
Annals of the University of Craiova, Mathematics and Computer Science Series
Volume 48(2), 2021, Pages 222–233
ISSN: 1223-6934

On some inequalities related to fractional Hermite-Hadamard
type for differentiable convex functions
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Abstract. In this paper, we shall offer some new inequalities related to Hermite-Hadamard
inequalities for differentiable convex functions involving generalized fractional integrals. Some

of our new results are the extension of the previously established results.

2010 Mathematics Subject Classification. Primary 26D07, 26D10; Secondary 26D15, 26A33.

Key words and phrases. Convex functions, Generalized fractional integrals and

Hermite-Hadamard inequalities.

1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are considerable significant in the literature (see, e.g.,[14], [20], [37, p.137]). These
inequalities state that if f : I → R is a convex function on the interval I of real
numbers and a, b ∈ I with a < b, then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f (a) + f (b)

2
. (1)

Both inequalities hold in the reversed direction if f is concave. We note that Hadamard’s
inequality may be regarded as a refinement of the concept of convexity and it follows
easily from Jensen’s inequality.

The Hermite-Hadamard inequality, which is the first fundamental result for convex
mappings with a natural geometrical interpretation and many applications, has drawn
attention much interest in elementary mathematics. A number of mathematicians
have devoted their efforts to generalize, refine, counterpart and extend it for different
classes of functions such as using convex mappings.

The overall structure of the study takes the form of three sections including intro-
duction. The remainder of this work is organized as follows: we first mention some
works which focus on Hermite-Hadamard inequality.

In Section 2, we introduce the generalized fractional integrals defined by Sarikaya
and Ertuğral along with the very first result. In Section 3 we prove an identity for dif-
ferentiable functions and using this identity we prove some trapezoid type inequalities
for differentiable mappings.
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Over the last twenty years, the numerous studies have focused on to obtain new
bound for left hand side and right and side of the inequality (1). For some examples,
please refer to ([3], [5], [10], [11], [15], [21], [31], [35], [36], [40]).

The Classical Hermite-Hadamard inequality provides estimates of the mean value
of a continuous convex function f : [a, b]→ R.

Definition 1.1. The function f : [a, b] ⊂ R→ R is said to be convex function if the
following inequality hold

f(tx+ (1− t)y) = f(y + t(x− y)) ≤ tf(x) + (1− t)f(y)

for all x, y ∈ [a, b] and t ∈ [0, 1].We can say that f is concave if (−f) is convex.

In [15], Dragomir and Agarwal gave the following identity and inequality related
to the right part of Hermite-Hadamard inequality (1).

Lemma 1.1. Let f : I◦ ⊆ R → R be a differentiable mapping on I◦, with a < b. If
f ′ ∈ L[a, b], then the following identity holds:

f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx =
b− a

2

∫ 1

0

(1− 2t)f ′(ta+ (1− t)b)dt. (2)

Theorem 1.2. Let f : I◦ ⊆ R→ R be a differentiable mapping on I◦, with a < b. If
|f ′| is convex on [a, b], then the following inequality holds:∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣ ≤ b− a
8

(|f ′(a)|+ |f ′(b)|) . (3)

In [44], Sarikaya et al. establish the following identity and inequality for the
Riemann-Liouville fractional integrals.

Lemma 1.3. Let f : I◦ ⊆ R → R be a differentiable mapping on I◦, with a < b. If
f ′ ∈ L[a, b], then the following identity holds:

f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Iαa+f(b)+Iαb−f(a)] =

∫ 1

0

[(1− t)α− tα]f(ta+(1− t)b)dt. (4)

Theorem 1.4. Let f : I◦ ⊆ R→ R be a differentiable mapping on I◦, with a < b. If
|f ′| is convex on [a, b], then the following inequality holds for fractional integrals:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Iαa+f(b) + Iαb−f(a)]

∣∣∣∣ ≤ b− a
2(α+ 1)

(
1− 1

2α

)
(|f ′(a)|+ |f ′(b)|) .

(5)

Remark 1.1. If we take α = 1 in identity 4 and inequality 5, then we have identity
2 and inequality 3 respectively.

