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Integral K-operator frames for B(H)
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ABSTRACT. In this paper, we will introduce a new notion, that of K-Integral operator frames
in the set of all bounded linear operators noted B(H), where H is a separable Hilbert space.
Also, we prove some results of integral K-operator frame. Lastly we will establish some new
properties for the perturbation and stability for an integral K-operator frames for B(H).
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1. Introduction and preliminary

The notion of frames in Hilbert spaces has been introduced by Duffin and Schaeffer
[4] in 1952 to study some deep problems in nonharmonic Fourier series, after the
fundamental paper [2] by Daubechies, Grossman and Meyer, frames theory began to
be widely used, particularly in the more specialized context of wavelet frames and
Gabor frames [5]. The theory of frames has been applied to signal processing, image
processing, data compressing and so on.

This last decade have seen tremendous activity in the development of frame theory
and many generalizations of frames have come into existence. Theory of frames have
been extended from Hilbert spaces to Hilbert C*-modules [8, 9, 10, 11, 12, 13, 14, 15,

) ) ]'

Some generalizations of frames for Hilbert spaces have been introduced and studied
especially operator frame. The concept of operator frame for the space B(H) of all
bounded linear operators on Hilbert space H was introduced by Chun-Yan Li and
Huai-Xin Cao [7].

Motivated by the work of Chander Shekhar and Shiv Kumar Kaushik [17], we
introduce and study a new notion that of 7 Integral K-operator frame for B(H)”.
Also we give some new properties.

In what follows, we set H a separable Hilbert space and B(H) the set of all bounded
linear operators from H to H and (2, 1) is a measure space with positive measure .
Let K, T € B(H), if TK = I, then T is called the left inverse of K, denoted by Kfl.

If KT = I, then T is called the right inverse of K and we write K1 = T.

If KT'=TK =1, then T and K are inverse of each other.
For a separable Hilbert space H and a measurable space (£2, 1), define,

P(Q,H)={z, € H weQ, /Q<xw,o:w>du(w)H < oco}.
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For any = = (2,)weo and ¥y = (Y )weq, the inner product on [2(2, H) is defined by,
@ = [ (o).

And the norme is defined by |z| = (z,z)z.

Definition 1.1. A sequence {«;};er C R is said to be positively confined if:

0 < infa; < supa; < 0o
iel iel

Where [ is a finite or countable index subset.
Theorem 1.1. [3] Let H be a Hilbert space and T, K € B(H). Then the following
statements are equivalent:

1. R(K) CR(T).

2. KK* < \N2TT*, for some 0 < \.

3. K =TQ, for some Q € B(H).

Lemma 1.2. [18]. Let (Q,u) be a measure space, X and Y are two Banach spaces,
A: X — Y be a bounded linear operator and f : Q — X measurable function; then,

N[ ) = [ )

2. Integral K-operator frame

Definition 2.1. Let K € B(H), and A = {A, € B(H), w € Q}. The family
A is said an integral K-operator frame for B(H), if there exist a positive constants
0 < A, B < oo such that :

Al 2] < / [Awzl*dp(w) < Bllzl* =€ H, (1)
Q

where A and B are called lower and upper bounds for the integral K-operator frame
A, respectively.

An integral K-operator frame {A, },ecq is said to be tight if there exists a constant
0 < A such that,

AlKal? = [ |Asal?du(w)  x e H. )
Q
It is called a parseval integral K-operator frame if A = 1 in last inequality.

If only upper inequality of (1) holds, then the family {A, },cq is called an integral
K-operator Bessel family for B(H).

Example 2.1. Let H be the Hilbert space defined by:

H:{A:(g 2) /a,be(C}.

We define the inner product :

HxH — C -
(A, B) — <A7 B> = aday + bby

[ a O (a1 O
WhGYGA—(O b)andB—( 0 b >

So, we have : ||A]| = /|a|? + |b]?
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Now, we consider a measure space (2 = [0,1],d\), where dX is a Lebesgue measure

restraint on the interval [0, 1].
For all w € [0, 1], we define :

Ay :H—H

wa 0
A—>( 0 0)

It is clear that {Au}.,efo,1) is a family of continuous operator on H because,

1
1AL (Fax@) = Fla.

/||A )|2dA\(w) = 0.

