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Superposition operators on some new type of order modular
spaces

E. Herawati and M. Mursaleen

Abstract. In this paper, we introduce E-valued sequence spaces, namely X(E, ρf ), where E
is a Riesz space, ρf an order modular and f is an order ϕ-function. Further, we characterize

the classes X(E, ρf ) into `1(E, ρh) by superposition for X ∈
{
c0, `1

}
.
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1. Introduction and preliminaries

Let E be a Riesz space with a cone E+. In this work, we introduce and study E-valued
sequence spaces defined by an order modular ρf , where f is an order ϕ-function.

For any E-sequence space X(E) and a real number α > 0 we define the set

X(E, ρf )) =

{
x = (xk) ∈ Ω(E) :

(
ρf
(xk
α

))
∈ X(E)

}
,

where ρf
(xk
α

)
= f

(xk
α

)
for every k.

We show that X(E, ρf ) is an ideal Riesz space under coordinate wise ordering. We
obtain the sufficient condition for the superposition operator acting from X(E, ρf )
into `1(E, ρh); and the necessary condition of the superposition operator acting from
X(E, ρf ) into `1(E, ρh) where f and h are order ϕ-function. Finally, we obtain the
sufficient and necessary condition of the superposition operator Pg from X(E, ρf ) into
`1(E, ρh) where X ∈ {c0, `1}.

An even function f : E → E+ is called order ϕ-function if f is vanishing at zero,

non-decreasing in E+ and if xk
o−→ t in E implies f(xk)

o−→ f(t). Furthermore, a
function ρ : E → E+ is called an order modular if
(i) ρ(t) = θ if and only if t = θ

(ii) ρ(t) = ρ(|t|)
(iii) ρ(t1 ∨ t2) ≤ ρ(t1) + ρ(t2).
Let N be the set of all natural numbers and let g : N×E → E be such that g(k, 0) = 0
for every k ∈ N. If X and Y are two E-sequence spaces then the function Pg : X → Y
is called a superposition operator if

Pg(x) =
(
g(k, xk)

)
for every x ∈ X.

In an implicit form, the superposition operator can be found in the terminology as
”composite operator”. For case E = R, the characterization of Pg was given by

several authors. For example, S̆ragin [1] defined the superposition operator on Orlicz
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sequence space. Appel and Dedegich [2] defined for the classical sequence spaces
`∞, c0, and `p (1 ≤ p <∞). Other researchers such as [3, 4, 5, 6, 7] have shown some
properties of superposition operator Pg on some real sequence spaces.

The notation xn ↓ (resp. xn ↑) is used for decreasing (resp. increasing) sequence
in E and xn ↓ x (resp.xn ↑ x) provided that xn ↓ and inf xn = x exists in E (resp.
xn ↑ and supxn = x exists in E). If every nonempty countable subset of E that
is bounded from above has supremum, then E is called Dedekind σ-complete (or,
equivalently, if 0 ≤ xn ↑ ≤ x implies the existence of sup {xn : n ∈ N}. A Riesz space
E is Archimedean if 1

nx ↓ 0 for each x ∈ E+.
A sequence (xn) ⊂ E is said to be σ-order convergent to x ∈ E, denoted by

xn
o−→ x or x = o − lim

n→∞
xn, if there exists a sequence pn ↓ 0 in E such that

|xn − x| ≤ pn holds for all n. In this case x ∈ E is called order limit of the sequence
(xn) where |x| = x ∨ (−x) for any x ∈ E. A sequence can have at most one order

limit. Indeed, if xn
o−→ x and xn

o−→ y, then pick two sequences (pn) and (qn) with
pn ↓ 0 and qn ↓ 0 such that |xn − x| ≤ pn and |xn − y| ≤ qn for all n and note that

0 ≤ |x− y| ≤ |xn − x|+ |xn − y| ≤ (pn + qn) ↓ 0 for all n

implies x = y. The norm ‖ · ‖ in E is called a Riesz norm if |x| ≤ |y| in E implies
‖x‖ ≤ ‖y‖. Any Riesz space equipped with Riesz norm is called a normed Riesz space.
However, norm convergence and σ-order convergence do not coincide. A complete
normed Riesz space is called a Banach lattice. Furthermore, we say a Riesz norm ‖ · ‖
in E has

(i) the Riesz-Fischer property, if for any sequence (xk) ⊂ E+ for which
∞
Σ
k=1
‖xk‖ <

∞, then the order limit of
∞
Σ
k=1

xk exists and
∥∥∥ ∞Σ
k=1

xk

∥∥∥ ≤ ∞
Σ
k=1
‖xk‖.

