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Existence and nonexistence of solution to the discrete
fourth-order boundary value problem with parameters
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ABSTRACT. In this paper, we consider the discrete fourth order boundary value problems with
three parameters. We apply the direct method of calculus variational and the mountain pass
theorem in order to establish the existence of at least one and three nontrivial solutions, also
we study the nonexistence of nontrivial solution.
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1. Introduction

Let T > 2 be a positive integer and [2, Tz be the discrete interval given by {2, 3,4.....,T'}.
We consider the discrete nonlinear fourth order boundary value problems as follows:

Atu(k —2) — aA?u(k — 1) + Bu(k) = M (k, u(k)), ke2,T)z
{ u(1l) = Au(0) = Au(T) = A3u(0) = A3u(T — 1) =0

where A denotes the forward difference operator defined by Au(k) = u(k + 1) — u(k)
and A u(k) = A(A%u(k)), f:[2,T]z x R — R is a continuous function and «, 8, A
are parameters satisfying the conditions, A > 0 and

) - 1+ (T —V)Ta_ +T(T - 1)°6- >0

where : a_ = min(a,0) and B = min(p,0).

The theory of nonlinear difference equations has been widely used to study discrete
models in many fields such as computer science, economics, neural network, ecology,
cybernetics, etc. In recent years, a great deal of work has been done in the study of the
existence and multiplicity of solutions for discrete boundary value problem. For the
background and recent results, we refer the reader to the monographs [1, 2, 3, 4, 5, 17]
and the references therein.

We note that problem (1) is the discrete variant of a kind of the problem

ul(t) — aul®(t) + Bu(t) = Af(t,u(t),  te(0,1)

(1)

(2)
u(0) = u/(0) = u/'(1) = u®(0) = u® (1) = 0.

The special case of (2) has been studied by many authors using various approaches
[10, 11, 20].
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In [1, 5, 7, 18, 19], the authors have been investigated the existence and multiplicity
of solutions for nonlinear discrete boundary value problems with parameters using
variational methods. However, it seems that no similar results in the literatture on
the existence and nonexistence of nontrivial solutions for (1) have been obtained.

Motivated by [8, 9], the aim of this work is to give the existence, nonexistence,
and multiplicity of nontrivial solutions of (1) by using some basic theorems in critical
point theory and variational methods under some conditions imposed on the nonlinear
function f.

The rest of this paper is organized as follows, in section 2, we present some pre-
liminary theorems about the critical point theory. In section 3, we introduce the
corresponding variational framework of (1) and In section 4, we give the mains re-
sults and thier proofs in terms of different values of A.

2. Preliminaries

In this section, we state some definitions and theorems that will be used below, we
can refer to ([6, 12, 13, 14, 15, 16]) for more details.

Definition 2.1. Let E be a real Banach space, D an open subset of E. Suppose that
a functional ¢ : D — R is Fréchet differentiable on D. If ug € D and the Fréchet
derivative satisfies ¢/(ug) = 0, then we say that ug is a critical point of the functional
v and p(up) is a critical value of .

Let C*(E,R) denote the set of functionals that are Fréchet differentiable and their
Fréchet derivatives are continuous on E.

Definition 2.2. Let E be a real Banach space and ¢ € C*(E,R). We say that ¢
satisfies the Palais-Smale condition ((PS) condition for short) if for every sequence
(un) € E such that ¢(uy,) is bounded and ¢/(u,) — 0 as n — oo , there exists a
subsequence of (u,) which is convergent in E.

Theorem 2.1. Let E be a real Banach space and ¢ : E — R. If ¢ is weakly lower

semi-continuous and coercive, i.e. | ”lim p(x) = 400, then there exists xg € E such
z||—+o0
that

Inf o(z) = @(2o)-
Moreover, f p € CH(E,R), then xq is a critical point of ¢ i.e. @/(xg) = 0.

Theorem 2.2 (Mountain Pass Lemma). Let E be a real Banach space and ¢ €
CL(E,R) satisfying the (PS) condition with p(0) = 0. Suppose that

(1) There exists p > 0 and « such that p(u) > « for all uw € E, with |u|| = p.

(ii) There exists ug € E with ||ul| > p such that p(ug) < 0.

Then ¢ has a critical value ¢ > a and ¢ = inf max p(h(s)), where
heT s€[0,1]

I'={heC(0,1],E): h(0) =0, (1) = u}.

