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New generalized inequalities using arbitrary operator means
and their duals

LEILA NASIRI AND MOJTABA BAKHERAD

ABSTRACT. In this article, we present some operator inequalities via arbitrary operator means
and unital positive linear maps. For instance, we show that if A, B € B(H) are two positive
invertible operators such that 0 < m < A, B < M and o is an arbitrary operator mean, then

®P(AoB) < KP(h)®P(BotA),

2
where o is dual o, p > 0 and K (h) = %%:? is the classical Kantorovich constant. We also
generalize the above inequality for two arbitrary means o1, o2 which lie between o and ot.
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1. Introduction

In this paper, B(H) denote the C*-algebra of all bounded linear operators on a complex
Hilbert space (H, (-,-)). I stands for the identity operator. A self-adjoint operator
A € B(H) is said to be positive if (Az,z) > 0 for all € H, and in this case we write
A > 0. For self-adjoint operators A, B € B(H), the order relation A < B means that
B — A >0. A linear map & is positive if ®(A) > 0 whenever A > 0. It is said to be
unital provided that it preserves the identity operator, that is, ®(I) = I.

The axiomatic theory for pairs of positive operators has been developed by Kubo
and Ando [10]. If A,B € B(H) are two positive invertible operators, then the
v—weighted arithmetic mean, geometric mean and harmonic mean of A and B are

denoted by AV, B, A, B Al, B, respectively, and are defined as follows
AV,B=vA+(1-v)B,  Af,B=A} (A—%BA—%)” A3
and
Al,B=wA ' +(1-v)B~H™
When v = %, we write AV B, AfB and A!B for the arithmetic mean, geometric mean

and harmonic mean, respectively. The v—weighted arithmetic-geometric (AM-GM)
operator inequality, which is proved in [16] says that if A, B € B(H) are two positive

operators and 0 < v < 1, then Aff, B < AV, B. For a particular case, when v = %, we
obtain the AM-GM operator inequality
A+ B
A$B < ; . (1)

Received March 11, 2019. Accepted May 26, 2019.
The first author would like to thank the Lorestan University and the second author would like to
thank the Tusi Mathematical Research Group (TMRG).



2 L. NASIRI AND M. BAKHERAD

For two positive operators A, B € B(H), the Lowner-Heinz inequality states that, if
A < B, then

AP <BP,  (0<p<1). (2)
In general (2) is not true for p > 1.
Lin [13, Theorem 2.1] showed a squaring of a reverse of (1), namely that the inequality
A+ B (M +m)?\°
2 < 2
ol ( 5 ) < ( A o (AtB) (3)
as well as

v (418 < (W} (@(A):2(B)), (4)

where @ is a positive unital linear map.
The Lowner—Heinz inequality and two inequalities (3) and (4) follow that for 0 < p <

2,
A+ B (M 4+m)>\"
P < OP(AB
(%57) = (“hrk) e 9
and
A+ B (M +m)*\"
P < | =7 P,

v (255) < (Yomk) eapem) ©
In [0], the authors showed that inequalities (5) and (6) for p > 2 hold.
For more improvements and refinements on the above inequalities see [7, 14, 15] and

references therein.
Let o be an operator mean with the representing function f. The operator mean
with the representing function % is called the dual of o and denoted by o*. For
A, B € B(H),

ActB = (B oA H) L
It is trivial that for two invertible operators A, B € B(H), AV+B = A!B and A!B <
AfB.
Let 0 <m < A, B < M, ® be a positive unital linear map and o, 7 be two arbitrary
means between the harmonic and arithmetic means. In [8], the authors obtained the
following inequality:

®?(AoB) < K?(h)®?(ATB), (7)

where K (h) = % with h = 2L is the Kantorovich constant.
The authors in [5] generalized inequality (7) for the higher powers as follows:

®P(AoB) < KP(h)®?(ATB), (8)

where p > 0.
Motivated by the above discussion, in this paper we first obtain the following inequal-

ity:
®?(AoB) < K?(h)®*(Bo™* A), (9)
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where 0 < m < A, B < M, o is an arbitrary mean and o+ is its dual and K(h) =

2
(]\ZJ\ZTn) is the Kantorovich constant. Then, we generalize inequality (9) for two

arbitrary means o1 and oy between ¢ and ot.