(ii) the σ-Fatou property, if ‖xk‖ ↑ ‖x‖ whenever θ ≤ xk ↑ x
It is easy to see that σ-Fatou property property implies the Riesz-Fischer property,

but not conversely.
For notation and the facts regarding Riesz spaces we refer to [8, 9]. We have

Theorem 1.1. The normed Riesz space E is a Banacah lattice if and only if E has
the Riesz-Fischer property.

The space of all E-valued sequences is denoted by Ω(E). Any linear subspace of
Ω(E) is called E-valued sequence space. We denote the kth term of a sequence x in
an E-sequence space by xk in E, and write x = (xk).

As examples of E-valued sequence spaces, we recall the following spaces [10, 11]
which are needed in this paper.

• `1(E) =
{
x = (xk) ∈ Ω(E) :

(
∃a ∈ E

)
,

n∑
k=1

|xk|
o−→ a

}
• c(E) =

{
x = (xk) ∈ Ω(E) :

(
∃a ∈ E

)
, xk

o−→ a
}

• c0(E) =
{
x = (xk) ∈ Ω(E) : xk

o−→ 0
}
.

Furthermore, let E be a real Köthe sequence space and ϕ be an Orlicz function.
The space Eϕ introduced by Calederon-Lozanovsk̀ı̀ı [12] is defined as follows

Eϕ =
{
x = (xk) ∈ Ω(R) : Iϕ(cx) <∞ for some c > 0

}
where Iϕ is a convex semi-modular on Ω(R) defined by
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Iϕ =

{
‖ϕ(x)‖E if ϕ(x) ∈ E
∞ otherwise

and equipped with Luxemberg-Nakano norm

‖x‖ϕ = inf
{
λ > 0 : Iϕ(x/λ) ≤ 1

}
(se [13, 14, 15] and [16]).

Lemma 1.2. Let ρ be an order modular on a Riesz space E. Then
(i) if 0 ≤ t1 ≤ t2 in E implies ρ(t1) ≤ ρ(t2).

(ii) ρ(αt) = |α| ρ(t) for |α| ≤ 1.

(iii) if αi ∈ R+ and ti ∈ E for every i = 1, · · ·n such that
n∑
k=1

αi = 1, then

ρ
( n∑
k=1

αiti
)
≤

n∑
k=1

ρ
(
ti
)
.

For any E-sequence space X(E) and a real number α > 0 we define the set

X(E, ρf )) =

{
x = (xk) ∈ Ω(E) :

(
ρf
(xk
α

))
∈ X(E)

}
where ρf

(xk
α

)
= f

(xk
α

)
for every k.

The following example shows that the set X(E, ρf ) may not be linear.

Example 1.1. Let X(E) = `∞(E) and u > 0 be a unit in E. Then there exists a real
number λ > 0 such that |t| ≤ λu for every t ∈ E. Therefore, there exists a positive
real number sequence (λk) where λ ≤ λk ↑. If we define order ϕ-function by

f(t) =


|t|
2λ

if t ≤ λu

α

t

2λ
if t >

λu

α

and take a sequence x = (λuk) where uk = u for every k, then sup
k≥1

f
(λuk
α

)
=

u

2α
∈ E.

Hence x ∈ `∞(E, ρf ). But 2x = (2λuk) 6∈ `∞(E, ρf ) for every k, because

sup
k≥1

f
(2λuk

α

)
≤ sup

k≥1
f
(2λku

α

)
=
u

α
sup
k≥1

λk undefined in E.

Therefore `∞(E, ρf ) is not a sequence space.

It is easy to check that X(E, ρf ) is E-sequence space under restriction on X(E).

