only if one of the sets of conditions (v)—(xi) is satisfied:

V)e=1d=-2f=-1k=g, 1l =-bp=bqg=—g,r=s5=0m-=
(3¢? — 4b% — 4bc — 16) /16, n = —m;

(vi)d=2a-3, f=-3/2, g=21—-a)(b+¢), k=(1-a)(2b+¢), l=—-b, m=
(9a —4b? — 2bc+2¢*> —9)/9, n = (18 —18a+2b> +bc—c?)/9, p= (2b—c¢)/2, ¢ =
20a—-1)(b+¢), r=1/2, s =q(2b —¢)/9;

(vii) d =2(a—1), f=-2,1=—b, k= (29—2c+4b+3ac—6ab)/6, m = (c*—4b*)/4,
n=1-2a, q=(ac—2ab—29)/2, p=b—c, r =1, s = (4bc+ 4cg — 8bg — 4b* —
/12, (¢ —2b—4g)* — 3(2b+ ¢)(a — 1)(c — 2b — 4g) — 36a(a — 1)* = 0;

(viii) @ = (1 —v%)/2, ¢ = (3v? —2bv — 1)/v, d = =1 =% f = -2, 1 = —b,
g = (3v* + 602 —4bv — 1)/(4v), k = v(1 +2bv —0%)/2, r = 1, m = (9* —
12bv3 — 60% + 4bv + 1)/ (40?), p=b—c, n = v? = a3, ¢ = v(2bv — 1 — 3v?)/2,
s = (3v* — 4bv® + 202 — 4bv — 1) /4;

(ix)a=1,b=1l=s=0,d=f-1, k=g, ¢q=-29g, n=2r, r=—f—1,
c=g+4day, m=4gaz +f+1, p=4(f +1)az — g, a3 = 1/3;

(x) a=3(1-a})/2, b=1=0,c=4a; +as, d=2a—5,g=(3a} — a1 + 2az)/2,
k=aay, n=4—2a, f=-2,7=1, m = (3a? + 8ajaz — 3)/2, p = —c,
q = (a1 — 3ai — 6a%ax — 2a2)/2, s = araz(3ai —1)/2;

(xi) a = (3 —2ajaz —a2)/2,b =1 =0, ¢c = 3a1 + 2a2, d = 2a — 5, f = -2,
g=a2(3a2+1)/2, k = (a1 +2as — a3 —2a1a3) /2, m = (3a? +6ayaz + 2a3 — 3)/2,
p=—c,n=—d-1,r=1,q=—az(7a?+2a1a2+1)/2, s = ajaz(a?+2ajas—1)/2.

Proof. Let the cubic system (1) have two invariant straight lines Iy = 0, I3 = 0 of the
form (3) and one invariant cubic ® = 0 of the form (7) passing through a singular point
(0,1), i.e. aps = —1. In this case the system (1) will have a Darboux first integral of
the form (10) if and only if the identity (8) holds. Identifying the coefficients of the
monomials 'y’ in (8), we obtain a system of fifteen equations

for the unknowns asg, as1, a12, ai, ag, a1, as, ag and the coefficients of system (1).
When ¢ + j = 3, the equations of (12) yield
a1 = (2a+ 2d — 2f - 3)/3, aspg = (3&12 —2b— 20+ 29)/3,

o] = 043((4(1 —2d + 2f + 3)0,2 + 3(2b - 012))/(301 - 3@2), (13)
Qg = 043((—4@ + 2d — 2f — 3)@1 + 3(@12 — 2b))/(3a1 — 3&2).
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Substituting (13) in Upy = 0, we get Upy = b(d — 2a + 2f + 6) = 0. We have to
consider two possibilities: {d = 2a — 2f — 6}, {d # 2a —2f — 6, b = 0}.

I. Let d = 2a — 2f — 6, then Uyy = 0 and

e1 = Uiz + Uig = (a12 — a1)(a12 — a2)(f +2) = 0.

1. Assume that a1 = a1. Then Uz = (a1 + a2 — ¢)b = 0.

1.1. If ¢ = a3 +az, then Uss = (a— f —2)(a; —2a3 —2b) = 0. In case f = a—2 and
as = g — b — ay, the cubic curve (7) is reducible. In case f =a —2, a2 #g—b— a1
and a =1, a; = 3ag + 2b, we get the set of conditions (v) for the existence of a first
integral (10), with a3 =0, ag = =3, ag =1 and

Lh=2b+3c)x—4y+4=0,ls =(c—2b)x —4y+4=0,
® = (c—2b+8g)x3 + (6b+ 9c)xy? + 12(1 — y) (22 + y?) = 0.