If a =0 and b # 0 then,

But if we take,

K:-H—H
a O
A— ( 0 0 )
Then,
1
IIK A|? < /HA A)|PdAM(w) < gllAH2

which shows that {A. }wejo,1) is an integral K-operator frame for B(H).
Let {A, }wea be an integral K-operator frame for B(H), we define an operator:

R:H —I*(Q,H)
r — R(z) = {Avz}uea-

It easy to show that the R is a linear and bounded operator, called the analysis
operator of the integral K-operator frame {A, }ueq.
The adjoint of the analysis operator R is defined by :

R*:I*(0,H) — H
{zw}tweq — R*(x) = / AL z,dp(w).
Q

By composing R and R*, the frame operator S for the integral K-operator frame
{A, }weq is given by :

Sz = R"Rx = / ASA rdp(w).
Q
Clearly to see that the frame operator S is positive, sefadjoint and bounded.

Proposition 2.1. Let K € B(H) and {Ay}weq be an integral K-operator frame for
B(H) with frames bounds A and B, then {A,}ucq is an integral operator frame for
B(H) if K is surjective.
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Proof. Let {Ay}wea be an integral K-operator frame for B(H), then

ARl < [ [AulPduo) < Blal? 2 e . (3
Since K is surjective, then there exist a > 0 such that
aflzf| < [|K7xf|, e H. (4)
So,
a?Allz|* < /Q [Awa|*du(w) < Bllz|®*  x € H. ()

Which shows that {A,, },eq is an integral operator frame for B(H ) with frames bounds
a?A and B. O

Theorem 2.2. Let {A,}uecq be an integral K-operator Bessel family for B(H), the
following statements are equivalent :

1- {Au}wea is an integral K-operator frame for B(H).

2- There exists 0 < A such that AKK* < S, where S is the frame operator for

{Aw}welﬂ-
3- K=S82L, for some L € B(H).

Proof. (1) = (2) Let A = {A, }weq be an integral K-operator frame for B(H), with
bounds A and B, then:

AK* 2] < /Q |Aual2duw) < Bllz|? @€ H. (6)
Let S the frame operator for A, by lemma 1.2, we have :
(Sz,z) = (/Q A Az dp(w), )
= /(AZwaw,m)du(w)
Q
= /Q(waw,/\wx)du(w)

— [ 1ol dute).
Q
From (6), we obtaint,
(AKK*z,z) < (Sz,x) < (Bx,x) x € H. (7

Then,
AKK* < 8S.

(2) = (3) Suppose there exists 0 < A such that AKK* < S. Then we have
AKK* < §75%.
Hence,
(AKK*z,z) = A(K"z, K*z) < (S%S%x,:m = (S’%x,S%@ x € H.

So,
|K*z|? < AY|S2z?>  a€H.
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By theorem 1.1 we have :

K = Sz L for some L € B(H).

(3) = (1) Let K = S2 L for some L € B(H).
By theoreme 1.1, there exist 0 < A such that :

|K*z|| < A||S?z||  x € H.
So, on one hand we have:
AP|K 2|)? < ||S32|* = (S3e, S3a) = (Sw,x) = / | Al dpu(wo).
Q
On other hand, we assumed that {A,}weq be an integral K-operator Bessel family
for B(H), which ends the proof. O

Theorem 2.3. Let K,L € B(H) and {Ay}wea be an integral K-operator frame for
B(H), then {Ay,L}weq is an integral L* K -operator frame for B(H).

Proof. Let {A,}ueq be an integral K-operator frame for B(H) with bounds A and
B, then,

Al 2] < / [Awzl*dp(w) < Bllal|* =€ H.
Q

Then,

A||K*Lx||2§/ |AwLz|?du(w) < B||Lz||*  x € H.
So, ?

ALKl < [ [AuLeldu(w) < B|Le|® o€ B
Since ?

B| La||* < BIIL|*l=]*.
Then {A,L}ueq is an integral L*K-operator frame for B(H) with bounds A and
BJ|L|J. O

Theorem 2.4. Let K € B(H) and {Ay}weq be a tight integral K -operator frame for
B(H), with bound 0 < A. Then {Ay}weq is a tight integral operator frame for B(H)
with frame bound B if and only if K1 = %K*.

Proof. Let {A, }ueq be a tight integral operator frame for € B(H) with bound B > 0,
then,

[ I8uelPdu(e) = Bllal*
So, for each x € H, we have,
A||K*z||* = Bllz|*.

