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Boundary value problem for nonlinear fractional differential
equations involving Erdélyi—-Kober derivative on unbounded
domain
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ABSTRACT. In this paper, we establish sufficient conditions for the existence of bounded so-
lution for a class of boundary value problem for nonlinear fractional differential equations in-
volving the Erdélyi-Kober differential operator on unbounded domain. Our results are based
on a fixed point theorem of Schauder combined with the diagonalization argument method in
a special Banach space. To that end, an example is presented to illustrate the usefulness of
our main results.
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1. Introduction

Differential equations of fractional-order have recently been proved to be valuable
tools in the modeling of many phenomena in various fields of science and engineering.
Indeed, we can find numerous applications in physics, chemistry, biology, economics,
control theory, signal and image processing, biophysics, blood flow phenomena, aero-
dynamics, fitting of experimental data, etc. More details are available, for instance,
in the books Das 2008 [9], Diethelm 2010 [10], Kilbas et al. 2006 [17], Mathai and
Haubold 2018 [20], Polubny 1999 [22], Sabatier et al. 2007 [23], and Samko et al.
1993 [24]. Among the various definitions of fractional differentiation. the Riemann-
Liouville and Caputo fractional derivatives are widely used in the literature. Be-
sides these integrals, there is another kind of integral operator, introduced by Arthur
Erdélyi and Hermann Kober [11] in 1940, which is known as Erdélyi-Kober fractional
integral operator. For details and applications of the Erdélyi-Kober fractional in-
tegrals, we refer the reader to a series of papers and texts [11, 15, 17, 18, 25, 27].
For some recent contributions on fractional boundary value problems on unbounded
domain, see([1], [3], [12], [21]) and the references therein. Very recently, in [2], the
authors considered the following boundary value problem on the semi-infinite interval:

y +o) f(ty,y)=0,0<t<oo,
y (0) =0, y bounded on [0,0),
where f : [0,00) x [0,00) x [0,00) — [0, 00) is continuous that satisfies an appropriate
condition. Then, the technique they used to established the existence of the solution
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is based on (i) establishing new results (see [1] also) on the finite interval [0,n] for
each n € N* and (ii) a diagonalisation argument.
In [6], Arara et al. studied the existence solutions of fractional differential problem

of the form:
Dy (t)=f(ty(t), t€[0,00),
y (0) = yo, y is bounded on [0,00),

by using the fixed point theorem of Schauder combined with the diagonalization
method. Where, 1 < a < 2 and °D® denotes the Caputo fractional derivative,
f:]0,00) x R — R is a continuous function and yo € R.

In [13], Agarwal et al. considered the following fractional boundary value problems:

Dy (t) = f(ty(t), t€[0,00), 1 <a<2,
y (0) =0, y is bounded on [0, c0),

where, D® is the Riemann-Liouville fractional derivative and f : [0,00) x R - R is a
given function. They used the nonlinear alternative of Leary-Schouder type combined
with the diagonalisation method.

The aim of this paper is to study the existence of bounded solution for the boundary
value problem of nonlinear fractional differential equation involving Erdélyi-Kober
differential operator on unbounded domain

DYu(t)+ f (t,u(t) =0, t € J = (0,00) (1)

with the boundary conditions

d” .
lim A7) —__ [v+0m=3y,4) = 0, with k =0, m — 2, u(t) bounded on .J,  (2)
t—0 dt(®)

where Dgﬁ denotes the Erdélyi—-Kober fractional derivative operator of order ¢ and
Z9+7m=9 ig the Erdélyi-Kober fractional integral of order m — 6, with m—1 < § < m,
—-m<y<l—-mmeNm>2 §>0and f is a given function required to satisfy
the following conditions:

(H1) f: J xR — [0, 00) is continuous.

(H2) There exist ¥(t) : (0,00) — (0,00) continuous and in L' (0,00) and w(t) €
((0,00),(0,00)) and non-decreasing such that

PN (8 )| < w(8)w(ful) on (0,00) x R.

In the rest of the paper, we describe some preliminary concepts related to the
proposed study in Section 2, while the main existence results are established in Sec-
tion 3 by applying Schauder’s fixed point theorem combined with the diagonalization
argument method. Finally we present an example for illustration of our main results.

2. Preliminaries

In this section, we present the necessary definitions and lemmas from fractional cal-
culus theory that will be used to derive our main results.