Whereupon Sarikaya et al. obtain the Hermite-Hadamard inequality for Riemann-
Lioville fractional integrals, many authors have studied to generalize this inequal-
ity and establish Hermite-Hadamard inequality other fractional integrals such as k-
fractional integral, Hadamard fractional integrals, Katugampola fractional integrals,
Conformable fractional integrals, etc. For some of them, please see ([4], [12], [17], [18],
[22]-[28], [30], [32], [33], [34], [38], [41], [43], [45]-[50]). For more information about
fraction calculus please refer to ([19], [29]).

In this paper, we obtain the new generalized trapezoid type inequality for the
generalized fractional integrals mentioned in next section.
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2. New generalized fractional integral operators

In this section we summarize the generalized fractional integrals defined by Sarikaya
and Ertuğral in [42].
Let’s define a function ϕ : [0,∞)→ [0,∞) satisfying the following condition :∫ 1

0

ϕ (t)

t
dt <∞.

We define the following left-sided and right-sided generalized fractional integral oper-
ators, respectively, as follows:

a+Iϕf(x) =

∫ x

a

ϕ (x− t)
x− t

f(t)dt, x > a, (6)

b−Iϕf(x) =

∫ b

x

ϕ (t− x)

t− x
f(t)dt, x < b. (7)

The most important feature of generalized fractional integrals is that they generalize
some types of fractional integrals such as Riemann-Liouville fractional integral, k-
Riemann-Liouville fractional integral, Katugampola fractional integrals, conformable
fractional integral, Hadamard fractional integrals, etc. These important special cases
of the integral operators (6) and (7) are mentioned below.
i) If we take ϕ (t) = t, the operator (6) and (7) reduce to the Riemann integral as
follows:

I
a+
f(x) =

∫ x

a

f(t)dt, x > a,

Ib−f(x) =

∫ b

x

f(t)dt, x < b.

ii) If we take ϕ (t) = tα

Γ(α) , the operator (6) and (7) reduce to the Riemann-Liouville

fractional integral as follows:

Iα
a+
f(x) =

1

Γ (α)

∫ x

a

(x− t)α−1
f(t)dt, x > a,

Iαb−f(x) =
1

Γ (α)

∫ b

x

(t− x)
α−1

f(t)dt, x < b.

iii) If we take ϕ (t) = 1
kΓk(α) t

α
k , the operator (6) and (7) reduce to the k-Riemann-

Liouville fractional integral as follows:

Iα
a+,k

f(x) =
1

kΓk (α)

∫ x

a

(x− t)
α
k−1

f(t)dt, x > a,

Iαb−,kf(x) =
1

kΓk (α)

∫ b

x

(t− x)
α
k−1

f(t)dt, x < b

where

Γk (α) =

∫ ∞
0

tα−1e−
tk

k dt, R(α) > 0

and

Γk (α) = k
α
k−1Γ

(α
k

)
, R(α) > 0; k > 0

are given by Mubeen and Habibullah in [32].
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iv) If we take ϕ (t) = t (x− t)α−1
, the operator (6) reduces to the conformable frac-

tional operators as follows:

Iα
a
f(x) =

∫ x

a

tα−1f(t)dt =

∫ x

a

f(t)dαt, x > a, α ∈ (0, 1)

is given by Khalil et.al in [28].
Sarikaya and Ertuğral also establish the following Hermite-Hadamard inequality for
the generalized fractional integral operators:

Theorem 2.1. Let f : [a, b] → R be a convex function on [a, b] with a < b, then the
following inequalities for fractional integral operators hold

f

(
a+ b

2

)
≤ 1

2Λ(1)
[a+Iϕf(b) +b− Iϕf(a)] ≤ f(a) + f(b)

2
(8)

where the mapping Λ : [0, 1]→ R is defined by

Λ(x) =

x∫
0

ϕ ((b− a) t)

t
dt.

For more recent results related to generalized fractional integral inequalities see,
([1], [2], [8], [9], [16], [39], [42]).

3. Trapezoid type inequalities for generalized fractional integrals

Let’s start with the following Lemma.