Suppose that f # a — 2, then Uss = 0 yields a3 = 2(as + ). In this case Usz =
(2f+3)b=0. If f = —3/2, then g = 6(1 —a)(az +b). We obtain the set of conditions
(vi) for the existence of a first integral (10) with a3 =0, az = -2, ag =1 and

Lh=2b+c¢)r—3y+3=0,la=(c—2b)x—3y+3=0,
O =4(b+c)(1 —a)x® +6(a— 1)y +2(b+ c)ay? — 3y° + 3(22 + %) = 0.
If f #—3/2and b =0, then a = 1, f = a3 —1 and the system (12) is not consistent.
1.2. Suppose that ¢ # a1 + ag, then Uiz = 0 yields b = 0. In this case
es =Uss + U2 = (a— f—2)(a1 — 2a2)(f +2) =0.

1.2.1. If f = a — 2, then the equation Us3 = 0 implies a = ajas and Uy = 0
becomes Uyg = (a1az — 1)(¢c + 29 — 3a; — 3az) = 0. When ajas = 1, we get the set of
conditions (ix) with f = —1. When ajas # 1 and a1 = (¢ + 29 — 3a2)/3, then ¢ = 4g,
az = 0. We get the conditions (vii) with a = b= 0,c = 4g.

1.2.2. If f #a—2 and f = —2, then e; = 0. We express g from Uyy = 0 and «a
from Us; = 0. When a; = ¢/2, we obtain the set of conditions (vii) with b = 0. When
ay # ¢/2, we express ¢ from Usg = 0 and a from Uss = 0, then Usy # 0.

1.23. If f #a—2, f # —2 and a1 = 2a9, then e = 0. We express a from Usa =0
and g from Uy = 0. In this case the system of equations (12) has no solutions.

2. Assume that a1 # a1 and a2 = ag. This case is symmetric to the case 1
(a12 = a1), replacing as by a;. We get the sets of conditions (v) and (vi).

3. Assume that a1o # a1, a1z # as and let f = —2, then e; = 0. In this case the
equations Uyp = 0 and Uz = 0 yield g = [3(a1 + a2)(1 — a) + 3a(c — a12) + 2b — ¢]/2,
c=[(a1 + a2)(2b — a12) + ajaz + a?,]/(2b) and Usg = g19293 = 0, where

g1 =ai2 —az —2b, g2 = a2 —a; — 2b
gs = ((30,1 + 30,2 + 2())&12 — 3a12 — 3&1&2)& + (a12 - al)(alg — az).

3.1. Suppose that g; = 0, then a12 = as + 2b. In this case a% —aiay —2ba; —a =0
and we have the set of conditions (vii) for the existence of a first integral (10) with
a1 =0, ag =—1, a3 =1 and

lh=(c—2b—4g9)x+6(a—1)(1—y)=0,lb = (c—2b)x —2y+2 =0,
® = (2b—c+49)x® +6(2a — 1)2%y + 3(2b + ¢)zy? — 6y> + 6(x + y?) = 0.

3.2. Suppose that g; # 0 and g2 = 0. Then aj2 = a1 +2b and a = az(as —ay — 2b).
This case is symmetric to the case 3.1, if we replace as by a;. We obtain the set of
conditions (vii).

3.3. Suppose that g; # 0, go # 0 and g3 = 0. Then we express a from g3 = 0.
The system of equations {Us; = 0, Uz = 0} has real solutions if and only if a5 =
(3a3 — 1)/(2a2) and a; = (3a3 — 4bas — 1)/(2az). We get the set of conditions (viii)
for the existence of a first integral (10) with as = v, @y = —1, as =0, az =1, and
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I =Bv?—dbv— 1Dz +2v(1—y)=0,ls =vr—y+1=0,
O =02 (v? + 1)2® + 2v(1 — v?y)z? + (302 — 1)ay? + 2vy?(1 —y) = 0.

II. Let d #2 2a — 2f — 6 and b = 0. Then Uy, =0 and

e3 = Uiz + Uia = (a12 — a1)(a12 — a2)(f +2) = 0.

