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Boundary stabilization of an overhead crane with beam model

My DRisS AOURAGH, SAMIR KHALLOUQ, AND M'HAMED SEGAOUI

ABSTRACT. In this paper, we study the boundary feedback stabilization problem of a hybrid
system consisting of a flexible beam attached to a platform moving along a straight rail and
carrying at the free end a load which is free to move in a horizontal plane. The model
proposed in this paper fits a large class of real-life applications such as an overhead crane with
a beam. Using the Riesz basis approach of general second-differential equation systems with
non-separated boundary conditions, it is shown that the Riesz basis property holds for the
system and as a consequence, the exponential stability is concluded. To verify the theoretical
developments, numerical study of the spectrum is performed by Legendre approximation, also
the numerical simulations are presented to show the effectiveness of the proposed control.
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1. Introduction

In this paper, we consider a model of an overhead crane system with a beam which
consist of a flexible beam attached to a platform moving along a straight rail of mass
I, and attached rigidly at the free end to a tip body of mass M and moment of
inertia J. Furthermore, the beam is supposed to be clamped at the platform. The
stabilization was achieved using the application of high derivative boundary damping.

The design of the high derivative feedback controllers in literature is mainly based
on the principle of passivity that makes the closed loop system dissipative, so the
system is at least asymptotically stable by Lyapunov function method. There are
many technics of designing controllers that make the system practically uniformly
stable, but there is no dissipativity which usually brings the difficulty of theoretical
proof of the uniform stability of the system. We use in the present paper the Riesz
basis approach, which was recently used to study the basis generation, exponential
stability and distribution of eigenvalues.

There are many different models in literature describing the vibration of a flexible
beam with a tip rigid body [7, 9]. The transversal displacement y(z,t) at position x
and time ¢ is governed by one partial differential equation (the Euler-Bernoulli beam
equation for vibrations of a beam) coupled with two ordinary differential equations
(the Newton-Euler equations for oscillations of a rigid body), this set of equations
forms what is often called in the literature a hybrid system.
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In this paper, we consider the following system

O (,t) + T4 (x,) = 0, 0<z<l, t>0,
52(0,t) = 0 t>0,
(gzd +In$; e Ty + 5 8:1:‘5816) (0,2) = 0, t>0, (1)
MZY(1,t) - gmg(u)—o t>0,
Jaxw(l t)+ 24(1,8) =0, t>0,
where o > 0, 8 > 0, and K # 0. When [, = 0, the uniform stabilization of the
hybrid system is obtained in [I] by means of a feedback law taking into account

only the position and the velocity of the platform. i.e. K = 0. When [I,,, # 0, no
result is available about the uniform stabilization of this hybrid system. It should

be noted that, in engineering, it is usually difficult to directly measure 8z3 2:(0,1),

but measuring the strain signal W(O,t) by strain gauges can be easily obtained.
Combining these measures with the actuator equations, such as those of an electrical
motors with drivers of speed reference type, produces indirectly the signal %(0, t).
Details can be found in Section V of [8].

The rest of this paper is organized as follows. In section 2, the asymptotic ex-
pressions of eigenvalues and eigenfunctions are derived. In Section 3, we show that
there is a sequence of generalized eigenfunctions of system (1), which forms a Riesz
basis for the state Hilbert space and the exponential stability of the system is proved.
Numerical simulation of the distribution of eigenvalues is presented in the first part
of section 4 after relating the stability of the system to a finite dimensional eigenvalue
problem and the effectiveness of the control is presented in the second part of section
4.

2. Abstract formulation and asymptotic behavior of the eigenpairs

We consider the system (1) on the following complex Hilbert space
H :=V x L*(0,1) x C*, where V = {¢ € H*(0,1)/¢'(0) = 0} (2)
equipped with the norm

00,0, = [ [+ o+ afuo)? + 984 B TR
Y o 0 1, M J’
and the state variable
dy 8y 83y u 92y

Then the system (1) can be written as
ay ’
Y
where the associated system operator is
A(¢, ¥, a,b,¢) = (1, =¢"", =¢"(0) — a(0) — B1(0), "' (1), =¢" (1)) (6)
a = Inp(0) + K¢"(0),
D(A) = ¢ (¢,9,a,b,¢) € (HY0,1) N V) x Vx C*| b= My(1),
c=JY'(1).