Lemma 3.1. Let f : I ⊆ R −→ R be an absolutely continuous mapping on I
◦

such
that f ′ ∈ L([a, b]), where a, b ∈ I◦ with a < b. Then the following equality for gener-
alized fractional integrals holds:

f(a) + f(b)

2
− 1

2Λ (1)
[a+Iϕf(b) + b−Iϕf(a)] =

b− a
4Λ (1)

[I1 − I2 + I3 − I4]

where

I1 =

1∫
0

Λ

(
t

2

)
f
′
(
a+ b

2
t+ (1− t) a

)
dt,

I2 =

1∫
0

Λ

(
2− t

2

)
f
′
(
a+ b

2
t+ (1− t) a

)
dt,

I3 =

1∫
0

Λ

(
1 + t

2

)
f
′
(
bt+

a+ b

2
(1− t)

)
dt,

and

I4 =

1∫
0

Λ

(
1− t

2

)
f
′
(
bt+

a+ b

2
(1− t)

)
dt.
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Proof. By the integration by parts, we have

I1 =

1∫
0

Λ

(
t

2

)
f
′
(
a+ b

2
t+ (1− t) a

)
dt

=
2

b− a
Λ

(
t

2

)
f

(
a+ b

2
t+ (1− t) a

)∣∣∣∣1
0

− 1

b− a

1∫
0

ϕ
(
t
2

(
b−a
a

))
t
2

f

(
a+ b

2
t+ (1− t) a

)
dt

=
2

b− a
Λ

(
1

2

)
f

(
a+ b

2

)
− 1

b− a

a+b
2∫
a

ϕ
(
x−a
b−a · (b− a)

)
x−a
b−a

f (x)
2

b− a
dx

=
2

b− a
Λ

(
1

2

)
f

(
a+ b

2

)
− 2

b− a

a+b
2∫
a

ϕ(x− a)

x− a
f (x) dx. (9)

Similarly we obtain

I2 =

1∫
0

Λ

(
2− t

2

)
f
′
(
a+ b

2
t+ (1− t) a

)
dt (10)

=
2

b− a
Λ

(
1

2

)
f

(
a+ b

2

)
− 2

b− a
Λ (1) f (a) +

2

b− a

a+b
2∫
a

ϕ(b− x)

b− x
f (x) dx,

I3 =

1∫
0

Λ

(
1 + t

2

)
f
′
(
bt+

a+ b

2
(1− t)

)
dt (11)

=
2

b− a
Λ (1) f (b)− 2

b− a
Λ

(
1

2

)
f

(
a+ b

2

)
− 2

b− a

b∫
a+b
2

ϕ(x− a)

x− a
f (x) dx

and

I4 =

1∫
0

Λ

(
1− t

2

)
f
′
(
bt+

a+ b

2
(1− t)

)
dt

= − 2

b− a
Λ

(
1

2

)
f

(
a+ b

2

)
+

1

b− a

b∫
a+b
2

ϕ(b− x)

b− x
f (x) dx. (12)
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By the equalities (9)-(12), we establish

I1 − I2 + I3 − I4 =
2

b− a
Λ(1) [f (a) + f (b)]− 2

b− a

b∫
a

ϕ(b− x)

b− x
f (x) dx

− 2

b− a

b∫
a

ϕ(x− a)

x− a
f (x) dx

=
2

b− a
Λ(1) [f (a) + f (b)]− 2

b− a
[a+Iϕf(b) +b− Iϕf(a)] (13)

which completes the proof. �

Theorem 3.2. Let f : I ⊆ R −→ R be a differentiable function on I◦ such that
f ′ ∈ L([a, b]),where a, b ∈ I◦ with a < b. If the function |f ′| is convex on [a, b], then
we have the following inequality for generalized fractional integral operators

∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) +b− Iϕf(a)]

∣∣∣∣
≤ b− a

4Λ(1)


1∫

0

(
2− t

2

) ∣∣∣∣Λ( t2
)
− Λ

(
2− t

2

)∣∣∣∣ dt
+

1∫
0

1− t
2

∣∣∣∣Λ(1 + t

2

)
− Λ

(
1− t

2

)∣∣∣∣ dt
 [|f ′ (a)|+ |f ′ (b)|] . (14)

Proof. By the Lemma 3.1, we obtain

∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) +b− Iϕf(a)]

∣∣∣∣
≤ b− a

4Λ(1)