1. Assume a12 = a1, then U1z = 0 implies d = f—ajas. We express ¢ from Uss = 0.
In this case Usz = (a — aqaz2)(a1 — 2a2)(f +2) = 0.

1.1. When a = ajas, we have Uyg = (a1a2 — 1)(2a1 + 2a2 — 3g) = 0. If a1 = 1/ag,
then we obtain the set of conditions (ix) for the existence of a first integral (10) with
a1 =0, ac=-3, ag=landly =x—awy+as=0,lp =axx —y+1=0,

® = 9as(1 —y) (2% + y?) + z(2? + 9y?) = 0.

If ajas — 1 # 0 and g = 2(a; + a2)/3, then the cubic curve is reducible.

1.2. When a # ajas and f = —2, we express g from Uyg = 0. In this case we have

€4 = U32 + U31 = (2a +aja2 — 3)(@1 - 2a2)2a1a2 =0.

If a1 = 2ag, then a = 2a3 +3/2 and Us; # 0. If a; = 0, then a = 3/2 and this case
is contained in (x) (a1 =0, az = ¢). If ag = 0, then a = 3/2. This case is contained
in (xi), if we replace a1 by as and then put as = 0,a; = ¢/2.

If a = (3 — ajaz)/2 and ay = —aq, then this case is contained in (x) (ag = —c). If
a = (3 —ajaz)/2 and a1 = 3as, then this case is contained in (x), if we replace a1 by
as and then put ag = ¢/7.

1.3. When a # ajag, f # —2 and a3 = 2ag, then Uyg =0if a=1or ag = g/2. In
both cases the system (12) has no solutions.

2. Assume that ais # a1 and let a;o = ap. This case is symmetric to the case 1
(a12 = a1), if we replace ag by a;. We get the set of conditions (ix).

3. Assume that a1s # a1, a1z # ag and let f = —2. Then eg = 0. In this case we
express g, ¢ and a from the equations Usy = 0, Usz = 0 and Uy = 0, respectively.
Then Uyg = h1hs = 0, where
hl = alg(al + a9 — alg) — 3(11(12 —2d — 4, hg = (d + 2)(2@1 + 2(12 — &12) + 2(11(12(112.

3.1. Let h,l = 0, then U31 = (30,170,12)(3&27&12)(2@14’0,270,12)(&14’20,27(112) =0.
If a12 = 3aq, then we determine the set of conditions (x) for the existence of a first
integral (10) with a; = =3, ap =0, a3 =1 and

h=az—y+1=0,b=ax—y+1=0,0=(a12 —y)3+ (2% +y?) = 0.
If a15 = 2a; + a2, then we obtain the conditions (xi) for the existence of a first integral
(10), with oy = =2, ag = —1, ag =1 and
h=arx—y+1=0,ly=ax—y+1=0,
® = alaxx® — (a2 + 2a1a2)2%y + (2a1 + az)zy? — > + 2% +y? = 0.
If a12 = 3ag or a1z = a1 + 2aq, then we get the symmetric conditions to (x) and (xi).

3.2. Let hy # 0 and he = 0. In this case the system (12) has no real solutions.

In each of the cases (v)—(xi), the system (1) has a Darboux first integral of the
form (10) and therefore the origin is a center for (1). O

5. Two invariant straight lines and one invariant cubic in generic position
In this section we find the center conditions for cubic differential system (1) having

two invariant straight lines and one invariant cubic in generic position.

