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Existence of weak periodic solution for quasilinear parabolic
problem with nonlinear boundary conditions
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ABSTRACT. In this work, we show the existence of weak periodic solutions of a quasilinear
parabolic problem with arbitrary growth nonlinearity in gradient and nonlinear boundary
conditions. The objective will be achieved by reformulating the problem in abstract form and
applying some results and techniques of functional analysis such as the method of truncation
associated with Schauder fixed point theorem.
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1. Introduction

In this work we are interesting in the existence of weak periodic solution for the
following quasilinear problem

%—Au—i—G(t,axu,Vu):f in Qr

u(0,.) = u(T,.) in Q (1)
0

_£ = B(t,x)u+ g(t,z,u) on Xrp

where 2 is an open regular bounded subset of RV, N > 1, with smooth boundary 952,
T > 0 is the period, Qr =]0,T[xQ, X7 =]0,T[x 01, v denote the unit normal vector
to the boundary 02, —A denotes the Laplacian operator with nonlinear boundary
conditions, G is a caratheodory and f is a measurable function.

Many phenomena of biology, chemistry and physics are modelled by equations and
systems of the form (1). Before stating the main result of this work, it is worth men-
tioning that several mathematicians have dealt with this type of problem in Dirichlet
or Neumann boundary conditions using various analytical and numerical techniques
and methods, under different hypotheses depending on the situation , see for example,
Amman [5], Badii [6], [7], Browder [9], Nakao [16], Pao [17], Sun [21], Wang [22], [23],
Zhang [24].

Concerning the existence of classical solutions, complete results were obtained by
Amann in [5]. In [10], Duel and Hess have demonstrated the existence of at least
one periodic solution of a very general second order nonlinear parabolic boundary
value problem under the assumption that a lower solution ¢ and an upper solution
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¥ with ¢ < are known. In [17], Pao studied the existence and stability of periodic
solutions for a nonlinear parabolic system under nonlinear boundary conditions. The
approach to the problem is by the method of upper and lower solutions and its asso-
ciated monotone iterations. The objective of the study of Alaa and Igurnane in [3]
is to show the existence of a weak periodic solutions for some quasi-linear parabolic
equations with data measures having critical growth non-linearity on the gradient and
Dirichlet boundary condition. In [6], Badii considered the case where G is indepen-
dent of the gradient, he proved the existence of a weak periodic solutions for nonlinear
parabolic equations with the Robin periodic boundary condition under normal general
assumptions on the nonlinearities.

The objective of this paper is to present an existence result of at least one weak
periodic solution to the problem (1) in the case where G depends on the gradient,
applying techniques based on the truncation method joint with the Schauder fixed
point theorem.

Our work is presented as follows. In Section 2, we choose the functional framework
in which periodic solutions are sought and give the definition of the weak periodic
solution. In Section 3, we demonstrate the existence of periodic solutions for an
abstract problem in the case when the nonlinearities are bounded by using Schauder
fixed point theorem to a nonlinear operator equation. Section 4 is devoted to study
the existence when the nonlinearities has critical growth with respect to the gradient.

2. Statement of the main result

In this section we establish our main result, first of all we introduce necessary
assumptions.

2.1. Assumptions. Let us now introduce the hypotheses which we assume through-
out this section. We consider that

Aqp) f is a periodic function such that f € L?*(Qr).
As) B is a periodic positive continuous and bounded function such that

0<Bo <B(t,x) < Pr, V(t,z) € Xr.

As) g : ¥rx R — R is a Caratheodory function periodic in time, s — g(¢,x,s) is
nondecreasing with respect to s for a.e. (¢,z) € X7 and

g(t,x,8)s >0

[ g(t,z,8) [<E(E2)+ | s

where £ € L*(Zr).
Ay) G : Qrx Rx RY — R is a Caratheodory function periodic with respect to ¢,
such that

G(t,z,s,r) € LY(Qr), Vs € R, Vr € RY and a.e. (t,z) € Qr.
As) G satisfies the following sign assumption

G(t,z,s,7)s =0, Vs € R, Vr € RY and a.e. (t,z) € Q7.
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A6) | Gl 25,7 |< (] s |>(H<t,x> +d|r||“>, vr € RV, Vs € R, ac.(t,z) € Qr,

with 1 < a < 2, H € L*(Q7), d > 0 and p : RT — R* is a nondecreasing
continuous function.