∣∣∣∣∣∣

1∫
0

[
Λ

(
t

2

)
− Λ

(
2− t

2

)]
f ′
(
a+ b

2
t+ (1− t)a

)
dt

∣∣∣∣∣∣
+

∣∣∣∣∣∣
1∫

0

Λ

(
1 + t

2

)
− Λ

(
1− t

2

)
f ′
(
tb+ (1− t)a+ b

2

)
dt

∣∣∣∣∣∣


≤ b− a
4Λ(1)


1∫

0

∣∣∣∣[Λ( t2
)
− Λ

(
2− t

2

)]∣∣∣∣ ∣∣∣∣f ′(a+ b

2
t+ (1− t)a

)∣∣∣∣ dt
+

1∫
0

∣∣∣∣Λ(1 + t

2

)
− Λ

(
1− t

2

)∣∣∣∣ ∣∣∣∣f ′(tb+ (1− t)a+ b

2

)∣∣∣∣ dt
 .
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Since |f ′| is convex, we get∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) +b− Iϕf(a)]

∣∣∣∣
≤ b− a

4Λ(1)


1∫

0

∣∣∣∣[Λ( t2
)
− Λ

(
2− t

2

)]∣∣∣∣ [t ∣∣∣∣f ′(a+ b

2

)∣∣∣∣+ (1− t) |f ′ (a)|
]
dt

+

1∫
0

∣∣∣∣Λ(1 + t

2

)
− Λ

(
1− t

2

)∣∣∣∣ [t |f ′ (b)|+ (1− t)
∣∣∣∣f ′(a+ b

2

)∣∣∣∣] dt


≤ b− a
4Λ(1)


1∫

0

∣∣∣∣[Λ( t2
)
− Λ

(
2− t

2

)]∣∣∣∣ [t |f ′ (a)|+ |f ′ (b)|
2

+ (1− t) |f ′ (a)|
]
dt

+

1∫
0

∣∣∣∣Λ(1 + t

2

)
− Λ

(
1− t

2

)∣∣∣∣ [t |f ′ (b)|+ (1− t) |f
′ (a)|+ |f ′ (b)|

2

]
dt


=

b− a
4Λ(1)


1∫

0

(
2− t

2

) ∣∣∣∣Λ( t2
)
− Λ

(
2− t

2

)∣∣∣∣ dt
+

1∫
0

(
1− t

2

) ∣∣∣∣Λ(1 + t

2

)
+ Λ

(
1− t

2

)∣∣∣∣ dt
 |f ′ (a)|

+
b− a
4Λ(1)


1∫

0

t

2

∣∣∣∣Λ( t2
)
− Λ

(
2− t

2

)∣∣∣∣ dt
+

1∫
0

1 + t

2

∣∣∣∣Λ(1 + t

2

)
− Λ

(
1− t

2

)∣∣∣∣ dt
 |f ′ (b)|

=
b− a
4Λ(1)


1∫

0

(
2− t

2

) ∣∣∣∣Λ( t2
)
− Λ

(
2− t

2

)∣∣∣∣ dt
+

1∫
0

1− t
2

∣∣∣∣Λ(1 + t

2

)
− Λ

(
1− t

2

)∣∣∣∣ dt
 [|f ′ (a)|+ |f ′ (b)|] .

This completes the proof. �

Remark 3.1. If we choose ϕ (t) = t in Theorem 3.2, then inequality (14) reduces to
the inequality (3).

Remark 3.2. If we choose ϕ (t) = tα

Γ(α) in Theorem 3.2, then inequality (14) reduces

to the inequality (5).
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Remark 3.3. If we choose ϕ (t) = t
α
k

kΓk(α) in Theorem 3.2, then we obtain

∣∣∣∣∣f (a) + f (b)

2
− Γk(α+ k)

2 (b− a)
α
k

[Ja+,kf(b) + Jb−,kf(a)]

∣∣∣∣∣
≤ b− a

2
(
α
k + 1

) (1− 1

2
α
k

)
[|f ′ (a)|+ |f ′ (b)|]

which is proved by Farid et al. in [18, Theorem 2.4].