Moreover,

<KK*x,x>:<§x,x> r e H.
Hence, K, ! = 4 K*.
Conversely, suppose that K ' = 4 K*. Then, KK* = Z1.
So,

(KK*z,z) = (—x,x) x € H.
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Since {Ay }weq is a tight integral K-operator frame for B(H) with bound B, we have:

[ I8alPdu(e) = Bllal*
Which ends the proof. O

Theorem 2.5. Let L, K € B(H), if {Aw}weq is an integral K-operator frames and
integral L-operator frame for B(H) and a,b are non nul scalars, then {A, }ueq is an
integral (aK + bL)-operator frame and an integral K L-operator frame for B(H).

Proof. Let {Ay}weq be an integral K-operator frame and integral L-operator frame
for B(H), then there exist 0 < A, B < oo and 0 < C, D < o0, such that, for all z € H,
we have :

A K2 < /Q [Awa|?du(w) < Bl (®)

CllL e < / |AwzPdu(w) < Dlja]?. (9)
Then,
VAC|(aK + bL)*z|| < VAC||aK*z| + VAC|bL*z|
< V/Clal( /Q IAwzlPdu(w))t + VA /Q Ayl Pdp(w))}
< (VCla| + VAB|)( / Al Pdu(w))t.
Q
So,
AC| (K +bL)"z]? < (VCla| + VAP)2( / 1Azl 2dpu(uw)) (10)
From (8), (9) and (10), we obtaint,
AC
(VClal + VA2

Wich show that {Ay }weq is an integral (aK + bL)-operator frame for B(H).
Also, for all x € H, we have,

1.

. B+D
ek + b0yl < [ [AsalPdutu) < 252

I(EL) 2|® = | LKz ||* < ||| K] (11)
By (9) and (11), we conclude,

A *
7HL*H2||(KL) || S/ 1A [*dp(w) < Bll||*.
Q
Which shows that {A, }ueq is an integral K L-operator frame for B(H). O

Corollary 2.6. Let K € B(H) and {A,}weq be an integral K-operator frame for
B(H), then {Ay}weq is an integral L-operator frame for any operator L in the subal-
gebra generated by K.

Proof. Follows in view of last theorem. O
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Theorem 2.7. Let K € B(H) and {A,}ueq be an integral K-operator frame for
B(H), with best frames bounds A and B (the mazimum and minimum bounds re-
spectively verify (1)). If Q : H — H is a linear homeomorphisme such that Q'
commutes with K*, then {A,Q}weq s an integral K-operator frame for B(H) with
best frames bounds C' and D satisfying the inequalities:

AleTHI? << AlQI®,  BlQTMIT* <D< BlQ|* (12)
Proof. Let K € B(H) and {A, }weq be an integral K-operator frame for B(H), with
best frames bounds A and B, then,
Aol < [ [AualPdute) < Blol?,  we
Q

Also, we have for all x € H,

AlK z]? = A K*Q7'Qu|* = A|QT K" Qx| < ||Q_1||2/Q A0 Q| du(w)  (13)
By (13) and (1), we have,

AP K 2| < /Q [AuQz|*du(w) < BIQIP|l«]?, =€ H.

Hense, {A,Q}.,cq is an integral K-operator frame for B(H) with bounds A|/Q 1|2
and B[ Q|
Now, let C' and D the best bounds of the integral K-operator frame {A,Q },cq, then,

Al <C  and  D<B|Q|? (14)
Moreover, we have,
1K 2)? = |QQ™ K z|* < |QI* | K*Q «|®, =z e H.
Hence,

ClQI2K x| < C|IK*Q x|

—1 2 o 2
< /Q 1A, QQ | Pdu(w) = /Q |Auz|Pduw)
< DIQ P>

Since A and B are the best bounds of an integral K-operator frame {A,}.cq, then
we have,

cleI?<4A  B<D|QMP (15)
From (14) and (15), we obtaint (12) O

3. Perturbation of integral K-operator frames

In this section we consider perturbation of an integral K-operator frames by non-zero
operators.