=AY (1), ()
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Lemma 2.1. A~! exists and is compact on H. Hence o(A), the spectrum of A,
consists of isolated eigenvalues only.

Proof. For any (f,g,a,b,c) € H, solving

A6, 1, Lnth(0) + K (0), ¢, 6)

= (1, =9, =¢"(0) — ag(0) — B1(0), 6" (1), =¢" (1)) = (f,9,a,b,¢),
produces the unique solution (notice that ¢’'(0) =0) v = f € Vand ¢ € H*(0,1)NV

1 ba — 6b ! L
o) =[5 —a- [ g0t~ pro)+a [ ot
« 6 0 0 6
1 ! c b I @)
_ = 2 2.2 e -1 3 _ = / _4\3 .
Qx[b—k/o t=g(t)dt) 5% + 6(33 ) 6/, (x —t)°g(t)dt
The result then follows from the Sobolev’s embedding theorem [11] and the details
are omitted. (]

2

Lemma 2.2. For any A = it* € o(A), there is a unique eigenfunction (up to a

scalar)
(¢, Ad, Amp(0) + K¢"(0), MAG(1), JAG' (1)) (8)
where
p(x) = — (1 + MJr*) cosh 1 + [2J7%sin 7+ (=1 + M J7*) cos 7] cosh 7(1 — z)
2J73sinh 7 — (1 4+ MJ1*) cos 74 (=1 + MJ7%) cosh 7]cos 7(1 — z)
—1+ MJr*)sin 7 — 2M7 cos 7]sinh 7(1 — )

1 — MJr*)sinh 7 — (1 4+ MJ7%)sin 7+ 2M7 cosh 7]sin 7(1 — z)
(9)

+1
+(
+(
Proof. Solving the eigenvalue problem
A(p, ¢, a,b,¢) = N, v, a,b,c), where (¢,9,a,b,c) € D(A),
one has a = I,¥(0) + K¢ (0), b = My(1), c = JY'(1), ¥ = g, and
G+ X2 =0,
(1+AK)¢"(0) + (I;nA* + a + BA)$(0) = 0,
¢'(0) =0, (10)
¢"' (1) = MA*¢(1) = 0,
¢"(1) + JN*¢' (1) = 0.
Let f(z) = ¢(1 — ). Then f satisfies
IR =0,
F(1) ==+ AK) " (1) + (ImA* + a4 BA) f(1) =0,
F(0) + MA*f(0) = 0,
f(0) — JA2f'(0) = 0.

(11)
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Let A = it2, it is easily seen that for any A\ = i72, the general solution of the following
equation

"+ f =0,
F(0) + MA*£(0) =0,
F"(0) = JN2f'(0) = 0,
is of the form
f(x) =[(dy — do) — MJIT*(dy + do)] cosh 72 + [(dy — do) + MJr*(dy + dy)] cos T
+ 2M7[d; sinh 72 + do sin Tz],
where dy and dg are arbitrary constants. By f/(1) = 0, one has (up to a scalar)
dy = (1+MJr*)sinh 7+ (=14 MJ7*)sin 7 — 2M T cos T,
dy = (1 — MJr*)sinh 7 — (1 + MJ7*)sin 7 4+ 2M7 cosh T,
dy —dy = 2M J7*sinh 7+ 2M Jr*sin 7 — 2M 7 cos 7 — 2M T cosh T,
dy +do =2sinh 7 — 2sin 7 — 2M 7 cos T+ 2MT cosh T.
Hence (again up to a scalar)
f(x)=—(1+MJr*) cosh 7(1 —x) + [2J73sin 74 (=1 + MJ7*) cos 7]cosh 7z
+ [2J73sinh 7 — (1 + MJr*) cos 7+ (=14 MJ7*)cosh 7]cos T
+[(=1+ MJr*)sin 7 —2M7 cos 7]sinh T
+[(1 = MJr*)sinh 7 — (1 4+ MJ7*)sin 7+ 2M7 cosh 7]sin 7.