Lemma 5.1. The cubic system (1) with two invariant straight lines (3) and one
invariant cubic (7) in generic position has a Darboux first integral of the form (10) if
and only if one of the sets of conditions (xii)—(xiv) holds:
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(xii) a = [3h? + u(3 — 2h)(u + 2b)]/(2h?), g = [(3b + 2u)(2hu? — 3u® — h?)]/(2h3),
d = 2a—5, m = (28b%h? — 8b2h3 — 54b* + 8bch® — 12bch? — 18bch — 2¢2h3 —
c?h? —3h%)/(2h?), p = 4b — 2bh + ch — ¢, n = [(4h — 3)u® + bu(7Th — 6) + h?]/h?,
q = [(3b 4 2u)((2h — 3)(2b — w)u + h2)]/(2h?), | = —b, s = [u(3b + 2u)((2b +
w) (3 — 2h)u + h?)]/(2h%), k = [(66% + 8bu + 3u?)(2h — 3)u — 3h2(2b + )]/ (2h3),
r=1—h, h=f+2, u=2bh — ch— 6b;
(xiii) a = [(3f+5)*(f+2)+b°(3f+4)]/[(Bf +5)*(f+2)], c = [b(6f>+11f+2)]/[(3f +
5)(f+2)], d=[20°(3f+4)° = (f+2)(5f+T)(3f+5)*]/[(f +2)(3f +4)(3f +5)?],
g = b3V (3f+4)>—(2f +3)(3f+5)%)/[(f+2)(3f +5)%], k = [b2(3f+4)3+(f+
2)(2f +3)(3f +5) ]/[(f+2>2(3f+5)3], l=—b m=—[b*(3f +4)* (9f2 +22f +
12) +3(f+1)(f+2)? (2f+3)(3f+5)]/[(f+2>2(3f+4>2(3 +5)], n=—[b*(3f +
4)%(27f2+80f+60) —2(f +1)(f+2)(2f +3)(3f +5)%]/[(f + )(3f+4) (3f+5)%],
p = —[bOf* +22f +12)]/[(3f + 5)(f +2)], ¢ = —b[b*(3f +4)*(27f* + 85f +
66) — (f +1)(f+2)(2f +3)(3f +5)°]/[Bf +5)°Bf +4)(f +2)*, r=—f -1,
= —U[D?(3f +4)*(9f + 14) + (f +2)(2f +3)3f +5)’/[(f +2)*(3f +5)];
(xiv) a=3c2+1,b=1=0,d=2(92-2)/3, f =(-5)/3, g =c(92+1), k =g,
m=(-2)/3,n=(4—45¢%)/9, p= —c, ¢ = 2¢(—9c®> —1)/3, r =2/3, s = cg.

Proof. Let the cubic system (1) have two invariant straight lines Iy = 0, I = 0 of the
form (3) and one invariant cubic ® = 0 of the form (7) in generic position (ags # —1).
In this case the system (1) will have a Darboux first integral of the form (10) if and
only if the identity (8) holds. Identifying the coefficients of the monomials z'y? in
(8), we obtain a system of fifteen equations

{Uij =0, i+5=3,4, 5} (14)

for the unknowns asg, a1, a12, aps, a1, az, a1, @z, ag and the coefficients of system (1).
When i+j = 3, the equations of (14) yield d = (3ag1 —3a03—2a+2f)/2, g = (3azo—
3a12+2b+2¢)/2, an = az(as —2a) — ag, as = az(aia —2b+aq(ag —2a)) /(a1 — az).
Substituting this in Upy = 0, we get Upy = b(ag1 —ao3—2a+2f+4)—aq2(ags+1) = 0.
We consider two cases: {b# 0} and {b = 0}.

I. Let b # 0. In this case we express f from Uy, = 0 and ¢ from Uy3 = 0.

1. Assume that a;o = 0, then Uy = ag1(a21 — 2a + 2) = 0. When ag; = 0, the
system (14) is not consistent. If as; # 0 and az; = 2(a — 1), then the equations
of (14) imply a = (b + 4)/4, azo = b3/4, a1 = (4 — 3b? — 4bas)/(4az + 4b) and
4a3 + 8bay + 5b* + 4 = 0. This subcase is contained in conditions (xiii) (f = —1).

2. If a9 # 0, then express a from Uys = 0. We calculate the resultant of the poly-
nomials Up4 and Uyg with respect to a; and obtain Res(Uiy, Uso, a1) = 8b*a2g19293,
where

g1 = (a12 —2b)ags + a12, g2 = (a12 +b)agzas + (a2 +b)aia, g3 = a3y (aosaso + bags +
aso + b) + ba%z (a03a30 — baog — ba21 + ago) + 2b2a12a03(a30 — b) + 2b3a03a30.

Assume that g; = 0. Then apz = a12/(2b—a12). We express ag; from Uy = Uyg =
O, aso from U22 = 0 and obtain that U31 = f1f2f3f4 = 0, where

f1 = a12—3a1—-2b, fr = a12—3a2—2b, f3 = a13—az—2a1—-2b, f4 = a12—a1—2a2—2b.

If f1=0o0r fo =0, then the right-hand sides of (1) have a common factor.