Theorem 2.3. Let E be a reflexive real Banach space and ¢ : E — R be a contin-
wously Gateaux differentiable, coercive and sequentially weakly lower semicontinuous
functional whose Gateaux derivative admits a continuous inverse on E*, ¢ : E — R be
a continuously Gateauz differentiable functional whose Gateaux derivative is compact

and p(0) = ¢(0) = 0.
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Assume that there exist r € R and 4 € E with 0 < r < (@) such that

sup  h(u)
(i) “epUmoorD c Y@
r p(w)’
(i) for each A € A= (@) ! , Ix = @ — X\ is coercive.

Y(a)’ sup  P(u)
u€p=*(]—o0,r])
Then, for each X\ € A, the I has at least three distinct critical points in E.

Proposition 2.4. Let E be a real reflexive Banach space and E* be the dual space
of E. Suppose that T : E — E* is a continuous operator and there exists w > 0 such
that

(Tu — Tv,u —v) > w|u—v|? forall w,v e E.

Then T : E — E* is a homeomorphism between E and E*.

3. Variational framework for the problem (1)

In this section, we introduce the corresponding variational framework for (1). The
solutions of BVP (1.1) will be investigated in a space

E={u:[0,T+2]z = R:u(0) =Au(0) = Au(T) = 0 = A%u(0) = A%u(T — 1)},
which is a (T-1)-dimensional Hilbert space, see [18] with the inner product

k=T

(w,0) = > u(k)v(k).

k=2

The associated norm is defined by

k=T
[ull = (Z U(k)l2>
k=2

We will need some preliminary lemmas in order to prove our main results.

1
2

Lemma 3.1. For any u,v € E, we have,

k=T k=T+1
> Atk —2w(k) = Y Au(k - 2)A%(k - 2), (3)
k=2 k=2
and
k=T k=T
Z Au(k —1)Av(k-1) = — A?u(k — 1)v(k) (4)
k=2 k=2

Proof. First, we prove (3).For any u,v € E, by the summation by parts formula and
the fact that Av(0) = Av(T') = 0, it follows that
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T+1 T+1
i A?u(k — 2)A%(k — 2) = A%u(T)Av(T) — A%u(0)Av(0) — i A3u(k —2)Av(k —
k=2 - k=2
== Alu(k —2)Av(k - 1)
k=2

ZA3 kE—2)Av(k —1),

on the other hand, by the summation by parts formula and the fact that A%u(0) =
A3u(T — 1) =0, we have

T
ZAS —2)Av(k — 1) = Au(T — 1)o(T) — APu(0)v(1) = Y Atu(k — 2)v(k),
k=2

So
T41

> Atu(k = 2)u(k) = Y APu(k - 2)A%(k - 2),
k=2 k=2

i.e.(3) holds.
Next, we show (4). Again, by the summation by parts formula and the fact that
Au(T) =0 and v(1) = 0, we have

> Auk — DAv(k — 1) = Aw(T)v(T) — Au(L)v(1) = > A%u(k — v (k)
k=2 k=2

T
== Au(k - )o(k).
k=2

This completes the proof of the lemma. O

Definition 3.1. We say that u € E is a weak solution of problem (1), if for any
v € F, we have

> Atu(k = 2)v(k) — oY A%u(k — Do(k) + 8> u(k)o(k) =AY f(k,u(k))v(k)
k=2 k=2 k=2 k=2
We define the energy functional corresponding to (1) by, for u € E
Ix(u) = ®(u) — A (u), ()
where .
W(u) = F(ku(k)), (6)
k=2
F(k,o) = /mf(k:,t)dtk: € [2,T):.
0
and

T+1 T T
(zw “ )P +a > Auk - 1P +BZ|U(1f)I2> .M
k=2 k=2

l\')\»—l



46 M. OUSBIKA AND Z. EL ALLALI

Standard argument assure that, with any fixed A > 0 the functional I is Fréchet
differentiable and the Fréchet derivative of I is given by

(I3 (u),v) = (2 (u),v) = A(¥'(u),v), (8)
for any u,v € E, where
T
=" fk,ulk)o(k) ()
k=2
and
T+1 T T
(®'(u),v) = > A’u(k —2)A%0(k —2)+a Y Aulk—1)Av(k—1)+ 8> u(k)o(k).
k=2 k=2 k=2
(10)

According to the Definition 3.1 and from equalities (8 - 10), finding solutions to the
problem (1) is like looking for the critical points of the functional I, indeed

Lemma 3.2. If u € E is a critical point of the functional Iy then u is a solution of
problem (1).