2.2. Notations and definitions. In this section we present our functional frame-
work for the periodic solutions of problem, we set

V= L*0,T; H () and V*:=L*0,T;(H*(Q))*)

we denote by (H'(£2))* the topological dual space of H'(£2) and < .,. > present the
duality pairing between V and V*, the standard norm of L?(0,T; H'(Q)) is defined
by

2

|| u ||L2(07T;H1(Q)):: </ | Vu(t,x) |2 dt dx -l-/ | U(t71') |2 dt d:r)
Qr

Qr

Through this paper we equipped V with the norm

2

| ullvi= (/ | Vu(t,z) |? dt de +
Qr

which is equivalent to the standard norm of L?(0,7T; H(f2)), we denote by u the trace
of w on X7. Let us define the set

B(t, o) | u(t,o) |* dt d0>

T

wW(0,T) = {u€V|g? € V* and u(O):u(T)}

equipped with the norm

B Ju
lullyo,ry = llully, + Fn

V*
It is necessary to clarify in which sense we want to solve the problem (1), for which
we introduce the notion of weak periodic solution.

Definition 2.1. A function u is said to be a weak periodic solution of the problem
(1), if it satisfies
ueV, Gt,z,u, Vu) € LY(Qr), uG(t,z,u, Vu) € L*(Qr)
and V¢ € W(0,T) N L>®(Qr)
¢

—<u,—=— >+ VuVeo + G(t,z,u, Vu)p + B(t, x)ud
ot Qr Qr Sr

+ /E Cattmwo= [ o

This enables us to state the first result of the existence of a weak periodic solution.
3. An existence result when G is bounded

Theorem 3.1. Under hypotheses (A1)-(As) and assuming that there exists a non-
negative function h € L?(Q7) such as for almost (t,x) € Qr and all s € R, r € RY,

| G(t,z,s,7) |< h(t,x). (2)
Then the problem (1) admits a weak periodic solution u € W(0,T).
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3.1. Proof of Theorem 3.1. The existence of weak solution to (1) will be based
on the research of fixed points for the following mapping
v:.y —Y
wr— U(w) =u

where u is the unique weak periodic solution of

%—Au—l—G(t,x,w,Vw):f in Qr
w(0) =u(T) in (3)
fa—z:ﬂ(t,x)qug(t,x,u) on Y

The existence and the uniqueness of v € W(0,T) C V weak periodic solution of (3)
is a direct consequence of Badii’s theorem in [6] and satisfy Vo € W(0,T)

0
—<u, sy VquJr/ gt,z,u)p+ [ B(t,x)up
ot Qr 7 X7
+ G (t,z,w,Vw) ¢ = fo (4)
Qr Qr

Then the mapping is well defined, to prove the existence of a fixed point of ¥, we will
pass by three steps.

3.1.1. Continuity of V. To show the continuity of ¥, we will prove some very
important estimates and convergences. Let w, € V be a sequence converge strongly
to w in V. Moreover, let u,, denote the weak periodic solution of the problem

B
—cu, Xy Vunw+/ gt,zun) e+ | Bt ) une
ot Qr

Sr S
+ G(tax7wnavwn)90: f@ (5)
QT Qr
Setting ¢ = u,, as a test function in (5), we have
ou
< e [Vl [ gau)ut [ o
ot T S Sr
+ G (t,z,wy, Vw,) uy :/ Sfun (6)
QT T