2. Topological properties of X(E, ρf )

We have the following basic result (see [4]).

Theorem 2.1. If X(E) be an ideal in Ω(E), then X(E, ρf ) is an ideal Riesz space
under coordinate-wise ordering.

Now we prove the following:

Theorem 2.2. Let X(E) =
(
X(E), ‖ · ‖X(E)

)
be an ideal normed Riesz space in

Ω(E). If X(E) has the σ-Fatou property, then X(E, ρf ) is a Banach lattice equipped
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with the following norm

‖x‖ = inf
{
ε > 0 : ‖ρf

(x
α

)
‖X(E) ≤ 1

}
for every x ∈ X(E, ρf ), where ρf

(x
α

)
=
(
ρf
(xk
α

))
.

Proof. Theorem 2.1 gives that X(E, ρf ) is an ideal Riesz space. It is easy to show
that X(E, ρf ) is a normed Riesz space. Furthermore, we will show the norm ‖ · ‖ has
the σ-Fatou property. If it fails, then there exists a sequence (xn) ⊂ X(E, ρf )

xn = (xnk ) = (xn1 , x
n
2 , · · · )

for every n and x ∈ Ω(E); where 0 ≤ xn ↑n ≤ x and ‖xn‖ 9 ‖x‖ as n → ∞. Since
‖xn‖↑n< ∞, it follows that there exists r ∈ R such that r = sup {‖xn‖ : n ∈ N}.
Since f is a nondecreasing function on E+, we have ρf

(
xn/(r + 1)

)
↑n ρf (x/r). By

the definition of ‖·‖X(E), we have∥∥∥ρf( xn

r + 1

)∥∥∥
X(E)

≤
∥∥∥ρf( xn

‖xn‖φ

)∥∥∥
X(E)

≤ 1.

for every n ∈ N. Next, since X(E) has the σ-Fatou property, it follows that∥∥∥ρf( x

r + 1

∥∥∥
X(E)

= lim
n→∞

∥∥∥ρf( xn

r + 1

)∥∥∥
X(E)

≤ 1.

Hence, ‖xn‖ ≤ r + 1. Since ‖xn‖ 9n ‖x‖, there exists a real number ε0 > 0 and
subsequence

(
‖xnj‖

)
⊂ (‖ xn‖) such that ‖xnj‖ ≤ ‖x‖ −ε0 for every j ∈ N. Therefore∥∥∥ρφ( xnj

‖x‖−ε0

)∥∥∥
X(E)

=
∥∥∥ρφ( xnj

‖xnj‖

)∥∥∥
X(E)

≤ 1.

Since
(
‖x‖−ε0

)−1
xnj ↑j

(
‖x‖−ε0

)−1
x and X(E) has σ-Fatou, we get∥∥∥ρφ( x

‖x‖−ε0

)∥∥∥
X(E)

= lim
j→∞

∥∥∥ρφ( xnj

‖xnj‖

)∥∥∥
X(E)

≤ 1.

Hence, ‖x‖ ≤ ‖x‖ −ε0 which is impossible. Therefore, X(E, ρf ) has the σ-Fatou
property. Consequently, X((E, ρf ) is a Banach lattice. �

3. Superposition operators on X(E, ρf )

Let E be a Dedekind σ-complete Riesz space equipped with the Riesz norm ‖ · ‖E
and let g : N× E → E be such that g(k, 0) = 0 for each k ∈ N.

We begin with the following theorem which gives the sufficient condition for the
superposition operator acting from X(E, ρf ) into `1(E, ρh) where f and h are order
ϕ-function.

Theorem 3.1. Let X(E, ρf ) be an E-valued sequence space, where X ∈ {c0, `1}. If
there exist an E-sequence d = (dk) ∈ `1(E)+, c ∈ E+ and a non negative real number
γ such that for every t ∈ E, f(t) ≤ c implies h

(
g(k, t)

)
≤ dk + γ f(t). Then the

superposition operator Pg maps the space X(E, ρf ) into the space `1(E, ρh).