O
Lemma 2.3. The characteristic equation that A satisfies is
(1 4+ iK7%)[-2M7 cosh T cos T + (=1 + MJ7*) cos T sinh 7
+ (=14 MJr*) cosh 7sin 7 + 2J7° sinh 7 sin 7] 12)

+ (—ImT4 +ip7r% + a)[(1 + MJ7'4) — (Mt + J7®)sinT cosht
+ (1 —MJ7r*) cosTcosht + (M1 — J7%) cos Tsinh 7] = 0.
Proof. For any A = i72. In order f to be a solution of (11), it is necessary and sufficient

that —(1 + AK)f"” (1) + (I, A2 + a + B\) f(1) = 0 which induces (12), proving the

lemma. O

Lemma 2.4. There is a family of eigenvalues {\,, = it2, —it2} of A with the follow-
ng asymptotic expression

_2_ Am 2 2 1
A = i1 = 7 -l—Z(M-l-(S’]T) )+O(n), (13)

where s =n — i, n is a sufficiently large positive integer. A corresponding eigenfunc-
tion is of the form

Oy = (6n, Ay AL (0) + Ky (0), MAndn (1), JAnd, (1)),

— _y—1 " —1 4 —1 1 (14)
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where

bn(z) = — (1 + MJ7}) cosh 1, + [2J73sin 7, + (=1 + MJ72) cos 7,] cosh 7, (1 — z)

2J73sinh 7, — (1 + MJ72) cos 7, + (=1 + MJ7) cosh 7,] cos 7,,(1 — )
1+ MJr})sin 7, — 2MT, cos 7,]sinh 7,,(1 — z)

(-
(1= MJr})sinh 7, — (1 4+ MJ7})sin 7, +2MT, cosh 7,] x sin 7,,(1 — ).
(15)

+
+1
+

Proof. Note that for a large positive integer n, in a uniformly bounded small neigh-
borhood of st = (n — )7

|sinT| < C, |cost| < C, |e”"sinh7| < C, |e” " cosh7| < C,

uniformly for all n with some constant C. By multiplying —61;1\7; on both sides of
(12), we can write in a uniformly bounded small neighborhood of sm = (n — %)W for

each n to be

sinT + cosT = O(i) (sin 27 = -1+ O(—))

7| ?|
or (16)
1 2 i L, 1
sint + cosT = f(M + ZK )COST+O(| |2)

Applying Rouche’s Theorem [6] in a small neighborhood of sm = (n — i)w where n is
a large positive integer, we obtain a solution 7,, which is of the form

T:Tnzsmo%), (17)

for sufficiently large n. Substituting (17) into the second equation of (16), yields
1 1 2 iy, 1

20(5) = E(M + 7) + O(ﬁ)’
and so /
1 1 il 1

3. Riesz basis and exponential stability

3.1. Preliminaries. We consider the following second-order differential equation
system with one-spatial variable in the general form [5]:

dtz +L( )=0,0<z<1,t>0
( ) = Bl,]( )=0,j=1,2,...,n1 — 1,
Uj(y) = B1,(y), j = n1,..n2 — 1,
(Y, ) Bl,a( )+ Baj(y:) =0, j=ng,n2+1,.....n3 — 1,
(Y yt) = B1j(y) + B2 j(y:) =0, j =ng,na+1,....,n4 — 1,
J(Z/ ytaytt) By j(y) + B2j(y:) + B3 j(yee) =0, j = na,na +1,....,1m,
(18)
where
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e L(y) is an ordinary differential operator of order n = 2m € N,

—s)y(x,
Ly)(a.t) = (~1)™ }:ﬂ oy, t) (19)

LIZ‘" ax(n s)

e B1;(y), Ba,j(y:) and Bs j(ys) are linear forms of differentiations of their vari-
ables in = at most of order n — 1 evaluated at the two point x = 0 or z = 1.