2. Main results

To obtain the main results we need to recall the following Lemmas.

Lemma 2.1. [3](Choi’s inequality) Let A € B(H) be positive and ® be a positive
unital linear map. Then

PA)T <o (4. (10)
Lemma 2.2. [16] Suppose that 0 <m < A < M. Then
A+ MmA™ < M +m.
Lemma 2.3. [1, 1, 2] Let A, B € B(H) be positive and A > 0. Then

(i) [[AB]| < Z[|A + BJP*.
(i) If A > 1, then [|A* + B | < |[[(A+ B)*||.
(iii) A < AB if and only if ||A2 B~2|| < Az,

Lemma 2.4. [9] Let X € B(H). Then | X|| <t if and only if

X
(X* tI)ZO'

Theorem 2.5. Let 0 <m < A, B < M such that 0 < m < M and o be an arbitrary
mean. Then

®?(AoB) < K?(h)®*(BotA), (11)

2
where o is dual o and K(h) = (]‘f&ﬁ) is the Kantorovich constant.

Proof. 1t follows from 0 < m < A,B < M that (M — A)(m — A)A™! < 0 and
(M — B)(m — B)B~! < 0. Therefore

A+ MmA ' <M+m and B+ MmB™'<M+m.

Now, the subadditivity and monotonicity properties of the operator mean to conclude
that

AocB+ Mm(A ™ 'eB™) < (A+ MmA Yo(B+ MmB™!)
< (M +m)o(M +m)
=M +m.
Using the linearity and positivity of ® and the latter inequality, we get
®(AoB) + Mm®(A 'oB™1) < M +m. (12)
Applying two inequalities (10) and (12), respectively, we have
®(AoB) + Mm® ' (BotA) < ®(AoB) + Mm®(Bot-A)~!
< ®(AoB) + Mm®(A~'eB™1)
<M+ m.
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By Lemma 2.3(i) and the latter inequality, we get

|@(AoB)Mmd~ (Bot )| < i |®(AoB) + Mm®(BotA)~|*

< ®(AoB) + Mm®(A~'oB™)
<M+ m.

This proves the assertion as desired. O

Remark 2.1. In special case, when 0 = V, since o =! and ! < 4, inequality (11)
becomes inequality (3).

Corollary 2.6. Let 0 <m < A, B < M such that 0 < m < M, o be an arbitrary
mean and let p > 0. Then

®P(AoB) < KP(h)®P(Bot A), (13)

M+m) 1s the Kantorovich constant.

where o is dual o and K (h

)
Proof. 1f 0 < p < 2, then 0 < & < 1. Applying inequality (11) we obtain the desired
result. If p > 2, then

qu (AoB)M* %qr%(BalA)H

<3 H@E(AGB> - M%mgfb’g(BaLA)H? (by Lemma 2.3 (i))

IN

i |[®(AoB) + Mm®~(Bot A)||” (by Lemma 2.3 (i)

IN

i |[®(AoB) + Mm®((Ba*A)) || (by (10))
_ i |®(A0B) + Mmd(A~ o+ B—Y)|"
< E(M +m)? (by inequality (12)).
Therefore, by Lemma 2.3(iii) we have
®*(AoB) < KP(h)®P(BotA).
O

Remark 2.2. Using the same reason as in Remark 2.1 says that inequality (13) is a
generalization of inequality (5) which is presented in [6].

In the following theorem, we generalize inequality (7).

Theorem 2.7. Let 0 <m < A, B < M, o1 and o5 be two arbitrary means which lie
between o and o+ and let p > 0. Then for every positive unital linear map ®,

O7(AoyB) < KP(h)3?(Bo1 A), (14)

2
where o is dual o and K(h) = (]‘z&ﬁ) is the Kantorovich constant.
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Proof. To prove (14), let o1 > o+ and oy < 0. Therefore,
®(AcyB) + Mm@~ (BoyA) < ®(AcyB) + Mm®(BoyA)~! (by (10))
< ®(AoB) + Mm®(Bo+A)~!
= ®(AoB) + Mm®(A~'oB™)
< M +m (by (12)).
Using the same ideas as used in the proof of Theorem 2.5 and Corollary 2.6, one can
obtain the desired result. O
To find a better bound than the obtained bound in inequality (13), we need to
state the following Lemma.