Conditions (As), (As), (As) the periodicity and the Young’s inequality give us,

/Wunm/ 6(t,w)|un|2</ | fun |,
T X7 Qr

C(e) | f 1 F2gr) el un 720
C(e) | f 1 72gqry TeC(T,9Q) || un [

we choose € small enough to obtain the following classical energy estimate

([ wutea+ ETB(t,xnun?)sc (7

T

<
<

~—



WEAK PERIODIC SOLUTION FOR SOME QUASILINEAR PARABOLIC PROBLEM 5

where the positive real constant C' is independent of n. From (5) and the energy esti-

mate (7) we get that (aolft" ) is bounded in the V* norm. This provided the boundedness

of uy, in the norm of the set W (0,T), i.e.

[unllwo,m < €, foralln € N
Thus, we can select a subsequence, still denoted by u,, such that
U, — u weakly in V as n — 400
By Aubin’s Theorem [21], the sequence u,, is precompact in L? (Qr) therefore,
u, — uin L? (Qr) and a.e. in Qp
Furthermore, according to the trace theorem, see Morrey [15], theorem 3.4.1, one has
Up — win L? (37) and a.e. in L7

To conclude we prove that the sequence Vu, converges strongly to Vu in L? (Qr).
From (6), one has

/ |Vun|2 = fun_/ gt un) up — ﬂ(t,:ﬁ)ui
T Qr Sr Sr

- G (t,z,wy, V) uy
Qr

since w,, converge strongly in V and u, converge strongly in L?(Q7), we can pass to
the limit in the last inequality, so

lim |Vt |? :/ fu—/ gtz u)u— B (t,z)u?
Qr QT zr X

n+——+o0o

- G (t,z,w,Vw)u (8)
Qr

Moreover, setting ¢ = u as a test function in (5), we obtain

du

ot

— < Up,

>+ VunVuz/ fu—/ gtz un)u— B (t, ) upu
Qr T Xr

T
- / G (t, z, wn, Vwy) u
T
Taking the limit on n — 400, we have
/ |Vu|2:/ fu—/ g (t,z,u)u— B (t,x)u?
QT Qr S S
7/ G (t,z,w,Vw)u (9)
T
By comparing (8) and (9), we obtain

lim |vun\2=/ IVl
n—+4oo Qr -

which gives us the result indicated. Consequently, the mapping ¥ is continuous.
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3.1.2. Compactness of V. Let (w,) be a bounded sequence in V and we denote
un = ¥(wy,), by the same reasoning of the first step, we have (up to a subsequence)

wy, — w weakly in V,
U, — u weakly in V,
ou, 0
% — 6—1: weakly in V*,

u, — u strongly in L?(Qr) and a.e in Qr,

U, — u strongly in L*(X7) and a.e in Sp

to get the compactness of U, it suffices to prove the strong convergence of (Vu,,) in
L?(Q7), noting that the difficulty is presented by the absence of the almost every
where convergence of (Vw,) in Qr, but we can overcome this problem. Observing
that

/ | Vu, — Vu |*= / Vu,(Vu, — Vu) — / Vu(Vu, — Vu),

thanks to the weak convergence of (u,) in V, we have lim Vu(Vu, —Vu) =0,
n—+00 Qr

on the other hand, setting ¢ = u as a test function in the equation satisfied by (uy,),
it follows

Vun,(Vu, — Vu) = flup —u)— < 8u",un —u > —/ gtz u,) (up —u)
Qr Qr ot S
(10)
— B(t,x) up(u, —u) — G (t,z, wy, Vwy,) (uy, —u)
ET QT

By using (2), we have

/ | G (82w, Vwn) (un — ) [<][ 2|22 @y | un = w L2 ()
T

then

lim [ |G (t2,wn, Vi) (un —u) |= 0.

n——+00 Qr
On the other hand, the periodicity and the weak convergence of (%) in V* yields