That is
kq;
J Ok =)y (1) Ok1i=3)y (1)
BLj(?J) = ;(algswh 0+ﬂlgsw|m 1) (20)
ko
L gty ) 9tk =40y (a, 1)
B2,j(yt) = Z()(a%SW'I 0+5233W|x:1)> (21)

and

kgj

A G A G
Bsj(ys) = Z;)(assjszx =0t Bsjs g g == (22)

with k;; € {0,1,...n — 1} and s, Bijs € C. The order of the boundary conditions of
(18) is defined as

’y:k7~1+k~2+--~-+k~n; (23)
with
klja j = 1,2, ey N — 1,
ki = max{kij, m + kaj}, j =n2,n2+ 1, .. ,ma — 1,
max{m + kaj,n + ks;}, j =na,na +1,....n

We assume that the following conditions are satisfied:
e (Hy) the coefficient functions f,, (2 < s <n) in (19) are sufficiently smooth, say
C"= %, in .
(H2) |owjo|+|Bijol > 0forl=1,1<j<n, l=2,np<j<n, =3 ns<j<n.
(Hs) maxi<j<n, —1{k1;} <m, ming, <j<n, 1{k1;} = m.
(Ha) maxn,<j<n,—1{k2;} <m, m <miny,<j<pn,—1{k2}-
(Hs) maxp,<j<n{ks;} <m.
(Hg) the boundary conditions are already normalized in the sense that for any
equivalent boundary condition {U }}’:1 of order 7, it always holds that v < 7.
Let Hi(0,1) = {f(z) € H™(0,1)/By;(f) = 0,5 = 1,2,...,n; — 1} and define a
Hilbert space H by H = H%(0,1) x L*(0,1) x C", where ng = n — n3 + 1 with the
norm

||(y7Z7’I’]1, . 777n0)||7-[ - ||yHH"" + ||Z||L2 + Z] 1’YJ|77J‘|27 (24)

where v, j = 1,2, ...,ng are positive constants.
Define the operator A in ‘H by

A(fagvnla"'anno) = (ga *L(f)aﬁla'“aﬁno) (25)
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feH™0,1),9 € HE(0,1),
Bl,j(f) = 0, fOI‘ nq S j S ng — 1,
By (f) + Ba,j(g) =0, for ny < j <mnz—1,
nj = B2 jins—1(f), for ng < j <ny —na,
nj = B2 jins—1(f) + B3 j4nz—1(9)s

forng —n3+1<j<ny.

D(A): (fag77717"'a77’ﬂ0>€%

where TN]j = 7[317]'4_”3_1(‘]‘-) for ] = 1,2, ...No.
The following result can be obtained from [5]:

Theorem 3.1. If the ordinary differential system with parameter A = p™

L(f,\) = L(f) + X f =0,
U](f) = Bl,](f) = 05 .7 = 1727"~7n2 - 1a
Uj(f, )\f) = Bl,j(f) + )\ng(f) = O, _] = N2,N2 + 1, ceeey Mg — 1,
Uj(fa >‘fa )‘Qf) = Bl,j(f) + ABQ,j(f) + AzB&j(f) = 07 j = N4, N4 + ]-7 vy N
(26)
has strongly reqular boundary conditions, then the system of generalized eigenfunctions
of A forms a Riesz basis in the Hilbert space H.