Definition 2.1 ([19]). The space of functions C%, a € R, n € N, consists of all
functions f (¢), t > 0, that can be represented in the form f (t) =¥ f1 (t) with p > «

and fi1 € C™ ([0,00)).
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Definition 2.2 (Erdélyi-Kober fractional integral [19]). The right-hand Erdélyi-
Kober fractional integral of the order § of the function u € C,, is defined by

t

(I;’éu) (t) = F?{S)tﬂ(wré)/ (7 - 55)671 sPO+HD=1y (s)ds, 6,8 >0, vy € R, (3)
0

where I' is the Euler gamma function.

Definition 2.3 (Erdélyi-Kober fractional derivative [19]). Let n—1 < § < n, n € N*.

The right-hand Erdélyi-Kober fractional derivative of the order § of the function
u € CF! is defined by

(Dgﬁu) ﬁ<7+j i 5 i) (I'y—i-én 5 )(t), @)
where B
ﬁ<7+3+5 jt) (IWM ’ ) <7+1+ﬂti) (V—Fn—i—ﬂ Z) (I’Y+5n s )
j=1

Lemma 2.1 ([19]). Let 6,5 >0, v € R, and u € C,. The Erdélyi-Kober fractional
integral defined by (3) has the following properties:

(Ig"sxmu> (t)y = a™ (Ig+)"6u) (t),
0 y+d,a _ O+a

(ﬁ 7 u) (t) (Ig u) (t),
(I“Iﬂ u) t) = (Ig’nlg’5u> (t).

Lemma 2.2 ([19]). Let n—1 < 6 < n,n € N, a > —(y+1), and u € CI.
Then, the following relationship between the E-K fractional derivative and the E-K
fractional integral of order § is given by

n—1
(Ig"SDg’ﬁu) () =u(t) — Z et~ PATTHR)

where,
T'(n—k) =
=] B(1+~y+k) 1 TYHIn—8 )
=Tk ! z:lll +7+Z+5 dt (B u) 0. )

Definition 2.4 (Equicontinuous). Let E be a Banach space; a subset P in C (E) is
called equicontinuous if

Ve>0, 30 >0, Vuv € E, VAE P, |lu—v|]| <d=|A(u)— A)| <e.

Theorem 2.3 (Ascoli-Arzela). Let E be a compact space. If P is an equicontinuous,
bounded subset of C (E), then P is relatively compact.

Definition 2.5 (Relatively compact subset). A subset P of a topological space E is
a relatively compact if and only if any sequence in P has sub-sequence convergent in
E.

Definition 2.6 (Completely continuous). Let E be a Banach space; we say that A :
E — E is completely continuous if for any bounded subset P of FE, the set A (P) is
relatively compact.
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Theorem 2.4 (Schauder’s fixed point [5]). Let E be a Banach space and let P be a
closed, conver and nonempty subset of E. Let A: P — P be a continuous mapping
such that:

A (P) is a relatively compact subset of E. Then A has at least one fixed point in P.

3. Main results

In this section, we assume that T,, € J,n € N*, suchthat 0 < Th < Tr < ... < T, < ...
with T,, — oo as n — co. In the sequel we set J,, = (0,7},]. In this paper, we use the
space Cj (0,00) to study the problem (1)-(2), which is denoted by

1 (0, 00) = {u

lim; o u(t) and limy_, oo u(t) exist

u is a continuous function on (0, +o00) such that }

from [3],[28], C; (0,00) is a Banach space with the norm
lulley 0,000 = sUP |u(t)],
te(0,00)
furthermore
0 (0,T;] = du uis a Contmuo.us function on (0,7),] such that .
limg_,ou(t) exists

It is easily seen that C; (0,7,] is a Banach space with the norm

laleyom, = sup u(d)].
0<t<T,

3.1. Finite Interval Problem. To present existence theory for the problem (1) -(2)
we begin with the following existence principle for the problem on the finite interval.
Fixne N* form={2,3,...}, withm—-1<d<m,-m<y<1l—m, 8>0, we
consider the following boundary value problem

DYu(t) + f(t,u(t) =0, t € J,
limy o t90+7) A0 rH0m =3y (1) = 0, with & = 0,m — 2, (6)
u(T,) = 0.

Based on the previous lemma, we will define the integral solution of the finite

interval problem (6).