Proof. Firstly, consider the case X = `1. For any x = (xk) ∈ `1(E, ρf ), we will show
that there exists x0 ∈ E such that
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n∑
k=1

h
(
g(k, xk)

) o−→n x0.

Since x = (xk) ∈ `1(E, ρf ), it follows that there exists c1 ∈ E such that
n∑
k=1

(xk) ↑n c1.

Therefore, under the hypotheses

h
(
g(k, xk)

)
≤ dk + γf(xk) for every k,

we have
n∑
k=1

h
(
g(k, xk)

)
≤

n∑
k=1

dk + γ
n∑
k=1

f(xk) ≤
n∑
k=1

dk + γc1.

Since (dk) ∈ `1(E)+, we see that there exists c2 ∈ E+ such that
n∑
k=1

dk ↑n c2. Then

n∑
k=1

h
(
g(k, xk)

)
↑n≤ c where c = c2 + γc1.

Since E is Dedekind σ-complete, there exists x0 ∈ E such that
n∑
k=1

h
(
g(k, xk)

)
↑ x0,

which shows that Pg(x) =
(
g(k, xk)

)
∈ `1(E, ρh) for every x ∈ `1(E, ρf ).

Secondly, suppose X = c0 and consider x = (xk) ∈ c0(E, ρf ), then there exists a
sequence pk ↓ 0 in E such that f(xk) ≤ pk for every k. It follows that f(xk) ≤ p1
for every k ≥ k0. Furthermore, under the hypotheses and the same argument of the
first case, we have Pg(f) =

(
g(k, xk)

)
∈ `1(E, ρh). This shows that the superposition

operator Pg maps the space X(E, ρf ) into the space `1(E, ρh).
This completes the proof. �

The next theorem gives the necessary condition of the superposition operator acting
from X(E, ρf ) into `1(E, ρh) where f and h are order ϕ-function.

Theorem 3.2. Let X(E) be E-valued sequence space, where X ∈ {c0, `1} and let
g : N×E → E be a function such that g(k, 0) = 0 for every k ∈ N. If Pg : X(E, ρf )→
`1(E, ρh) is superposition operator, then there exist a real number δ > 0 and c ∈ E+

and sequence a = (ak) ∈ `1(E)+ such that for every sequence (xn) ∈ X(E, ρf ),
n∑
k=1

f
(
δ−1xnk

)
≤ c implies

n∑
k=1

h
(
g(k, xk)

)
≤

n∑
k=1

ak, for every n ∈ N.

Proof. We take the case X = `1. That is Pg : `1(E, ρf )→ `1(E, ρh) is a superposition
operator. Let x = (xk) ∈ `1(E, ρf ) where `1(E, ρf ) has σ-Fatou property. Then there

exists x0 ∈ E such that ‖sn‖↑n ‖x0‖, where sn =
n∑
k=1

f(xk). Therefore, there exists

real number δ > 0 such that 0 < δ < ‖x0‖. Furthermore, for any n ∈ N, we define
the function Gn : Ω(E)→ E by

Gn(x =
n∑
j=1

ϕ
(
g(j, xj)

)
.

For the real number δ > 0, we define the operator

F : Ω(E)→ E+ by F (x) =
n∑
j=1

f
(xj
δ

)
.
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Since Φ
(

Ω(E)
)
⊂ E is an order bounded subset, it follows that there exists v ∈ E+

such that F
(
Ω(E)

)
≤ c. If for any k, n ∈ N, we take zkn =

n∑
j=1

f
(
δ−1xkj

)
, then for

every k ∈ N we get zkn ↑n≤ c. Since E is a Dedekind σ-complete, we see that for every
k ∈ N there exists y = (yk) such that zkn ↑n yk. It means zk = (zkn)n≥1 ∈ `1(E, ρf )
and Φ(zk) ↑k F (y). Then

F (y) = sup{F (zk) | F (zk) ≤ h}.

Therefore, for every k ∈ N there exists yk ∈ E such that
p∑
k=1

f
(xk
δ

)
≤ c and

p∑
k=1

h
(
g(k, yk)

)
= sup

{ p∑
k=1

h
(
g(k, zkn)

)
|

p∑
k=1

f
(
δ−1zkn

)
≤ h

}
.