3.2. Riesz basis property of the eigenfunctions of A. To further solve the
eigenvalue problem (10), we follow the procedure in Birkhoff [2] and Naimark [10]
and divide the complex plane into eight distinct sectors,

(k+ )7

km
Sk:{pEC/4§argp§ 5

}7 k=0,1,..,7, (27)

and let wq, wo, w3, and w4 be the roots of equations #* + 1 = 0 that are arranged so
that

R(pw1) < R(pw2) < R(pws) < R(pw,), Vp € Sk. (28)

Setting A = p?, in each sector Sy, we have the following result about the fundamental
solutions of the system (10):

Lemma 3.2. [10] For p € Sy, with |p| large enough, the equation
¢ () + p'o(x) =0, (29)

has four linearly independent asymptotic fundamental solutions ¢;, i = 1,2,3,4 such
that

(. p) = " (L+0(p71)) (30)
and hence their derivatives for i =1,2,3,4 and j = 1,2,3 are given by
@’ o _
ﬁ@‘(%ﬂ) = (pwi)?e™ " (1+0(p™1)) . (31)

Substituting (30) and (31) into the boundary conditions of (10), we obtain asymp-
totic expressions for the boundary conditions for large enough |p|:

Va(¢i, p) = pwi + O(p~ ") = pwi(1+ O(p~?)),
Va(i, p) = (1+ p*K)(pwi)® + (Imp* + a4 Bp°) + O(p™ ),

— (Kl + %) L o(p2)),
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3_pw; 4_pw; -1 4 ; wp —2
Va(i, p) = (pwi)e? — Mp“e? + O(p™") = p* (e (=M + 72) +0(p™),
Vi(9i, p) = (pwi)®e? + Jp°wie? + O(p~) = p*(wid ™ + O(p™?)). (32)
Theorem 3.3. Let A = p2. Forpe S1={p¢€ (C/% <argp < T}, the characteristic
determinant A(p) of system (10) has an asymptotic expansion of the following form

A(p) =K M Jip'®er»s
o —avai EZ iz vem |2 2 - ol

Proof. Set A = p? Now, let us choose w; (i = 1,2,3,4) in Sy, to check the regularity
of the characteristic determinant A(p) as follows

3mi

-
wi=e€et, wp=e1, w3 =—ws, Wy = —wi, (33)

consequently, we have for p € Sy
R(pw1) < R(pws) < R(pws) < R(pwa),

. ™ V2
%(PW1):—|p|sm(argp+Z)§_ 2|P|

Ripwz) =| p | cos(arg p+ 5) <0,

<0, (34)

Note that A # 0 is the eigenvalue of (10) if and only if the characteristic determinant

(
V4(¢1, p) Va(da,p) Valés,p) Va(oa,p)
b1,p)  Va(pa,
(
Vi(

Vs(gs,p)  Va(¢4,p)
Ay = | V3 p) Va(ds, P =o. 35
D7 lown) Valowp) Valonp) Valoun (%)
Vi(é1,p) ¢2,p) Vi(ds,p) Vi(da,p)
So substituting (32) into (35), we get
wip wap w3p
PEw)+ 1) pP(Kw+ ) pP(Kwf + )
Alp) = * > *
plesr (<M +20) ghers (M + ) peres (-0 + )
wrpPerrJ wopPel2 J wap’ePws J
wap ,
PP (Kwj + ) 10(p?)
3 .
plerss(—a+ 2 |
wypSerrs]
(36)
From (34), we obtain
A(p) =K M Jp*Ser=a
w1 w2 o./3 0
wi+ I W3 + wi + 0
X 01 Kp p2WQ 1 w2 ;UJS Klp w3 1 wi’ + O (,072) .
e (=14 54) e (-1+55) -1+ 4
0 wo P2 wsePvs w4