Lemma 3.1. Letm—1<6d<m, —m<y<l-m, m>2 f>0andyecC2?,
then the fractional differential equation:

6
Dyu(t) +y(t) =0, t € Jn, (7)
with the conditions
d* .
i $8(1+7) v+6,m—4 — ; — —
}gr(l)t dt(k)I u(t) =0, with k=0,m — 2, (8)
u(Ty) =0, n € N* is fived. 9)

has a unique solution given by

w(t) = /0 e (t,5) PO~y (5) ds, (10)
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where

5\ 01 B
s [tﬂﬁ“) 1- (T) > 4B+ (18 _ 48)° 1] 0<s<i<T,
G, (t,s) = o bt
e (1 - (Tn) ) , 0<t<s<T,
(11)
is called the Green function of boundary value problem (7)-(8)-(9).

Proof. Let m —1 < § < m, with —m < v < 1—m, and g > 0; it is easy to prove

that the operator Ig"s has the linearity property for all § > 0. By applying Ig"s to
equation (7) we obtain

73° DY (t) +I) y(t) = 0. (12)
By using Lemma 2.2, for m — 1 < § < m, we can easily find that
I3 DY u(t) = ult) — cot PO 4t PETD g, g AmE),
for some constants cg, ¢y, -+ ¢pm—1 € R. Thus, (12) gives
u(t) — cot PN — e t7BEH e A +Ig’6y(t) =0,
which means that
u(t) = cot PO et PN oo BTN Ty (1), (13)

From the formula (5) of Lemma 2.2, it follows that

m—1
1.d
—  Jim B1+Y) A d+v,m—38
c = limt 4|_|1 (1+7+z+ﬂtdt) (1 u) (t)

(2+7) B+7) - (m+7) (I 0u) (t)

61 (1,2) e (I 00) (1) + -
. _9 d(m—2) _
= lim P+ +E&m—2 (ma ’V) m1,—2tm 2 d(m72) (]6+’y,m 6“) (t)
=0 1 N A
+Bm—1tm7 dt(m—1) (I trme u) (t)a
Wlth7 517 U 75777,72 eR
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t—0 ﬂ dt

B+7)- (m+v) (1247 m=0y) (t)
1 (m,y) St (I‘””m u) () +- -

. (m—3)
= t}g%tﬁ(2+'y) +£m 3(m ’Y) ﬁm St 3;t(m 3 (16+'ym ) )(t)

(m—2)
+ﬁ'nl.72 " 2$(m72) (I6+Af m—4 ) (t) ’

Wlth? 517"' 7€m73 eR

m—1
d
a = lm#C ] (1 by it ol ) (12+7m=0y) (t)

)

m—1

1.d
— : B(m—1+7) R e o+~v,m—4
Cm—2 lim ¢ i <1+'y+z+ 3l > (1 u) (t)
1.d
— H -1+ O+v,m—3 o+ 4 .
= }5%756('” v) (m—l—y)([ v,m u)(t)—i—ﬁdt(l vme )(t) ;
- 1.d
— 1 B(m+v) el ihad S+v,m—§
Crm—1 lim ¢ H <1+7+2+5tdt) (1 u) (t)
— i B+ (Jo+ym=4
}1_1}1(1)15 (1 u) (t).
The boundary condition (8) implies that ¢;,—1 = ¢p—2 = -+ = ¢1 = 0, which
means that we can rewrite the integral equation (13) as
u(t) = cot PN — T30y (1)
In view of the boundary condition (9) we conclude that
T4+ — Ty(T,) =0,
Consequently, we find that
B(v+9) Tn
T'fL " - —
o o= s [ =) S s
) Tn K

6 /Tn —B(-1) (7B _ BT By 1)~
= — T, T° — s sPO+HD=1y(5)ds
I'(6) Jo ( )

8 T, o8 6-1
_ W/O (1_ (Tn> ) 36(7+1)_1y(s)ds,

and therefore, the unique solution of the problem (7)-(8)-(9) is given by

=

8 —
/8 t_5(1+7) fOTn <1 — (,1:1) > Sﬂ(7+1)_1y(s)ds
I'(9)

A (. s8)0 71 By () ds

Tn
= / G (t,5) sOFD1y(s)ds.
0

u(t) =
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Now, we present some properties of Green function that form the basis of our main
work.