Proof. Let u € E is a critical point of the functional I then
(I (u),v) =0, Yve€EE,
so from (8 - 10) and Lemma 3.1, we deduce that

T
ZA“ (k—2)v aZA2 (k—1)v +BZ =Xk u(k))v(k) =0,

k=2
Vv € E thus by the arbltrarmess ofve FE, we have

Atu(k — 2) — aA2u(k — 1) + Bu(k) = Af(k,u(k)),
then w € F is a solution of the problem (1). O
Lemma 3.3. For any u € E, we have ®(u) > 0 and
1
@) > Ll ()

where
p=TNT = 1)1+ T(T = Da_ +T(T —1)*5.)

Proof. Let uw € E and k € [2,T]z, note that
k
Au(k —1) = Au(0) + > A%u(i - 2),

in fact that Au(0) = 0, then by Holder’s inequality, we have

T+1
|Au(k —1|<Z\A2 (i—2)] <> |A%u(i—2)]
1=2 1=2
T+1

VTS |A%u(i - 2)P)2,

=2
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SO
T+1

T
S lAutk - )2 < (T - 1) 3 |A%u(k - 2)?
k=2

k=2
Similarly, for any u € E and k € [2,T]z, note that

k
D+ Auli—1),
=2

in fact that (1) = 0, then by Hélder’s inequality, we have

k T
1< Ylauti - Dl < 3 Jauti - 1)

<\/72|Auz—1 )%

then
T T
D luk)> < (T =1)*> | Au(k - 1)]%,
k=2 k=2
SO
T+1
Z\u )P <T(T - 1) Z|A2U(k—2)l27
k=2

therefore, from (7) and by summation the parts inequalities, we deduce that

T+1
(u) %(1 LT = a_ +T(T - 1)8.) 3 |A%u(k — 2)[?
k=2
T
%(1 +T(T - Vo +T(T -1)*)T (T —1)73 k;m(k)\?
>S4 T(T ~ Do + (T~ 18 )TN 1) ull,

then by (1), we deduce that
O(u) >0 and P(u) > %u”u”z.
The proof of lemma is completed. O
Lemma 3.4. For any u € E, we have
2(w) < S0l (12)

where
0 =20+4.04 4+ B+, oy =max(0,a) and [y = max(0,p).

Proof. Firstly, for any v € E, we have
T

S lAull = VP = (a0 + ulk — D - 2u(k)u(k - 1),
k=2

k=2
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then, the fact that (1) = 0 and by Holder’s inequality, we have
T
D 1Au(k = D) < J[ull® + [lul]* + 2jul® = 4],
k=2
Next, note that
A?u(k —2) = u(k) — 2u(k — 1) + u(k — 2),
then
T+1 T+1
S IA%u(k—2)P < S (k)P + fulk — P + fulk — 2) — du(kulk 1)
k=2 k=2
+2u(k)u(k — 2) — du(k — Du(k — 2))
T+1
D (ulk)? +4fulk = DI* + |u(k — 2)* + 4fu(k)|[u(k — 1)
k=2
+2lu(k)|[u(k — 2)| + 4fu(k — 1)||u(k — 2)]),
the fact that u(1) =0, u(T 4+ 1) = u(T) and by Hélder’s inequality we deduce that
T+1
DIAuk=2)F < Jull® + [u(T)? + 4flul* + u”
k=2

IN

IN

~[a(T)? + 8lfull® + 4f|ul|* + 2]|u]|* = 20]|ul|?,
finally, for any u € E, we have
1 1
®(u) < 520 +day + By)[lull” = 0]ull?,
e (12) holds.

4. Main results and proofs

In this section, we will use the critical point theory to study the existence, nonex-
istence and multiplicity of nontrivial solutions for the problem (1).

Theorem 4.1. Assume that the following conditions holds:

(HO) f(k,0) # 0 for at least one k € [2,Tz.

(H1) There exists C > 0 such that : max limsup
kER,T)z |z|—o00 T

Then for each X €]0, 45 the problem (1) has at least one nontrivial solution.

Proof. To prove the theorem, we will use the Theorem 2.1. From (H1), there exist
R > 0 such that for any k € [2,T]z, we have
F(k,z) < C2?, V|z|> R.