Theorem 3.3. Let f : I ⊆ R −→ R be a differentiable function on I◦ such that
f ′ ∈ Lq([a, b]),where a, b ∈ I◦ with a < b. If the function |f ′|q , q > 1, is convex on
[a, b], then we have the following inequality for generalized fractional integral operators∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) +b− Iϕf(a)]

∣∣∣∣
≤ b− a

4Λ(1)


 1∫

0

∣∣∣∣Λ( t2
)
− Λ

(
2− t

2

)∣∣∣∣p dt


1
p (

3 |f ′ (a)|q + |f ′ (b)|q

4

) 1
q

+

 1∫
0

∣∣∣∣Λ(1 + t

2

)
− Λ

(
1− t

2

)∣∣∣∣p dt


1
p (
|f ′ (a)|q + 3 |f ′ (b)|q

4

) 1
q


where 1

p + 1
q = 1.

Proof. By the Lemma 3.1 and Hölder inequality, we obtain∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) +b− Iϕf(a)]

∣∣∣∣
≤ b− a

4Λ(1)


1∫

0

∣∣∣∣[Λ( t2
)
− Λ

(
2− t

2

)]∣∣∣∣ ∣∣∣∣f ′(a+ b

2
t+ (1− t)a

)∣∣∣∣ dt
+

1∫
0

∣∣∣∣Λ(1 + t

2

)
− Λ

(
1− t

2

)∣∣∣∣ ∣∣∣∣f ′(tb+ (1− t)a+ b

2

)∣∣∣∣ dt


≤ b− a
4Λ(1)


 1∫

0

∣∣∣∣Λ( t2
)
− Λ

(
2− t

2

)∣∣∣∣p dt


1
p
 1∫

0

∣∣∣∣f ′(a+ b

2
t+ (1− t)a

)∣∣∣∣q dt


1
q

+

 1∫
0

∣∣∣∣Λ(1 + t

2

)
− Λ

(
1− t

2

)∣∣∣∣p dt


1
p
 1∫

0

∣∣∣∣f ′(tb+ (1− t)a+ b

2

)∣∣∣∣q dt


1
q

 .

(15)
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Since |f ′|q is convex, we have

1∫
0

∣∣∣∣f ′(a+ b

2
t+ (1− t)a

)∣∣∣∣q dt ≤
1∫

0

[
t

∣∣∣∣f ′(a+ b

2

)∣∣∣∣q + (1− t) |f ′ (a)|q
]

=

∣∣f ′ (a+b
2

)∣∣q + |f ′ (a)|q

2

≤ 3 |f ′ (a)|q + |f ′ (b)|q

4
(16)

and similarly

1∫
0

∣∣∣∣f ′(tb+ (1− t)a+ b

2

)∣∣∣∣q dt ≤ |f ′ (a)|q + 3 |f ′ (b)|q

4
. (17)

If we substitute (16) and (17) in (15), we establish the desired result. �

Corollary 3.4. If we choose ϕ (t) = t in Theorem 3.3, then we obtain∣∣∣∣∣∣f (a) + f (b)

2
− 1

b− a

b∫
a

f(t)dt

∣∣∣∣∣∣
≤ b− a

4

(
1

p+ 1

) 1
p

{(
3 |f ′ (a)|q + |f ′ (b)|q

4

) 1
q

+

(
|f ′ (a)|q + 3 |f ′ (b)|q

4

) 1
q

}

≤ b− a
4

(
4

p+ 1

) 1
p

[|f ′ (a)|+ |f ′ (b)|] (18)

Proof. The proof of the first inequality in (18) is obvious by choosing ϕ (t) = t. For
the proof of second inequality, let a1 = 3 |f ′ (a)|q , b1 = |f ′ (b)|q , a2 = |f ′ (a)|q and
b2 = 3 |f ′ (b)|q . Using the facts that,

n∑
k=1

(ak + bk)
s ≤

n∑
k=1

ask +

n∑
k=1

bsk, 0 ≤ s < 1 (19)

and 1 + 3
1
q ≤ 4. the desired result can be obtained straightforwardly. �

Corollary 3.5. If we choose ϕ (t) = tα

Γ(α) in Theorem 3.3, then we obtain∣∣∣∣f (a) + f (b)

2
− Γ(α+ 1)

2 (b− a)
α [Ja+f(b) + Jb−f(a)]