(37)
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Since
wlwgl =i, ws =1, w?w;l =1,w;1 + ws = V2,
W] — Wy = —\/i, wf = —1, wiwy = —1,
then
Alp) =K M Jwip'oervs
) 1 -1 0
I : Iy i I
X 1+pr2 Z+pr2 3 ZJerw?) 3 0 3 +O(P_2).
0 e’2(=1+ 57) —e(1+574) —(1+54)
0 woef? —woyelvs —w1
Expanding the above determinant, we obtain
A(p) :KMJwgplsep“"‘{Z |:((.d2 —wp)ef? — (wy + wy)ef?
1 2 1, . 7
+ 5 [ — M(wlwg — waw?) + K—wz(wl —wo)(i — 1)_ ePvs
+ - i(wQuﬁ —wiwd) — I—m(w +wo)(i + 1)- e’z 5 + 0(p~?)
p | MR g, |
21,2 I,
—KMJz'pl%M{eﬂwz { 2v/2i — ;Z(M + K)}
21,2 I
POs12y/2 + = (= — 2 O(p™?).
+e {fjt p(M K)”+ (p~?)
O

The characteristic determinant A(p) can be written as follows
Ap) = KM Jip"e?+ ([0-1(p)le™ " + [fo(p)]1 + [01(p)]1e™?) + O(p™2),  (38)
22+ 0(p~h)ifj = -1,
where [0;(p)]1 = 00 + O(p™!) = § =2v2i + O(p™ 1) if j = 1,
O(p~1) ifj = 0.
Definition 3.1. [5] The boundary-value problem (26) is said to be regular if
|0_1,0] # 0 and |61,0] # 0. (39)
It is said to be strongly regular if the zeros {p;} of A(p) = 0 are simple and separable
in the sense that inf;; |p; — p;| > 0 for all sufficiently large |p;|, or equivalently
030 — 461.00_1,0 # 0. (40)

In light of definition 3.1, the boundary-value problem (10) is strongly regular. In
order to apply theorem 2.9 in [5], it suffices that conditions (H;) to (Hs) be satisfied.
Therefore, theorem 2.9 in [5] can be directly applied to get the principal result of the
paper:

Theorem 3.4. Let A defined as in (6). For any o > 0 and real parameters  # 0,
and K # 0, then

(i) The generalized eigenfunctions of A form a Riesz basis for H.
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(ii) Suppose there exists a constant q such that
ST = (A C/RO) > g} € p(A). (41)
q

Then A generates a Cy-semigroup et on H.
(i3i) The spectrum-determined growth condition holds true; that is, S(A) = w(A),
where

S(A) = sup RV, (42)
A€o (A)
is the spectral bound, and
w(A) = inf {w/3e > 0 such that et < e e}, (43)

is the growth order of eAt.

3.3. Exponential stability.

Theorem 3.5. Suppose 8 > aK > 0. Then there exists an w > 0 such that R(\) <
—w for all X € o(A). Therefore the Cy-semigroup et generated by A is exponentially
stable:

le?* @] < e @, (44)
where ¢ > 0 is a constant independent of P.

Proof. Tt is seen from (13) that if K < 0, then system (1) is never exponentially
stable. Since the spectrum-determined growth condition holds, it follows from (ii) of
Theorem 3.4 that e is exponentially stable under condition § > aK > 0 if and only
it R(A\) < —w for all A € o(A).

Clearly, if X is a real number, it must have A\ < 0. Notice that A = 0 is always not
in the spectrum of A. Suppose that A = A\; + @Ay (A2 # 0). Multiplying ¢ on both
sides of the first equation in (10), integrating by parts from 0 to 1 with respect to x
and taking the imaginary parts, yields

2\ [fy () Pdx + Mp(D) + J|¢! ()] + Zdatle KALEIZ0K) )12 — g,

There are two cases. When A\ # 0 it is obvious that A\; < 0 as 8 > aK > 0. While
as A\; = 0, it must be ¢(0) = 0 and so ¢"’(0) = 0 from the boundary condition
of (10). In this case, the solution of (10) shall be (we may assume that Ay > 0)
¢(x) = cosh \/Agx —cos /Aaz. But from the boundary condition ¢’ (1) = MAa¢(1),
we arrive the contradiction that

sinh /Ay — sin /Ay = —A2 M (cosh /Ay — cos v/ Ag). (45)

O

4. Numerical simulations

4.1. Simulation part I: Spectrum of the closed-loop system. Our approxi-
mation process starts from the eigenvalue problem (10). Set

v =1 (*5). (46)
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Then ® satisfies

2
™ (z) 4 %@(gg) =0, -l<z<]l,
d'(—1) =0,
1
" (-1)(1 + K\) + g(ImA2 + A3+ a)®(—1) =0, (47)

" (1) — é/\2M<1>(1) =0,
" (1) + %/\2J<I>’(1) =0.