If f3 =0 or f4 =0, then we get the set of conditions (xii) for the existence of a
first integral (10) with a3 =2, as =1, az3 = —1 and

h=ur+h(l—y)=0,lo=Bb+2u)z+h(y—1) =0,
® = (2h — 3)(hy — ux)?(3bx + 2uzx + hy) + 3h3(2? + y?) = 0.
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Assume that g3 # 0 and let go = 0. Then agz = [—ai2(az + b)]/(az(ai2 + b)].
We express as; from Uy = 0 and azg from Uyg = 0. In this case we have Usy =
ereses = 0, where ey = (baja — ajas)(aiz — 2b) + ai(a?y + 2b%) — 3basais, ez =

(3a2y—Taiaas —4bajs —4bas —4b%)(a2y — a1aas +2bag +2b%) —2(a12 —as) (a12 +b) aisa3,
€3 = (a%z — aioa9 + 2bas + 2b2)(a12 —3as — 5b) — 2(@12 — a9 — b)(a12 + b) a2

If e = 0, then a1 = [ba12(3az + 20 — a12)]/[(a12 — a2)aiz + 2b(as + b)] and the
equation Us; = 0 admits the following parametrization a1z = wWu, ag = wv, b = wz,
w? = (u? — uv + 20z + 222)2/[2(22% + 2vz + uv — u?) (u + 2)%02].

In this case the system of equations (14) is not consistent.

If e; # 0 and ey = 0, then the equation es = 0 admits the following parametriza-
tion ajp = wu, ag = wv, b = wz, w? = [(3u? — Tuv — duz — 4vz — 422)(u? — wv +
20z + 222)]/[2(u — v)(u + 2)?uv?]. In this case we express a; from Uy; = 0 and cal-
culate the resultant of the polynomials Us; and Usy with respect to z. We find that
Res(Usy, Uaz, 2) # 0 and the system of equations (14) is not consistent.

If eyes # 0 and eg = 0, then the equation eg = 0 admits the following parametriza-
tion ajp = wu, ay = wv, b = wz, w? = [(u? — v + 2vz + 22%)(u — 3v — 52)]/[2(u —
v — 2)(u + 2)*v?]. The system of equations (14) is not consistent.

Assume that g1g2 # 0 and let g3 = 0. Then express ag; from g3 = 0 and a; from
Uig = 0. If a1 = —b or aj2 = 2b or agp = 0, the system of equations (14) is not
consistent.

Suppose that (ajz + b)(ajz — 2b)azg # 0. We reduce the equations of (14) by a3
from Us; = 0 and express azg from Usyg = 0. Then the equation Uy = 0 yields
aogz = a25/[(2b — a12)(b + a12)]. In this case we obtain the set of conditions (xiii) for
the existence of a first integral of the form (10) with oy = @ =1, az = —1 and

li2 = (9bf2 +27bf + 200 £ VA)x + (3f +5)(3f +4)(f +2)(y — 1) =0,
® = 2(3bfx + 4bx + 3f%y + 11 fy + 10y)(3bfx + 4bx + 32y + 8fy + 5y)%+
+Bf+5)°Bf +4)(f +2)(2? +y*) =0,
where A = (=2f —3)(b*(3f +4)* + (f +2)%(3f +5)?).

IT. Let b =0, then a12 =0, aso = 2(9 — ¢)/3, a21 = (3aps + 2d — 2f + 2a)/3 and

Uiz = 3a3; + 3a1a2a03 + (4f — 4a — 4d + 3)aos + 2(d — 2a + 2f + 6)ajas+
+da(f —d—1)+2(d — f)(d+2f +4) =0,

U14 = 3(1%3((110,2 + d + 1) + a1a2a03(7f —4a + 2d + 18)+
+ap3(2d® — 2df +11d — 8f — 4ad — 4a +3) —4(a+d — f)(f +1) = 0.

1. Assume that ap3 = 0, then U1y = (a+d— f)(f+1) =0. If f = a+d, the cubic
(7) is reducible. If a +d — f # 0 and f = —1, then the system (14) is not consistent.

2. Assume that agsz # 0 and let f = —1. In this case U4 = i1i5 = 0, where

il :4a—2d—3a03— 11, ig :a1a2+d+ 1.

If i1 = 0 and ¢ = a; + az, then we get the set of conditions (xii) (b =0, f = —1).

If i; = 0 and ¢ # a1 + ag, then @ = 1 and the system (14) is not consistent.

