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GBS operators of Schurer-Stancu type

DAN BARBOSU
IN THE MEMORY OF PROFESSOR E. DOBRESCU

ABSTRACT. If p > 0,q > 0 are given positive integers and ai, 31, as, 32 are real parame-
ters satisfying 0 < a1 < 81, 0 < ag < f2, in ([9]) was constructed the bivariate Schurer-
Stancu operator S(a%i{,az,,@b) C([0,1 4 p] x [0,1 4 q]) — C([0,1] x [0,1]) defined for any
f€C(0,14+p] x[0,1+¢]) and any m,n € N by
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where Py, 1 (n), Pnj(y) are the fundamental Schurer polynomials and approximation properties
of this operator were established.

Denoting by Cp([0,1+p] X [0,14¢q]) the space of B-continuous real valued functions defined on

[0, 14p] x [0, 1+q] the GBS operator associated to Sio%/21:%2"%2) is constructed. This operator,

denoted by ﬁﬁ,ﬁ}{gfé&%m) applies the space Cy([0,1+p] x [0,1+4]) into Cy([0,1] x [0, 1]) and
it is defined for any f € Cy([0,1+ p] X [0,1 + q]) and any m,n € N by

(U,(fi;gfgm’q”f) (z,y) = Z:;O Z::O P,k (2)Pnj (y) X
x {f(k/m,y) + f(=,5/n) = f(k/m,j/n)}

Some approximation properties (concerning a convergence theorem and the approximation
order, in terms of mixed modulus of smoothness), for the sequence {U,(,? h’igf’a“”ﬁ 2) f } .
m,nec

are established.

Note that for p = ¢ = 0 and a1 = 81 = as = (32 = 0 our GBS operator reduces to the GBS
operator of Bernstein type, constructed in 1966 by E. Dobrescu and I. Matei ([15]).

The paper is devoted to the memory of the GREAT Romanian Mathematician, Professor
Eugen Dobrescu, disappeared premature in 1993.
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1. Preliminaries

Let p > 0 be a given integer. In 1962 F. Schurer (see ([18])) constructed and studied
the positive and linear operator Em,p :
C([0,1 + p]) — C([0,1]), which associates to any function f € C([0,1 + p]) the
polynomial Em@ f defined by

(Bt ) (@) = 320 ) /) M

k=0
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where p, ,(x) are the fundamental Schurer polynomials.
Extensions of the operator (1.1) to the case of bivariate functions were studied in our
earlier papers ([8]), ([9]) and ([10]).

In 1968, D.D. Stancu ([19]) constructed and studied a linear and positive operator
depending on two non-negative real parameters « and (§ which satisfy the condition

0 < a < . This operator, denoted by P, () , associates to any function f € C([0,1])
the polynomial P\"” f, defined by

(PL1) @) = sty (£25) @

where p,, ,(x) are the fundamental Bernstein polynomials.
The operator (1.2) is known in mathematical literature as ”the Bernstein-Stancu
operator”.
Extensions of the operator (1.2) to the case of bivariate functions were constructed
by F. Stancu ([23]) and D. Barbosu ([5], [6], [9]).

Considering a given integer p > 0 and two real parameters « and 3 which satisfy

the condition 0 < a < 3, in our recent paper ([11]) was constructed the linear and

positive operator S jpﬁ), defined for any f € C([0,1+ p]) and any m € N by

(3805) () = S st (555 3

The operator (1.3) was called ” Schurer-Stancu type operator”, because for « = 3 =0
it reduces to the operator (1.1) and for p = 0, it reduces to the operator (1.2). If
p =0, a = =0, the operator (1.3) is the classical Bernstein operator.