Let P,(z) be the Legendre polynomial of degree n, satisfying

d dP,
= ((1 — 2?) dém)) +n(n+1)Pa(x) =0, Po(1)=1. (48)
We approximate ®(z) by
N
Oy (z) =Y anPu(). (49)
n=1
For more details on the procedure we refer to [3]. Here we take N = 100, I, =

3, M = J = a = 1. Using this method, the total of 101 eigenvalues on the up half
complex plane is easily calculated by MATLAB. As it is indicated in [3], computing
eigenvalues of boundary value problems with any discretization method, only those
numerical values of small magnitude have significant accuracy, with that we can be
sure of the accuracy of the first 50 eigenvalues on the up half complex plane, although
for our system, the same can be said for large magnitude eigenvalues. We denote

Lgsp = — 2=, the asymptote of the eigenvalues claimed in (13).

2000

1500 -

1000 -

500 -

*H

-500 -

-1000 -

-1500

o
*oo% ¥ *§*****&*ﬁ******* * % K
*
¥

-2000

FIGURE 1. Distribution of eigenvalues I, =3, a==m=J =
1, K =2.

The figures 1 and 2 plot the distribution of the eigenvalues obtained on the complex
plane for different values of K. In figure 1, Lqsp = —1.5 and in figure 2, Lqsp = —3.
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It is apparent that the numerical results and the theoretical estimate (13) relatively
coincident.

Figure 3 plots the functional of S(L) with respect to /3, where we have 0.01 <
B < 10, while Figure 4 demonstrates the same functional of S(L) with respect to
K, 0.01 < K < 10. Both cases suggest that the optimal value 5* for K =1 and K*
for 8 = 1 do exist, moreover an interesting fact which can be observed from these two
figures is that the assumption 8 > aK > 0 may be necessary since from figures 3 and
4, S(L) can be positive outside region 5 > aK > 0.

01

FIGURE 3. Functional relation between S(L) and K.

4.2. Simulation part II: Dynamical behavior of the closed-loop system.
Simulations for the hybrid system (1) with the parameters listed in Table 1 are used
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FIGURE 4. Functional relation between S(L) and 5.

TABLE 1. Parameters of the hybrid system

Parameter Description Value
M Mass of the tip body 0.1kg
J Moment of inertia of the tip body 130kg/m
I, Mass of the platform 20.0kg/m

to demonstrate the effectiveness of the boundary feedback control. We solve the
system (1) using the finite difference method in time and space for the space-time
domain [0, 1] x [0, 15]. In order to ensure the numerical stability of the finite difference
numerical scheme, we subdivided the spatial interval into 30 subintervals and the
temporal interval into 200000 subintervals.
The initial conditions is selected as

sin( %

y(x,0) = 50

Figure 5 shows the displacement of the Euler-Bernoulli beam without control input
(ie. @ =0,8 =0, and K = 0). It is clear that the system is unstable and the
vibration of the beam is quite large. Displacement of the Euler-Bernoulli beam with
the boundary feedback control is shown in Figure 6. It can be seen that the vibrations
of the Euler-Bernoulli beam can be suppressed greatly within 12s, by choosing a =
14.4, B = 12, and K = 2, which illustrate that the proposed boundary feedback
control is able to stabilize the Euler-Bernoulli beam at small neighborhood of its
equilibrium position.

%)

,and y(x,0) =0, Vz €]0,1]. (50)
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