Remark 3.1. For m—1 < 4§ <m, —-m < v < 1—m, and § > 0 the following
conditions is hold:

1. For all V¢, s € (0,00), the function Gy, (¢, s) > 0.

2. For each n > 0, the function ¢t € J, — fOT" |G, (t,s)|ds is continuous and
bounded on J,.

We now turn to the question of existence for the problem (6).
Define an integral operator A : C; (0,7T,] — C; (0,T3,] by

Ty
Au(t) = /0 G (4, 8) P01 f (s, u(s))ds, L€ Jn, (14)

where G, (1, s) defined by (11).

Clearly, from Lemma 3.1, the fixed points of the operator A coincide with the
solutions of the problem (6).
We put

Tn
G, = sup{/ |G (t,8)|ds, t € Jn} L =sup{Y(s), s€ Jp}.
0

Lemma 3.2. If (H1)-(H2) hold, Then A : C;(0,T,] — C;(0,T,] is completely con-
tinuous.

Proof. First, for u € C;(0,T,,] we have

Tn
| Au (t)”Cl(O,Tn] = sup |Au(t)|= sup / G (t, ) sPOFD=1 £ (5 u(s))ds
0<t<T, 0<t<T, |Jo
Tn
< s [ 1G9 [P s uls)ds]
0<t<Ty JO

Together with conditions (H1) and (H2), it then follows that

Tfl
sup / |Gy (L, 9)| ‘sﬁ(wrl)*lf(s,u(s))ds‘
0

0<t<Ty

T,
sup / G (£, )] $(5)ew (Ju(s)]) dis

0<t<T,

IN

Tn
< Yrw (HUHcl(o,Tn])/o |G, (t,s)] ds

< ¢ (lulloyo.r,y) Ga < oo

Hence, A : C; (0,T,] — C;(0,T,] is well-defined.
Choose N
M = ppw (M) Gy, (15)
and let
0= {u € CL(0, Tl Il gy o0,y < M, M > o} .

In what follows we divide the proof into several steps.
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Step 1: A: Q — C;(0,T,] is continuous.
Let (uq), oy € €2 be a convergent sequence to u in €2, from Lemma 3.1 we obtain
that

|| q ||Cl(07Tn] 0<t<T,

B\ 01
B 8641 /T” 1 ( i > Bly+1)-1
< su —t — | = S
70<tng,,L I'(0) 0 T,

X [f(s,uq(s)) — f(s,u(s))] ds|

g 01
B —8er+1) /T” ] (S> Br4+1)-1
< su —_— — | = S
- o<tngn I'(9) 0 T,

x f(s,uq(s))ds — /OTn (1 - (;)ﬁ)s_l sPOHD=Lf (s, u(s))ds| .

Due to the condition (H2), we get

<1 _ (T‘i)ﬂy155““)‘7(87%8)) < (1 _ (£)5>51¢<5>w<|u<3>|>

Ty
/0 Gy (1, 5) S°OFDL [1(5,uq(s)) — (5, u(s))] ds

Since the right hand side of the above inequality is in L! (0,00) and the function

8 6—1
(1 - (Tin) ) sPOFD=1 £(5 u(s)) is continuous, it follows that the Lebesgue dom-
inated convergence theorem (theorem 12.12, page 199 in [7]) yields

NG
u— fOT"' (1 - (Ti) ) sPO+D=1 £(s u(s))ds is continuous. Hence, it holds that

n

[F(-G)) oo

T g\ -1
— / (1 - (;) ) sPOHD=1 (5 u(s))ds as ¢ — oo.
0 n

Therefore, [ Aug — Aullg, o 1,,) = 0, as ¢ — oc.
Step 2: A(Q) is relatively compact.
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First, we show that A () is uniformly bounded. Let u € €2, by the condition (H2),
we obtain

lAu(®)leyom, =  sup lAu(®)] = sup
0<t<T, 0<t<Th,

T,
/ G (t,5) s"OFD7Lf (s, u(s))ds
0

IN

T’Vl
sup / |Gy (2, 8)] ‘s'ghﬂ)_lf(s, u(s))ds
0

0<t<Ty

T7L
< o (lulegor) [ 1Gn (t.5)lds

hence, A () is uniformly bounded.

Next, we show that A () is equicontinuous on J,,.
For all u € Q, tq,t5 € J, and t; < 9, we can find

T
|Au (t2) — Au (t)] < /0 |G (ta, ) — Gy (t1,8)] [sPOFTD=1f(s,u(s)) | ds

IA

Ty
ﬁwm/|@w@—&m@m%a
0

uniformly as t; — to for all u € Q.
Hence, A (Q) is locally equicontinuous on J,,. Consequently, A (£2) is relatively com-
pact.