Lemma 2.8. [13] Let 0 < m < A B < M and o be an arbitrary mean. Then for
every positive unital linear map @

|®2(AoB) + M*m*®™((AcB)™1)|| < M? +m?.
Theorem 2.9. Let 0 <m < A, B < M, o be an arbitrary mean and p > 4. Then

K(h M2 2 p
O (A0B) < (()(“”)) ®P(Bot A), (15)
2 Mm
where o is dual o and K(h) = (Afl\?;)g is the Kantorovich constant.

Proof. By Theorem 2.5 we have
® 2(BotA) < K*(h)® %(AoB). (16)
A simple computation shows that

@%(AOB)M%m%cIr%(BalA)H

2

M2 2
n ( by Lemmas 2.3(i) )

K(h)

IN

iHK'Z(h)@g(AaB) 4 ( ) &5 (Bo-A)

M?m?
K(h)

IN

i HK<I>2(AJB) + <I>2(BUJ‘A)H ( by Lemmas 2.3(ii) )

IN

% || (h)®2(Ao B) + M?*m2K (h)®~2(AoB)||* ( by (16) )

IN

iKg(h) |©2(AoB) + M*m2®2(AoB) || * ( by (10))

< i (K(h) (M?+ m2))% ( by Lemma 2.8).
Therefore

H@%(AUB)(IV%(BULA)H < % (K(h) (M? —|—m2)>2.

Mm

The latter relation is equivalent to

K(h) (M? + m?)
25 Mm

This proves the desired result. O

dP(AcB) < ( ) ®P(Bot A).
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Remark 2.3. When p > 4, the derived result in Theorem 2.9 is tighter than inequality
(13).
Moreover, we show that Theorem 2.9 holds for 0 < p < 4.

Corollary 2.10. Let 0 <m < A, B < M, o be an arbitrary mean and let 0 < p < 4.

Then

K(h) (M? +m?)
2Mm

dP(AcB) < ( ) ®P(Bot A),

where o is dual o and K(h) = %-

Proof. By Theorem 2.5 we have

K(h) (M? +m?)
2Mm

4
d*(AoB) < ( ) ®*(Bot A).

If 0 < p <4, then 0 < § < 1. With the aid of the latter inequality and inequality (2),
we conclude the desired inequality. 0

Theorem 2.11. Let 0 <m < A, B < M, o1 and oy be two arbitrary means between

o and o, 1 < a <2 and p > 2a. Then for every positive unital linear map ®

(K (h)(M* +me))
16 MPmPp

2
where o is dual o and K(h) = (]\ZAJTJL) is the Kantorovich constant.

B (AouB) < &P (Boy A) (17)

Proof. At once from inequality (14) follows that for 1 < a < 2
&~ Y(Bo1A) < K¥(h)®~“(AoeB). (18)

Using the fact that 0 < m < A, B < M, it deduces that 0 < m < AoyB < M. Now,
the linearity property ® results that 0 < m < ®(AoyB) < M. Since 1 < a < 2, one
can easily prove that

3°(AoyB) + MOm®®~ (Ao, B) < M® +m®. (19)
Therefore
HM%m%Q%(A@B)@—% (BolA)H

1 p p P P P P 2
<3 HK*Z(h)MEmEqYE(BalA) + Kz(h)qﬁ(AGQB)H ( by Lemma 2.3(i) )

2

< i H(Ki%(h)Mamaq)ia(BUlA) JFK%(}L)‘I’Q(A@B))% ( by Lemma 2.3(ii) )
= i | =% (h) MOm*®=(Boy A) + K % ()0 (Aa, B)||*
1 < a, F—Q a pe g
< 7 K7 (W) MOm* @7 (A0y B) + K% ()2 (A02 B)[|” (by (18))
1 » o an
< K= () (M +m®)=(by (19)),
that is

K% (h)(M® +m*)«
AMEm?