Next, we shall show that there exists x0 ∈ E such that
p∑
k=1

h
(
g(k, yk)

) o−→p x0.

Since F (y) =
n∑
k=1

f
(yk
δ

)
≤ c in the Dedekind σ-complete Riesz space E, there

exists u ∈ E+ such that
n∑
k=1

f
(yk
δ

)
↑p u. Hence, a sequence y = (yk) ∈ `1(E, ρf ).

Since Pg is a superposition operator, there exists x0 ∈ E such that
n∑
k=1

f
(yk
δ

) o−→p f0.

Let ak = h
(
g(k, yk)

)
be any sequence, then there exist a sequence (ak) ∈ `1(E, ρh)+

and a real number δ > 0 such that
n∑
k=1

h
(
g((k, xk

)
≤

n∑
k=1

ak for every n ∈ N.

This proves the theorem. �

By using Theorem 3.2, we get the following theorem:

Theorem 3.3. Let X(E) be E-valued sequence space, where X ∈ {`1, c0} and let
g : N×E → E be such that g(k, 0) = 0 for every k ∈ N. If Pg : X(E, ρf )→ `1(E, ρh)
is a superposition operator, then there exist an E- sequence (dk) ∈ `1(E)+, a real
number γ ≥ 0 and c ∈ E+ such that f(t) ≤ c for every t ∈ E which implies that
h
(
g(k, t)

)
≤ dk + γf(t).

In this case γ = 0, whenever X = c0.

Proof. Let Pg : X(E, ρf )→ `1(E, ρh) be a superposition operator where X = `1 and
let x = (xk) ∈ `1(E, ρf ) be a any sequence. Then under the same arguments as in
Theorem 3.2, there exist δ ∈ (0, 1) and c ∈ E+ such that f(xk) ≤ δc. We define

ψ(k, t) =

{
h
(
g(k, t)

)
− δ−1f(t/δ) if h

(
g(k, t)

)
≥ δ−1f(t/δ)

0 otherwise

Therefore ψ(k, t) ≥ 0 for every k ∈ N. Since the set
{
t ∈ E : f(t/δ) ≤ c

}
=
{
t ∈

E : t/δ ≤ f−1(c)
}

is bounded from above in the Dedekind σ-complete Riesz space

E, there exists v = sup
{
t ∈ E : t/δ ≤ f−1(h)

}
∈ E. Next, let t = zk. Then for every

N ∈ N we should show the following summation
N∑
k=1

f
(zk
δ

)
could be decomposed as
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N∑
k=1

f
(zk
δ

)
=

N1∑
k=1

f
(zk
δ

)
+

N−2∑
k=N1+1

f
(zk
δ

)
+ · · ·+

N−∑̀
k=N`−1+1

f
(zk
δ

)
=
∑
(1)

f
(zk
δ

)
+
∑
(2)

f
(zk
δ

)
+ · · ·+

∑
(`)

f
(zk
δ

)
where ∑

(i)

f
(zk
δ

)
=

Ni∑
k=Ni−1+1

f
(zk
δ

)
< c for every i = 1, 2, · · · , `− 1 with

N0 = 0 and
h

2
≤
∑
(`)

f
(zk
δ

)
≤ c.

If
N∑
k=1

f
(zk
δ

)
≤ h, then ` = 1 and

∑
(1)

f
(zk
δ

)
=

N∑
k=1

f
(zk
δ

)
.

If it is not so, take the least natural number N1 such that

N1∑
k=1

f
(zk
δ

)
≥ c and

N1−1∑
k=1

f
(zk
δ

)
< c.

Since f
(
zN1

)
≤ c, we have

N1∑
k=1

f
(zk
δ

)
=
N1−1∑
k=1

f
(zN1

δ

)
+ f

(
zN1

)
< 2c.

Next, if
∑
(1)

f
(zk
δ

)
=

N1∑
k=1

f
(zk
δ

)
and

N∑
k=N1+1

f
(zk
δ

)
≤ h, then ` = 2.