Since x +— F(k,x) — C2? is continuous on [—R, R] for any k € [2,T]z, there exists
C’ > 0 such that

F(k,x) <C

2

F(k,x) < C2*+C', VzeR.
Therefore, by Lemma 3.3 and from (5), we deduce that for any u € E, we have
T

1
I(u) = Splull* - ACY Ju(k)? = (T = 1)AC,
k=2
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SO
1
I(u) = (51 = A0 Jull* = (T = HAC”,

then for all \ € ]O, el [, we have | Il‘irn I\(u) = 400, this prove that I is coercive.
u||—roo

Since I, is Gateaux differentiable and continuous, it has by Theorem 2.1 there exist
@ € E such that I} (@) = 0, and by Lemma 3.2, @ is a solution of (1). From (HO0), it
is easy to see that @ # 0. The proof is complete. (]

Theorem 4.2. Assume that the following assumptions holds

[k, x)

H2 = max limsu € |0, +00).
(H2) Jo = i, i sgw (0. +20)

(H3) Suppose that there exists M > 0 such that

k
foo = min liminfM € (M, +00).
k€2,T)z |x|—o0 T

0 u
H4) — < —.
() 37 <%
Then for each A € } %, % [ the (1) has at least one nontrivial solution.

Proof. We will check that the functional Iy satisfies all the assumptions of theorem
2.2. Obviously, Ix(0) = 0 where I, is given by (5).

First, we prove that I satisfies the Palais-Smale conditions. Let {u,} be a (PS)
sequence of Iy, that is, I (uy) is bounded and I} (u,) — 0 as n — oo.

We fixed \ €], £ [. From (H3), there exist R > 0 such that for any k € [2,T]z

M? fo
k
@ > M, Vz|> R,

then, we have
Ve>R) : f(kyo)>Mz and (Vx<-R) : f[f(k,z)< Mz

This, together with the continuity of  — f(k,z)— Mz, on [-R, R] for any k € [2,T)z,
implies that there exist M’ > 0 such that

flk,o) < Mx+ M', Vz € (—o00,0,k € [2,T)z,

and
flk,x) > Mx —M', Vrxel0,+0) ,kel2,T]z.

Hence, for k € [2,T]z, we have
T
1
Ve>0 : F(ko) :/ [k, t)dt > §Mx2 - M'z,
0
and
0 1 2 ! 1 2 /
Ve<0 : F(kax)=- f(k,t)dtziMx +M,’L‘=§M$ — M'|x|.
xT
Then for z € R and k € [2,T]z, we have

1
F(k,x) > §MI2 - M'|z|.
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Therefore, by Lemma 3.4 and from (5), we have for u € E

1 1
I(un) < 50unl* = SAM|fun|* + AM'VT = Tun],
SO
1
Iy(un) < 5(0 = AM)un|* + AM'VT = 1fun|l, (13)

since A > % and I (uy,) is bounded then {u,} is bounded. In view of the fact that

E is a finite dimension space, we deduce that I satisfies the (PS) condition.
0
In the other hand, since A € ] i fﬁ { and from (Hz), 3p > 0, such that for || < p
0
and k € [2,T)y

[f(k,2)] < T (1= v)l|z|

>|=

A
where v=2L ¢ (0,1), so for |z| < p and k € [2,T]z, we have
w

F(kvx) < (1 - I/),D2.

Sl=

Let
1
By ={u€B|ull <p} and n=guvp
then for u € 0B, = {u € E, ||u|| = p}, we have

2 2

1, 1
= - —_ 1 —_ =
GHp” = Gl —v)p” =,

this implies that the condition (I;) of Theorem 2.2 is satisfied.
Next, using (13) then for u € E, we have

1 1
Ix(u) > §H||UH2 - 5#(1 —v)p

1
In(u) < 5(49 — AM)||[u|® + AM'VT = 1]ju).

Put 4 = {u(k)} € E such that (k) = (/T — 1)~} then for any ¢ > 0, we have

~

1
L(ta) < =(0 — AM)#?||a)|® + AM'VT —1||a|| = 50— MM+ AM'(T — 1),

>
DN =

since A > U then Iy (tu) — —oo as t — 400, consequently there exists a suffi-

ciently large tg > p such that ug = tou ¢ Bp and Iy(ug) < 0. This implies that the
condition (I3) of Theorem 2.2 is satisfied. Therefore, the functional Iy has a critical
value ¢* > 0, that is, Ju* € E such that I§(u*) = 0 and Iy(u*) = ¢* > 0. Since
I1,(0) = 0 then u* # 0. O

Example 4.1. We consider the problem (1) with « = 1, § = 1 and T = 10. For
k €]2,10]z and = € R, let

1‘2

1+ 22

x
1+ |z

f(k,z) = p(k) +(1072 -6 -1) +(0+ 1)z,
where p(k) : [2,10]z — R is one polynomial and u,0 are given by (11) and (12)

respectively.
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It is easy to verify that fo, = 0+1 € (M, +00), with M =6, fo = 1072 € [0, +00)
0
and i 1< £ =100. Hence by Theorem 4.2, when X\ € (1,100) the problem (1)

has at least one nontrivial solution.