Therefore, A : C; (0,T,,] — C;(0,T,] is completely continuous. O

Now, to prove the existence result for the problem (6), we use the fixed point
theorem of Schauder.

Theorem 3.3. Assume that the hypotheses (H1)-(H2) hold, and that there exists
M € R satisfying (15). Then the fractional boundary value problem (6) has at least
one solution u € €.

Proof. From the proof of Lemma 3.2, we know that A is a completely continuous
operator.
Also we have A (2) C Q because of

lAuOllcyor,y = sup Mu(t =S®L/G ) SPOFD1 £ (5, u(s))ds

0<t<Ty, 0<t<Ty,

Ty
< sup / |Gy, (t,8)] ‘sﬁ('ﬁ'l)_lf(s, u(s))ds
0

0<t<T,

Tn
< e (llogor) [ 1Gn (t.5)lds
< Yiw(M)G, < M.

Hence, by Theorem 2.4 the boundary value problem (6) has at least one solution u
in Q such that
lu(t)| < M, for each t € J,,.
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3.2. Semi-infinite Interval Problem. The ideas in the previous part together

with a diagonalization argument enable us to treat the problem (1)-(2) defined on
semi-infinite interval.

Theorem 3.4. Assume that the hypotheses (H1)-(H2) hold, and that there exists
M € R satisfying (15). Then the fractional boundary value problem (1)-(2) has at
least one solution u on (0,00) .

Proof. The proof will be given in tow parts.

Part 1: From Theorem 3.3, for all n € N* we show that the following boundary value
problems

5

Dy u(t) + f(tu(t) =0, t € Jn,

limg_,o tP0+Y) L [rFom =3y, () = 0, with k = 0,m — 2,
u(T,) = 0.

have a solution u,, € Cj (J,,R) verifies that for each t € J,,, |u, (¢t)| < M, with

Tn
Uy (t) = /0 Gy (t,5) sﬁ(7+1)_1f(s, u(s))ds,

where, G, (t, s) defined by (11).
Part 2: Diagonalization argument
Define

un (t), te(0,7,],
vn(t) = { 0, te[l,,00).

Then vy, is in Cj (0, 00) with [[vn(t)]l ¢, (0,00) < M, t € (0,00).
Let S = {(vn),en-} - For t € (0,T1], we have

[on ()] < [un (8)] < M, ¥n € N*,

which means that, for all ¢ € (0,71]; (vn),cn- is bounded. Furthermore for all
t1,t2 € (0,71], Vn € N*, we have

[on(t2) —vn(t1)] < fun(t2) — un(ts)]

Ty
< / |G (ta,5) — Gy (t1, )] 35(7+1)_1f(s7u(s))’ds
0

IN

T
Wi (M)/ G (ta,8) — Gh (1, 8)| ds — 0 for 11 — .
0

It holds that, for all ¢ € (0,71], (vn), ey~ is equicontinous. Thus, S = {(vn),cn- | is
relatively compact on (0,73]. Let N' = N* — {1} . For all (v,),cy. € S, the Arzela-
Ascoli Theorem 2.3, guarantees that there is a sub-sequence (vy,), i and a function
z1 in Cj (0, T1] such that (vy), i — 21 uniformly on (0,71] as n — oo.

Let S1 = {(vn),epn | - For t € (0,T3], we have

on(8)] < Jun (£)] < M, ¥n € N,
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which means that for all ¢ € (0, 7], (vn), e is bounded. Furthermore for all ¢, €
(0,T»], n € N*, we have

|Un(t2) - Un(t1)| S Iun(tQ) - un(tl)‘

Ts
| 162 (t205) = G 11,91 [0+ (s, s
0

IN

IN

T
w;W(M)/ |G2 (tQ,S)—GQ (t1,8)|d8—>0f01‘ t1 — ta.
0

It holds that, for all ¢ € (0, T3], (vn), et is equicontinous. Thus, Sy = {(U”)nENl} is
relatively compact on (0, T5].
Let N?=N' — {2}. For all (v,),cqn € S, the Arzela-Ascoli Theorem 2.3, guaran-
tees that there is a sub-sequence (v,),cy> and a function zo in Cj (0, T3] such that
(Vn)pen2 — 22 uniformly on (0,7%] as n — oo. Note that 22 = 2 on (0,7}] since
N2 C N!. Proceed inductively to obtain for ¢ € {3,4,---} there is a sub-sequence
(Un)pene With N9 € N* and N € N%°! and a function z, in C; (0,7,] such that
(Vn)pena = Zq @8 n — 00. Also 2y = 241 on (0,T;_1].
Define a function u as follows
2 (1), te(0,T,],
“(t):{ 0. tE[Tq,oo).q]