Theorem 3.1. Let K € B(H) and {A,}ueca be an integral K-operator frame for
B(H) with frames bounds A and B. Let L € B(H), (L # 0), and {aw }wea any family
of scalars. Then the perturbed family of operator {A, + a, LK*},ecq is an integral
K -operator frames for B(H) if [, |aw?dp(w) < H‘Li“.
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Proof. Let 'y, = A, + a, LK™, for all w € Q. Then for all x € H, we have,
[ 1 = PaslPdnte) = [ fa LK el dute),
< / o PIL I 2dpa(0)
- / o P L) | K |2 2,
< RIK*|?|al?,  where R= / 0P| L) 2dpu(w).
On one hand, for all x € H,we have,
( / 1(Aw + 1o LIz [2da(w)) = |(Aw + a0 LK)l gern
Q
< [Awzllizm) + |aw LK @2 (0, 1)
< / Az Pdu(w))? + ( / LK ] dp(w))
< VB|jz| + VR|E|||z|
< (VB + VE| K|z,
Then
/Q (A + au L)z 2dp(w) < (VB + VRIE* )] (16)
On other hand, for all z € H, we have,
( / 1(Aw + 0o L)z 2da(w)) ¥ = [[(Aw + a0 LK)l 20 mn
Q
> [ Av|liz(0,m) — llaw LK |20, m)
> ( /Q IAwzPdu(w)) — ( /Q law LK "] Pdu(w))*
> VA||K*z| - VR|K* x|
> (VA-VR)|K*z|.
So,
/ |(Aw + au LIz 2du(w) > (VA — VR)?| K" (17)
Q

From (16) and (17) we conclude that {A, + a,LK*},cq is an integral K-operator
frame for B(H) if R < A, that is if,

|a |“du(w
/ * ||L||

Theorem 3.2. Let K € B(H) and {A,}weq be an integral K-operator frame for
B(H). Let {Ty}ueq be any family on B(H), and let {a, twea, {bwtwea C R be two

O
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positively confined sequences. If there exists a constants o, B with 0 < a, 5 < % such
that,

[ autor = buLuslPdu@) < a [ laAuelPdute) + 5 [ [bTuelPdute). (18)
Q Q Q

Then {T', }oueq is an integral K-operator frame for B(H).

Proof. Suppose (18) holds for some conditions of theorem.
Then for all x € H we have,

/ BT it] Pdp(w) < 2 / A z] (0 / lawAut — buTo|2du(w))
2( / Al Pdp(w) + a / lawAwelPduw) + 8 / BTzl Pdp(w)).
Therefore,
(1-26) / BTz |du(w) < 2(1 + o) / lawAyz|2du(w).
Q Q
This give,
(1 —26)[inf (b / ITualPdu) < 201+ a)fsup(a.) / IAuz P duw).

Thus,
2(1 4 «a)[sup(ay,)]

[ raslPinte) < = Miaf / AP (19)

Also, for all x € H we have,

/naw e <2/\|aw o — T |Pdu(w /nb L|2dp(w))
/ lawAua|2du(w) + / BTl Pdp( / BTl Pdu(w)).

Therefore,

(1= 20) inf ()] /Q IAua*dp(w) < 201 + B)sup(s / D] ?dp(e

This give:
(1-2a)] 1n£2 ay)]
we
ST Mo / Aueldn(e) < [ IPusPdute (20)

From (19) and (20) we conclude,

(1— mg 2(1+oz sug ay))
we we
ST / Al < [ [rualPdute) < T / A Pdp(e

Hence, {T'y, }weq is an integral K-operator frame for B(H). O
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4. Stability of integral K-operator frames

Theorem 4.1. Let K € B(H) and {A,}weq be an integral K-operator frame for
B(H) with bounds A and B. Let {T'y}weq C B(H) and 0 < a, 8.
If0<a+ 2 <1 such that,

/ I(Aw — Do)z |2dp(w) < o / |Awe|2dp(w) + BIK* 2l Ve H.  (21)
Q Q

Then the family {Ty }weq s an integral K-operator frame for B(H) with frame bounds

Al - mf and B(1 + y/a + ZIEIZy2

Proof. Let K € B(H) and {A,}wecq be an integral K-operator frame for B(H) with
bounds A and B.
Then for each x € H we have,

{Awz}weallizm) < [{(Aw = Tw)ztweallizm) + [{Twrtvealliz

< \/a [ 1AsalPaute) + Bl + ¢ [ Irealdute)
¢ [ Icelduo) + 5 [ Iaceldute \/ JALERe

Al 2| < / A2 dp(w)

| B .
A=y Ja+ )| K || < ; ITw||*dp(w) (22)
Also, we have:

{Tuabueallogn < (Ao = T)buealioun + {Auahuealeg)
Vo BIEIZ
< VB(a+ =)t ol + VE]a]

e BIETE
[ IrealPdue) < B+ ta+ SR (23)

From (22) and (23), we conclude that {T',},eq is an mtegral K-operator frame for

B(H) with frame bounds A(1 — \/a + %)2 and B(1+ ¢/ (a+ B”KIP) . O

Or,

Then,

So, we get :

Corollary 4.2. Let K € B(H) and {A,}wecq be an integral K-operator frame for
B(H) with bounds A and B. Let {T}ueq C B(H). If there is 0 < 8 < A such that,

/Q I(Aw = To)zlPdp(w) < Bl K|, (24)

Then the family {T, }weq is an integral K -operator frame for B(H) with frame bounds
A= /5)? and B+ /5 1K])?
Proof. Obvious. O
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Theorem 4.3. Let K € B(H) and {A,}uea be an integral K-operator frame for
B(H) with bounds A and B. Let {T',},eq C B(H). If there exists a constant M > 0
such that,

L1 =Tl due) < Mamin [ [8ualPdpte), [ [PaslPdne)). =< .
Then the family {T'y,}wea is an integral K-operator frame for B(H).

Proof. On one hand, we have for all x € H,

AR el < [ IAsalPdu(e)

<2 / I8 = ToalPdue) + [ [FuelPdute))

2(M.min( / A |Pdue / Iz 2da(eo / 1Tz 2da(w))
20 [ [PualPdute) + | [CuslPdn(e)
(M +1) / 1T 2dju(e).

On the other hand, we have for all x € H,

[ Irealaue) < 2 / I8 = ToalPdue) + [ [hualPdn(e)

2(M + 1),
Finally we find,

(M+1)||K* z||* < /HFMII dp(w) < 2(M +1)]|z||?
which ends the proof. O

Theorem 4.4. Let K € B(H). Fork=1,....,n, let {Ay, k}wea C B(H) be an integral

K -operator frame and {ay}7_, be any scalars. Then (kzl arNy k)wen 15 an inetgral

K-operator frame if there exist 0 < 8 and some p € {1,....,n} such that,
8 [ IapelPaut) < [ 1 adopalPate).  we (9
k=1

Proof. For each 1 < p < n, let A, and B, the bounds of the integral K-operator
frame {A, plwea. Let 8 > 0 be a constant satisfying (25), then, for all x € H, we
have,

ABIKI? <8 [ s poldute)

< [ 13 antapalPdute)
Q

k=1
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Moreover, for all z € H, we have,

/ ||ZakA salPdu(w) / ZnakA lP)dp(w)

< n( max Jax?) 3 / 1A k]2 dis(w))

1<k<n

< n( max |ag|?) ZBk MIER

1<k<n

Hence, (3 arAw.k)weq is an inetgral K-operator frames for B(H). O
k=1

Theorem 4.5. Let K € B(H) and {Ay k}wea C B(H) be an integral K -operator

frame for each k =1,....,n and {Ty i }wea be any family in B(H) for 1 <k <n. Let
L:1?(Q,H) — 12(2, H) be a bounded linear operator such that,

L((Z Fw,kx)wEQ) = (Aw,px)weﬂa fO’I“ some p=1,...,n
If there exists a positive constant A such that,
[ 10k = awalPu) <3 [ [AusalPdute),  k=1n e
Q Q
Then (> Ty k)wea is an integral K-operator frames for B(H).
k=1

Proof. For any x € H, we have,

SIS FerPate) <[ 5 Ik = Puelo) + [ S IheurlPate)

k=1

<23\ / 1A 2dpa(w) + / A 2du(w))
k=1

< 201+ (> Bl
k=1

Also, for all z € H, we have:
1L Todoca)l? = [ 180 palPdn(e).
k=1

Therefore, we get:

A |? < /Q 1A p|2dpa(w).
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This gives,

A 2 - 2

el < [ 1 ToalPau), e

k=1
n
Hence, (Y T'y k)weq is an integral K-operator frames for B(H). O
k=1
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