If it is not so, take the least natural number N2 such that

N2∑
N1+1

f
(zk
δ

)
≥ c and

N2−1∑
N1+1

f
(zk
δ

)
< c.

Since f
(
zN2

)
< c, we see that

c ≤
N2∑

k=N1+1

f
(zk
δ

)
=

N2−1∑
k=N1+1

f
(z2
δ

)
+ f

(
zN2

)
< 2c.

If
∑
(2)

f
(zk
δ

)
=

N2∑
k=N1+1

f
(zk
δ

)
and

N∑
k=N2+1

f
(zk
δ

)
< c, then ` = 3,

If we continue this process then the decomposition like above will be obtained.
As in the proof of Theorem 3.3, there exists a sequence (ak) ∈ `1(E, ρh)+. Further,

if we put ck = ψ(k, zk), we shall show that for every N ∈ N
N∑
k=1

ck ≤
N∑
k=1

ak.

Since

h
(
g(k, zk)

)
≥ f

(zk
δ

)
for every k ∈ N,

we have
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N∑
k=1

ck =
N∑
k=1

h
(
g(k, zk)

)
−

N∑
k=1

f
(zk
δ

)
=

`1∑
j=1

h
(
g(k, zk)

)
−
`−1∑
j=1

f
(zk
δ

)
for every j, where 1 ≤ j ≤ `. Putting zj = (z

(j)
k ) by

z
(j)
k =

{
zk for some index k in

∑
j

1 otherwise

Then for every j, 1 ≤ j ≤ `, we obtain

N∑
k=1

f
(z(j)k
δ

)
=
∑
j

f
(zk
δ

)
≤ c and

N∑
k=1

h
(
g(k, z

(j)
k )
)

=
∑
j

h
(
g(k, z

(j)
k )
)
,

which means
N∑
k=1

h
(
g(k, z

(j)
k )
)
≤

N∑
k=1

ak. Furthermore, for j, 1 ≤ j ≤ `, we have

∑
j

h
(
g(k, z

(j)
k )
)
≤

N∑
k=1

ak.

Therefore, for every N ∈ N
N∑
k=1

ck ≤ `
∑
j

h
(
g(k, z

(j)
k )
)
− (`− 1)

∑
j

f
(zk
δ

)

≤ `
N∑
k=1

ak − (`− 1)c.

Since
N∑
k=1

ak ↑ c for N →∞ and E is a Dedekind σ-complete, there exists v ∈ E such

that
N∑
k=1

ck
o−→ v in E for N →∞. Hence, there exists (ck) ∈ `(E)+.

Furthermore, since for every k ∈ N, h
(
g(k, t)

)
≥ f(t), we have

h
(
g(k, t)

)
≤ ck + δ−1f(t) for f(t) ≤ f

( t
δ

)
≤ δc.

On the other hand, if h
(
g(k, t)

)
< δ−1f(t), then h

(
g(k, t)

)
< ck + 2δ−1f(t). Take

γ = 2δ−1, then there exists γ > 0 such that

h
(
g(k, t)

)
< ck + γf(t) for f(t) ≤ c.

This completes the proof. �

Finally, we shall apply the Theorem 3.1 and 3.3 to obtain the sufficient and neces-
sary conditions of the superposition operator Pg from X(E, ρf ) into `1(E, ρh), where
X ∈ {c0, `1}.

Theorem 3.4. Let X ∈ {c0, `1}. Then Pg : X(E, ρf )→ `1(E, ρh) is a superposition
operator if and only if there exist a sequence (dk) ∈ `1(E)+, c ∈ E+ and a real number
γ ≥ 0 such that
h
(
g(k, t)

)
≤ dk + γ f(t) whenever f(t) ≤ c.

In this case γ = 0, whenever X = c0.
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4. Conclusion

In this paper, we introduced E-valued sequence spaces, namely X(E, ρf ), where
E is a Riesz space, ρf an order modular and f is an order ϕ-function. We proved
that If an ideal normed Riesz space X(E) has the σ-Fatou property, then X(E, ρf )
is a Banach lattice. Further, we have characterized here the classes X(E, ρf ) into
`1(E, ρh) by superposition for X ∈

{
c0, `1

}
.
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