U n

lim < > lim < >=< Ju >=0
im —— Uy —u >=— lim yu>=< —,u>=0.
n——+00 o’ " 400 ot ot

Now, we can pass to the limit in (10) to get

lim Vun,(Vu, —Vu) =0

n—-+00 Qr

So, we obtain the strong convergence of (Vu,) in L?(Q7), this allows us to get the
compactness of .
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3.1.3. ¥ send the ball of V of R radius to itself. In this step, we get the
existence of a constant R > 0 such that U(B(0, R)) C B(0, R) where B(0, R) is the
ball of V with radius R. Let w € V and u = ¥(w), by taking u as test function in the
equation satisfied by u, it is easy to prove the following estimate

il (1 l2n +11 o) ) =R

Then by a simple application of Schauder’s fixed point theorem there exists u € V
such that v = ¥(u) i.e u solves (1).

4. Existence result when G has critical growth nonlinearities with respect
to the gradient

In this section, we will study the existence of weak periodic solution of (1) when
the nonlinearities G has critical growth with respect to the gradient, which can be
satisfied by the assumption (Ag).

Theorem 4.1. Assume that (A1)-(Ag) hold. Then (1) has a weak periodic solution
u in the sense of the definition 2.1.

4.1. Proof of Theorem 4.1. To prove Theorem 4.1, we will use the method of
truncation combined with the result of Theorem 3.1, the difficulty come back to
prove the almost everywhere convergence of the gradient of the approximate solution
under nonlinear boundary condition.

4.1.1. Approximating problem. For all n > 1, we approximate G as follows

G(t,x,s,T)
1

1+ - ‘ G(t,SC,S,T) ‘
n

Gn(t,z,s,7) =

b

we remark that G, satisfies the following properties
Gn(t,z,s,7)s 20, and | G, (t,x,s,7) |< n.

We define the approximate problem of (1) by

un, € W(0,T)
— < Up, % > +/ Vu,Vo+ Gty @, U, Vg ) o
QT Qr (11)
[ ot [ gtaus= [ 5o
Xr Xr Qr
Vo € W(0,T).

Since G, is bounded then we can applied the result of the Theorem 3.1 to obtain
the existence of u,, a weak periodic solution of the approximate problem (11). We
want to pass to the limit in (11), for which we need to prove some a priori estimates,
we start by defining the truncation function that will be used after, for all k& > 0,
Ti(s) = min{k, max{s, —k}}.

Lemma 4.2. Assume that (A1)-(Ag) hold, then
i) There exists a constant Cy independent of n such that

[unllv < Ci.
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ii) There exists a constant Co depending only on T, Q and || f ||12(q,) such that
/ Gn(tvxaun7vun)un < 02-
T
iii) There exists a constant Cs independent of n such that
| 1t Vu) < o
T
Proof. 1) By taking ¢ = w,, as a test function in (11), we get

ou
- < Un; 87; > +/ | vun |2 + Gn(tal'aunavun)un + ﬁ(t,l’) | Un |2
T Qr X

+/ g(taxaun)un = fun
3 Qr

Thanks to (Ajs), (As) and the periodicity, we have

/Twn|2+/ET/3<t,x>|un|2</QT|fun|

Using Young’s inequality, one has

Fun 1% < C) I f 1Z2(gr) e llun 1200
<CO) |1 f IZ2(qr) TeCTQ) [ un I
we choose € small enough to obtain (u,) bounded in V.
ii) Setting ¢ = u,, as test function in (11), we obtain
ou

G (b, s Vi Vit +/ ot 2wt = — L 15+ < umy 225 + [ fun
Qr

QT S ot

we use the periodicity of u,, (¢) and the Holder’s inequality, we get

/ Gn(t,w,un,Vun)un +/ g(tax7un)un gH f ||L2(QT)|| Un, ||L2(QT) +Cl

T X

From the hypothesis (A2) and the result of (¢), we have

Gn(ta Ty Un, vun)un < C'2

Qr
iii) We remark that,
/ | Gn(t, x,un, Vuy,) | dedt = / | Gn(t, U, Vuy,) | dedt
Qr QrNlun|>1]