Theorem 4.3. Assume that there exists a > 0 and b > 0 with a < bv/T — 1 and the

following conditions hold,
(H5) VzeRandke[2,T)z : F(k,z) <1+ |z|.

T
(H6) > F(k,b) > 0.
k=2

2 T
na
H7 — F(k,b) > (T -1 max F(k,x).
(HT) b2y kzﬂ (k,8) > ( )(k,m)E[Q,T]ZX[fa,a} (k. )
Where : v =104+ 3a4 + (T — 1)6+

2

_ 'yb2 a
Then for each A € A = T (T—1) max D) the problem
2y F(k,b) (k,2)€[2,T1z x[~a.a]
k=2

(1) has at least three distinct solutions in E.

Proof. The functional ® given by (7) is continuously Gateaux differentiable and by
Lemma 3.3, we deduce that ® is coercive, also we have the regularity assumptions
required on ¢ and V.

1
Firstly, we put r = §Na2 and pick @ € E defined as for k € [2,T)z : a(k) =b.
Using Lemma 3.3 with v = 4 and a < byv/T — 1, we obtain

S S| 1
®(@) > Spullal* = Su(T - 1)b* > Spa® =r.

Taking into the fact that, for any k € [2, Tz,

2.9(u)
)l < flull < /==

we have
ol ClucE:ulk) <ake (2T},
then
T
sup  Y(u)=  sup F(k,u(k)) <(T-1) max F(k,x).
“eé&im,r]) ue@((im,r]) kZ:2 (k,z)€[2,T)zx[—a,a]
Therefore, from (H7), we have
T
pa? Z F(k,b) )
k=2 _ 2V (u)
sup  Y(u) < 5 =r—;
ued ! by b
((=oo,r])
it is easy to verify that
1 1
d(a) = 5(10 +3a+ (T -1)B)b* < §7b2.
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Then
sup  U(u)
u€<I>_17OC ” V(1
((=s0.7]) < (7:0)7
T d(a)
this implies that the assumption (i) of Theorem 2.3 is verified.
In other hand from (H5), (5) and by Lemma 3.3, we deduce that for any u € E,

T
1 1
1) 2 splul? = XS+ b)) > Salll® = T = 1) = Au|vT =1,
k=2
then I is coercive, this imply that the assumption (ii) of Theorem 2.3 is verified.
It is clear that ¢(0) = ¢(0) = 0, therefore the problem (1) has at least three distinct
solutions in E. 0

Theorem 4.4. Assume that there exists B > 0 such that

(H8) kglp?%]z(f"(k),f“(k))<3, where

(k) = lim 1k 2) and f>®(k)= lim f(kax)

x—0 x |z] =400 x

Then there exist A\g > 0 such that for any A €]0, Xo[ the problem (1) has no nontrivial
solution.

Proof. From (H8), there exists R > r > 0 such that for any & € [2,T]z, we have
zf(k,z) < Bx?, |z|<r or |z|>R,

f(k, x)

since for any k € [2,T)z , © — , is continuous on [—R, —r] U [r, R] then there

exist B’ > 0 such that
zf(k,z) < B'z?, Vo € [-R,—r]U][r, R],k € [2,T)z.
So for By = max(B,B’), k € [2,T]z and = € R, we have
zf(k,x) < Boz?.
Therefore for any u € E, we prove that
(W' (w), ) < Bollul®
In the other hand, for u € E, we have (®'(u),u) = 2®(u) then by (7) we obtain u € E
(T4 (u), w) > ullul]® = \Bollul® = (1 — ABo)[ul®, Vu e E.

Pick Ag = Bﬁ > 0 then we deduce that, for all A €]0, \o[ and v € E,u # 0
0

(I\(u),u) > 0,

which implies that I (u) # 0 for u € E,u # 0. Then the functional Iy does not admit
critical point u # 0, this complete the proof. O

Remark 4.1. It is easy to see that, if for (k,z) € [2,T]z x R : zf(k,z) < 0 the
problem (1) has no nontrivial solution for any A €]0, +o0|.
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