Then u € C; (0, 00), lim;_ t'B(l‘W)dffi)IV‘*‘&’"_‘su(t) =0,withk=0,m—2,m > 2,
and |u (t)] < M, for t € (0,00). Again fix ¢t € (0,00) and let ¢ € N* with ¢t < Tj,. Then
for n € N9, we have

Tq
vn (1) = /O Gy (t,5) POV £(5, v (s))ds.

Passing to limit, as n — oo (using [14], p. 38 or [10], p. 35), we obtain

Tq
0= [ (09 2 (5,
0
Thus .
u(t) = / ’ Gy (t,s) S’B(WH)_If(s,u(:s))ds7
0

é(i>[7+57n—5u(t) =0, with & = 0,m — 2, u € C;(0,00)

which implies lim,_,q t#(1+7) -

and

DYu(t)+ f (tu(t) =0, t € J =(0,00).

O
4. An example
Consider the following boundary value problem:
D_%’%u(t)—i—t% Lolemt=0,¢t>0
! 143 - ’ (16)

m_1 . -
limy_,¢ t_%#(kmlg’ 2y (t) =0, with Kk =0,m — 2, u(¢t) bounded on J.
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u
1
1+t2

Here, f(t,u) =t2 e, §=3y=-3andp=1.

(H1) Clearly, the function f is continuous for any (¢,u) € (0,00) x R.
(H2) From the expression of the function f, it follows that

P f () = /Jule ™.
If we choose w (u) = /u, ¥ (t) = ™%, then we obtain
[E(t,u)| < ¢(t)w(|ul), on (0,00) xR,

29

with w € C((0,00), (0,00)) non-decreasing and ¥(t) : (0,00) — (0,00) continuous

and in L' (0,0) . Then, the condition (H2) holds.

On the other hand, we show that

i) oy, = SUDye (0,75, P(t) = 1.

i) @, = SUPye(0,7,,] fOT" |G, (t,s)| ds, we have to consider two cases.
Case 1: for s < t, we have

~ B ™ s\’ " 5-1
Gn = Sllp 76/ tiﬁ(y#kl) 1 — <T> 7t713(5+'7) (tﬁ —_ Sﬁ) - ’dS
te (0,15 ] ( ) 0 n

tz 2 ds

Tn
= sup /
te(0,7,] JO

1 Tn S % In 1
< sup t2 / 1-— ) ds+ sup / (t—s)2|ds
t€(0,Tn] 0 T, te(0,T,] Jo
T s\ 3 T, )
< sup t2 / (1 — ) ds+ sup / (t—s)2ds
€(0,Tn] 0 T, te(0,T,] Jo
21 2 3 2 3
< sup [t2Tn —-(t=-Tn)2 + t?}
te(0,T,] L3 3 ) 3
2 2 3 2
< sup ft%Tn — inf —(t-— Tn)g + sup 243
€(0,T)] t€(0,7,] 3 tc(0,T,] 3

< or:.

Case 2: for t < s, we have

T 8 5—1
~ n s
Gn = sup 7/ t_B(’Y—i_l) 1-— () dS
teo,1, 1 (6) Jo T,

. T s\ 2
= sup t2 (1 — ) ds
te(0.1,)  Jo Ty
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Now, If we choose M > 4T3, then we get
Wiw (M) Gy = 2T VM < M.

therefore, (15) is satisfied. Hence, all the conditions of Theorem 3.4 hold, which means
that the boundary value problem (16) has at least one solution.

5. Conclusion

In this work, the existence of bounded solution for the nonlinear fractional differential
equations with initial conditions comprising the Erdélyi—-Kober fractional derivative
on unbounded domain have been discussed in a special Banach space Cj (0, 00). For
our discussion, we have used the fixed point theorem of Schauder combined with di-
agonalization argument.

The fractional differential operator used in this paper is the Erdélyi-Kober fractional
derivative which is generalization of the Rieman-Lioville fractional derivative. Fu-
ture work will be directed toward fractional coupled systems of differential equations
involving Erdélyi—-Kober derivatives.
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