+ / | Gn(t, z,un, Vuy,) | dedt
QTm[lun‘gl]

From (i%), we have

| G (t, x,up, Vuy,) | dedt < /Gn(t,x,un,Vun)undx dt < Cy

QrN[lun|>1] QT
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To estimate the second integral, we use (Ag) which gives

Gt 2y, V) | dadt < (1) { / H(t, 2)dz dt +d | Vuy, |* do dt}

QrN[lun|<1]

2—o <
<u(1)[ | H lr@qr) +d | Qr ||| Vun ||£2(QT>}

< u(l)[ | H [ (@r) +C}

Consequently Gy, (t, z, u,, Vu,) is bounded in L'(Q7).
O

Since u,, is bounded in V and G, is bounded in L'(Qr), it follows that % is

bounded in V* + L'(Q7) and from the compactness result of Aubin-Simon [20], we
obtain (u,) is relatively compact in L?(Qr), so we can extract a subsequence still
denoted by (u,) for simplicity, such that

U, — u strongly in L?*(Q7) and a.e. in Qr
On the other hand, the trace theorem [15] yields
U, — u strongly in L*(X7) and a.e. in Xp

In order to pass to the limit in the approximate problem (11), we need to prove the
almost everywhere convergence of the sequence (Vu,). To do this, we adapt the
technic presented by [19] to our case, this method consists to prove that (Vu,,) is a
Cauchy sequence in measure, which will give that (Vu,,) converges almost everywhere
to Vu (up to a subsequence).

Lemma 4.3. The sequence (Vuy,) converges almost everywhere to Vu in Q.

Proof. We shall prove that (Vu,,) is a Cauchy sequence in measure namely
V6 > 0, Ve > 0, 3Ny such that Ym,n > Ny meas{(t,x), | (Vu,—Vuy)(t ) |= 6} <e.
Let § > 0, € > 0 and for k£ > 0, n > 0, we have the following inclusion

{(t,x), | (Vup, — Vup)(t,z) |26} CTHUT U3 ULy
where,
Iy ={(t,2), | Vun [Z k}, Do ={(t,2), [ Vup [> k}, Ts = {(t, 2), [ un —um [> 0},
Ty ={(t,x), | Vup — Vy, |26, | Vu, |< E, | Vi [< K, | un — um |[< 0}

For meas (I';) and meas (I's), we have

bmeas(T) < [ Vo |< [ | Vo 1< Qr [} Vao 2@
I Qr
Since (Vu,) is bounded in L?(Q7), then for k large enough, we have

C
meas(T';) < ?1 <e

and by the same manner, we get
G
k

meas(I'y) < <e
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Now, we fix k such that meas(I';) < € and meas(I's) < ¢ for all m,n € N.
To bound meas(I's), one has

1
wmeas(Ta) < [ T = wn 1< [ 11tn =t 1< Qe [¥ 1 = 1201
I's Qr
we recall that (u,) converge strongly in L?(Q7) (up to a subsequence), hence (u,,) is

a Cauchy sequence in L?(Q7) then for a given 7, there exists Ny € N such that for
m,n > 0, we have

meas(I's) <e. (12)
It remains to bound meas(I'y), and to choose 7, to do this, we will use the equation
satisfied by u,, and the monotonicity of the operator —A.
As well known | (Vuy — Vug)(t,x) [>> 0 for Vuy # Vug. It is easily verified that the
set (Vuy, Vug) such that | Vuy |[< k, | Vug |[< k and | Vuy — Vug |> 6 is compact
and the map is continuous

Qr xRN RN

(t,2,¢) = ((t,x)
is continuous for almost all (t,z) € Q, then | (Vu; — Vug)(t, z) |>> 0 achieved its
minimum on this compact which can be noted by ~(¢, ) and satisfies v(¢,2) > 0 a.e

€ Qr. Thanks to the property (¢, z) > 0 a.e, then to bound meas(T'y), it suffices to
prove the existence of € > 0 such that