∣∣∣∣
≤ b− a

4

(
2

αp+ 1

) 1
p
(

1− 1

2αp

) 1
p

×

{(
3 |f ′ (a)|q + |f ′ (b)|q

4

) 1
q

+

(
|f ′ (a)|q + 3 |f ′ (b)|q

4

) 1
q

}

≤ b− a
4

(
8

αp+ 1

) 1
p
(

1− 1

2αp

) 1
p

[|f ′ (a)|+ |f ′ (b)|] .
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Proof. First inequality can be obtained by the inequality

(A−B)q ≤ Aq −Bq,

for any A > B ≥ 0 and q ≥ 1. The second inequality is obvious from the inequality
(19). �

Corollary 3.6. If we choose ϕ (t) = t
α
k

kΓk(α) in Theorem 3.3, then we obtain∣∣∣∣∣f (a) + f (b)

2
− Γk(α+ k)

2 (b− a)
α
k

[Ja+,kf(b) + Jb−,kf(a)]

∣∣∣∣∣
≤ b− a

4

(
2k

αp+ k

) 1
p
(

1− 1

2
αp
k

) 1
p

×

{(
3 |f ′ (a)|q + |f ′ (b)|q

4

) 1
q

+

(
|f ′ (a)|q + 3 |f ′ (b)|q

4

) 1
q

}

≤ b− a
4

(
8k

αp+ k

) 1
p
(

1− 1

2
αp
k

) 1
p

[|f ′ (a)|+ |f ′ (b)|] .

4. Conclusion

In the development of this work, Hermite-Hadamard inequalities for differentiable
convex functions involving generalized fractional integrals have been deduced. We
also give several results capturing Riemann-

Liouville fractional integrals and k-Riemann-Liouville fractional integrals as special
cases. The authors hope that these results will serve as a motivation for future work
in this fascinating area. As future directions, one may finds the similar inequalities
through different types of convexities.
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(RACSAM) 113 (2019), no. 4, 3115–3124.

[17] G. Farid, A. ur Rehman, and M. Zahra, On Hadamard type inequalities for k-fractional integrals,
Konurap J. Math. 4 (2016), no. 2, 79–86.

[18] G. Farid, A. Rehman, and M. Zahra, On Hadamard inequalities for k-fractional integrals, Non-

linear Functional Analysis and Applications 21 (2016), no. 3, 463–478.
[19] R. Gorenflo and F. Mainardi, Fractional calculus: integral and differential equations of fractional

order, Springer Verlag, Wien, 1997, 223-276.
[20] J. Hadamard, Etude sur les proprietes des fonctions entieres en particulier d’une fonction con-

sideree par Riemann, J. Math. Pures Appl. 58 (1893), 171–215.

[21] S. Hussain, M. I. Bhatti, and M. Iqbal, Hadamard-type inequalities for s-convex functions I,
Punjab Univ. Jour. of Math. 41(2009), 51–60.

[22] R. Hussain, A. Ali, A. Latif, and G. Gulshan, Some k-fractional associates of Hermite–

Hadamard’s inequality for quasi–convex functions and applications to special means, Fractional
Differential Calculus 7 (2017), no. 2, 301–309.

[23] M. Iqbal, S. Qaisar, and M. Muddassar, A short note on integral inequality of type Hermite-
Hadamard through convexity, J. Computational analaysis and applications 21 (2016), no. 5,
946–953.
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[37] J.E. Pečarić, F. Proschan, and Y.L. Tong, Convex Functions, Partial Orderings and Statistical

Applications, Academic Press, Boston, 1992.
[38] K. Qiu and J. R. Wang, A fractional integral identity and its application to fractional Hermite-

Hadamard type inequalities, Journal of Interdisciplinary Mathematics 21 (2018), no. 1, 1–16.

[39] S. Rashid, M. A. Noor, and K. I. Noor, Some generalize Riemann-Liouville fractional estimates
involving functions having exponentially convexity property, Punjab. Univ. J. Math 51 (2019),

no. 11, 1–15.

[40] M. Z. Sarikaya, A. Saglam, and H. Yildirim, New inequalities of Hermite-Hadamard type for
functions whose second derivatives absolute values are convex and quasi-convex, Int. J. Open

Problems Comput. Math. 5 (2012), no. 3, 1–14.

[41] M. Z. Sarikaya and N. Aktan, On the generalization some integral inequalities and their appli-
cations, Mathematical and Computer Modelling 54 (2011), no. 9-10, 2175–2182.
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