)

H<I>%(AJQB)<I>_%(B01A)H <
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or equivalently

2p

(K% (R)(M* +m)) ~

P (AcyB) <
(A02B) < 16Mm

(I)p(BO'lA)

Remark 2.4. In special case, for o = 2, inequality (17) becomes inequality (15).

Remark 2.5. By taking ¢ = V in inequality (17), we get inequality (8).

Theorem 2.12. Let 0 <m < A, B < M such that 0 < m < M and o be an arbitrary
mean. Then for every positive unital linear map ® and two arbitrary means o1 and

oo which lie between o and o+ and p > 0, the following inequality holds

(Dp(AO'QB)‘I)ip(BCTlA) + q)ip(BO'lA)(I)p(AO'QB) S 2Kp(h)(bp(BO'1A)

2
where ot is dual o and K(h) = (]\ZIETZ) is the Kantorovich constant.

Proof. Tt follows from (14) that
|®P (Ao B)® P(Boi A)|| < KP(h).

Applying Lemma 2.4 we have

( K(h)PI O P(BoyA)PP(AoyB) ) >0
DP(AoeB)dP(Bo1 A) K(h)PI -
and
( K(h)PI OP (Ao B)®P(Boi A) > >0
®~P(Bo A)PP(AcyB) K(h)PI -

Summing up two above inequalities, we obtain the following inequality

(0T i) =0

where

81 =P P(Bo1A)PP(AcyB) + ®P (Ao B)® P (Bo1 A)
and

P2 = PP(AcyB)P P(Bo1A) + @ P(Bo1 A)PP(Ace B).

Again using Lemma 2.4 we get the desired result.

Remark 2.6. Put 0 = V, inequality (20) reduces to some results in [2]

3. A refined inequality for the arithmetic-geometric mean

(20)

(21)

Let A, B € B(H) be two invertible positive operators, 0 < v <1 and —1 < ¢ < 1.

We use from the notation Af, , B to define the power mean

Q=

=

Aty B = A* ((1 ) +v (A%BA%)C’)
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For more information see [11]. The authors in [12] proved that if 0 < m < A, B < M
such that 0 <m < M and 0 < v < pu <1, -1 < q < 1. Then for every positive unital
linear map ® and p > 0, the following inequality holds

P <AVUB + ZMm (A7, B! - AlijBl))
1
< KP(h)®"(Aflq, B), (22)

2
where K (h) = (Aﬁ}ﬁ) is the Kantorovich constant.

Using the following theorem, we obtain a generalization from inequality (22).
Theorem 3.1. Suppose that 0 < m < A,B < M such that 0 < m < M and
O<v<u<l, -1<qg<1landl < a<2. Then for every positive unital linear map
® and p > 0, the following inequality holds

P (AVVB + %Mm(Aflvnyl - AlﬁWBl))

2p
(K% (h)(M® +m®)) = »
< WO )" a0 (4s,.,B), (23)
_ (M+m)? .
where K (h) = =37 is the Kantorovich constant.

Proof. For 1 < a <2, by inequality (22), we have
oo <AVVB + ZMm (A'v, B! - Alﬁqul)) < Ko(h)®*(At,,B)  (24)

The last inequality deduces using a process similar to inequality (19). This shows
that

H@S (AV,,B + %Mm (A7'v,B™" - Aluq#Bl)) @S(Aﬁq,yB)H

_ KE(m) +me)&
- AMEm? '

Then
o (AV,,B +ZMm (A7, B! — A‘lﬁq,uB‘l))
W

N

D

(K5 (h)(M® +m®)) >
- 16 MPmp

o (A, B).

Remark 3.1. Taking « = 2, inequality (23) becomes inequality (22).

Remark 3.2. By putting a = 2, 4 = % and taking ¢ — 0, inequality (23) collapse to

2
the derived result in [2].
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