/v(t,x) drdt < €
Ty
By using the definition of I'y and v, we get
/’y(t, x)dzdt < /(Vun = V) (Vi = V)L ju, —u, |<n t dv dt
F4 l—‘4

< / | VT, (upn — um) |* dadt
Qr

To estimate the last quantity, we use the equation satisfied by (u, — ), which can
be written as

< Qntn) o [ V- ) Vot [ B~ )
t Qr Zr

—|—/ (Gn(t, 2, U, V) — G (t, 2, U, Vi, )¢

+ / ot 2,0) = gt 1) =0
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By choosing ¢ = T))(uy, — ) € VN L®(Qr) and we use the periodicity of (w, —um),
we get

/ | vTﬁ(un - um) |2 + . 5(t’x)(un - um)Tn(un - um)

g 77 ‘ Gn(t’:L'Vun?vun) - Gm(taxaumvvum) ‘ +77/ ‘ g(t,zvun) - g(tvxaum) | :
Qr X

We combine the fact that sT;,(s) > 0 with the assumption (A3) and the result (4i7)
of Lemma 4.2, we get

/ VT, (1t — 1) P< 2n03+77/

T 2

2(s<t,x>+ Lt |+ |t |)

1
<omCy + 2| Ty |} ( 1€ Doz + 1l n oz + | sz )
<nC,

where C is a constant independent of n and m. Then, for n small enough, we obtain
J v < € which implies meas(T4) < 4e.

Iy

Now 7 is fixed and from (12) we obtain the existence of Ny such that meas(I'y) < e,
furthermore, we conclude that for all m,n > Ny, one has

meas{(t,), | (Vitn — Vuu)(t,7) [> 8} < de,

so the sequence (Vu,) converge in measure to Vu, which gives the existence of a
subsequence of (Vu,,) still denoted by (Vu,,) for simplicity, such that (Vu,) converge
to Vu a.e. in Q. O

Lemma 4.4. The nonlinearities G, (t, x, u,, Vu,) converges strongly to G(t, z,u, Vu)
m Ll (QT) .

Proof. Since (Vu,) converges almost everywhere to Vu, then
Grn(t, z,up, Vu,) = G(t,2,u, Vu) a.e in Qr

hence it suffices to show that G, (¢, z, u,, Vu,) is equi-integrable in L'(Q7) namely

Ve>0,30> 0,VE C Qr, if |F| <§ then /|Gn(t,w,un,Vun)| drdt <e
E

Let E be a measurable subset of Q7, € > 0, and £ > 0. We have

/ | Gn(t, x,un, Vuy,) | dedt =1 + Is.
E

Where
I = / | G (t, ,upn, Vuy,) | ddt,
EN[|un|>k]
and
I = / | Gn(t, 2, un, Vuy,) | dz dt.

E(lun| <K]
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For I we use (i7) of Lemma 4.2 to obtain the following inequality

1
I; < Z / Un G (t, T, Up, V) dr dt < )

k
Qr
Then, we deduce the existence of £* > 0, such that, for all & > k*, we have
€
I < 3

To treat the second integral Iy we use the assumption (A4g), we obtain for all k > k*

I < M(k)(/(H(t,x) +d | Vu, |“)dxdt>.
E

Since H € L'(Q7), then H is equi-integrable in L' (Q7), there exists § > 0, such that,
if | E'|< 0, one has

Wl m

/H(t,:c)dzdtg
E

On the other hand, Holder’s inequality yields

o

a 2—a 2 2 2—a
d | |Vu, |*<d|E|> | Vu, | <C|E|>=
E E

the last inequality is obtained by using the boundedness of (u,) in V, moreover
1 <a<2then 0 < 2—a < 1. Consequently, we can choose | E |< (%)ﬁ to get
d [ | Vuy, |*< 5. Finally, by choosing §* = inf(d, (-5)7°=), if | E |< 6%, we obtain

E

3C

/|Gn(t,x,un,Vun) | dedt < e.
E
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