Suppose that i; # 0 and let i3 = 0, then d = —ajas — 1. We express a from Uz =0
and c from U3 = 0. If ag = —a; and ap3 = (al 3)/3, then the right-hand sides of
(1) have o common factor. If ay = —a; and 3a3; — Tagza? — 4a? — a3 — 4 = 0, then
the cubic (7) is reducible. When ag # —aq, the system (14) is not consistent.

3. Suppose that (f + 1)ags # 0. If d = —2 or ay = 0, then the cubic system (1)
has no an irreducible invariant cubic.
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4. Suppose that (f 4+ 1)(d + 2)azaps # 0. We calculate the resultant of the
polynomials Uy4 and Uz with respect to a; and obtain that Res(Ui4, Uiz, a1) =
agagrlrg, where

r1 = 3a3; + ao3(7f —4a —7d + 3) + 4(f —a — d),
ro = 3a; + aoz(4f — 4a +2d + 15) + 2(2af + 2a — df —d — 2% — 8f — 6).

Let 1 = 0 and express a from r; = 0. Then Uy3 = 0,U14 = 0imply a1 = (f—d)/as.
Reducing the equations of (14) by a2 from Uss = 0 we find that Usz = hihohz = 0,
where hy = ¢ — g, ha = 3a3; + aps3(f —d +5) + 2,

hs = 3(d + 2)ads + aos(f? — 3df —d —2f +2) — 2(df +d + 2f + 2).

If hy = 0, then the right-hand sides of (1) have a common factor. If h; # 0 and
ho =0, thend = (3a%3+(f+5)a03+2)/a03 and Uy = (3a03+4)(3a03+1)(20—5g) =0.

When ap3 = —4/3 or aps = —1/3, the right-hand sides of (1) have a common
factor. When g = (2¢)/5, the system (14) is not consistent.

Assume that hihe # 0 and let hg = 0. Then express d, g from the equations hg = 0,
Ui = 0 and reduce the equations of (14) by ¢? from Usg = 0. If agz = (2f +1)/3,
then we obtain the set of conditions (xii) (b =0, f = (=3¢? —2)/(2¢* + 1)).

Let aps # (2f + 1)/3 and denote j1 = 9agsz + 8, jo = ap3z + 2, j3 = 3ags — 4,
Ja = 3ap3 + 4, j5 = 3ap3 + 1, jg = 675&83 + 1530&%3 + 1116ag3 + 256.

If j1jo - - - j¢ = 0, then the system (14) is not consistent. Assume that jijo - - jg # 0
and calculate the resultant of the polynomials Uy and Us; with respect to a;. We
find that Res(Uy1,Us1,a1) # 0 and the system (14) is not consistent.

Assume that ;1 # 0 and let ro = 0. We express a from ro = 0, ay from U3 = 0
and g from Uz = 0. Then Usz = s152=0, where

512 3(d+ 2)a2 — (( +2)(a2 — )as + (d+2)(2f — )aos — 27 + 1)(d+2),
Sg = 30,33 - (4f + 3)&03 + 2(f + 1)2

Suppose that s; = 0 and express d from s; = 0. In this case Uy = ¢(3aps—2f—1) =
0. Ifags = (2f+1)/3, then we get the set of conditions (xii) (b = 0). If aps # (2f+1)/3
and ¢ = 0, then we obtain the conditions (xiii) (b = 0).

Suppose that s; # 0 and let ss = 0. Then the equation s; = 0 admits the
parametrization agz = (—2)/(u? +2), f = (—u? —u —4)/(u? + 2).

We reduce the equations of (14) by a3 from Uy = 0. If d = u(5—2u)/(u?+2), then
Uso = 0 and the system (14) is not consistent. If d # u(5 — 2u)/(u? + 2), then reduce
the equations of (14) by ¢? from Uso = 0. In this case we get the set of conditions
(xiv) for the existence of a first integral (10) with @1 = as = 1, ag = —1 and

h=l—-ax—-—y=0,b=14ax—y=0,
® = 2(3cx — y)(3cx + 2y)? + 9(z? + y*) = 0,
where 3a3 = 9¢2 + 1.

In each of the cases (xii)—(xiv), the system (1) has a Darboux first integral of the

form (10) and therefore the origin is a center for (1). O

6. Proof of the Main Theorem

The proof of the main result, Theorem 1.1, follows directly from Lemmas 3.1, 4.1
and 5.1. The existence of a center for system (1), in Cases (i) — (xiv), is equivalent to
the existence of the Darboux first integrals of the form (10) defined in a neighborhood
of the origin [17].
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