Considering two given intergers p > 0,q > 0 and four real parameters aq, 31, g, B2
satisfying the conditions 0 < a; < f; and 0 < as < 2, in the paper ([9]) we
constructed the bivariate operator of Schurer-Stancu type S% 25)1,21@2’5 2 Cy(0,1 +
p] x [0,1+q]) — C([0,1] x [0, 1]), defined for any f € C([0,1+ p] x [0,1+ ¢]) and any
m,n € N by

~ m+p n+q _
(Sﬁi{fﬁfl’ql)f) Z Z pmk pn,J (y)

f(k+041’j+042> (4)
m+ 01 n+ Ps

Some approximation properties of (1.3) were studied in the same paper (]9]).
Clearly, for p = ¢ = 0 the operator (1.4) reduces to the Stancu bivariate operator,
studied by F. Stancu ([23)] and D. Barbosu ([5]).

For a1 = ag = 1 = By = 0, the operator (1.4) is the bivariate Schurer type operator
studied in our earlier paper ([10]).

The aim of the present paper is to extend the operator (1.4) to the case B-
continuous (Bégel continuous) functions. More exactly, we shall present a GBS
(Generalized Boolean Sum) operator of Schurer-Stancu type and some approxima-
tion properties of this operator.

The term of ”B-continuous function” was introduced by K. Bogel (see ([12]), [13])).
One of the first result concerning the approximation of this kind of functions is due
to E. Dobrescu and I. Matei ([15]).

An important ”test function theorem”, (the analogous of the well known Korovkin
theorem), for approximation of B-continuous functions using GBS-operators is due to
C. Badea, I. Badea and H.H. Gonska ([2]).
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The analogous of first order modulus of smoothness for univariate functions is
the ”mixed modulus of smoothness”, introduced by I. Badea ([4]). This modulus
is used for evaluating the approximation order of B-continuous functions using GBS
operators. The analogous of well-known Shisha-Mond theorem ([17]) for B-continuous
functions was established by H.H. Gonska ([16]), C. Badea and C. Cottin ([3]).

2. GBS operators of Schurer-Stancu type

Let p > 0,g > 0 be given integers and let us to denote by
Cy([0,14p] x [0,1+¢]) the space of real valued functions B-continuous on [0, 1 + p] X
0,1+ ¢].

Next, we consider four non-negative parameters a1, 31, ag, Oz satisfying the condi-
tions 0 < a1 < (1, 0 < as < fBs. The parametric extensions of the Schurer-Stancu
type operators (1.4) are defined respectively by

(S50 0) ) = 3 @) S (k/m, ) ®)

k=0
o n+q _ .
(S f) @) = 3 busw)f (/) (6)
It is easy to see that ,Si al’ﬁl) and S(DQ’BZ’ are linear and positive operator (see

([9])). They commute on C ([O 1+ p] [O 1+ ¢]) and their product is the bivariate
Schurer-Stancu type operator S5 5272+ ([0, 1+p] x [0, 14+4¢]) — C([0, 1] x [0, 1]),
defined for any f € C([0,1+ p] x [0,1+ ¢]) and any m,n € N by

o @ m+p n+q __
(Smljnﬁ;vq%ﬁQ)f) (x7y) = Z Z pmk pn](y)

k+ar j+a
f<m+ﬂ17n+ﬁ2) (7)

In ([9]) were proved, among others, the following properties of the operator (2.3).

Lemma 2.1. The operator (2.3) is linear and positive.

Lemma 2.2. If €;;(s,t) = st/ (i,j € N, 0 < i+ j < 2) are the test functions, the
operator (2.3) verifies

§§ﬁi{§,{;}a2”62)(600; z,y) =1 (8)
§,(,f‘j;§,1,(}a2ﬂ2)(610; T,y) = ::jgl x+ mjé_lﬂQ 9)
T o G
St ewiz ) = gy {m o4 pPat o+ (mt phalt - )+
Rt G
Slon o2 (egy; a,y) = m {(n+a)%* + (n+ 9yl — )+
L e~ (12
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Definition 2.1. Let Uy 527 - (0,1 4 p] x [0,1 + ¢]) — Cu(]0,1] x [0,1]) be
the boolean sum of (2.1) and (2.2), i.e.
[77(725;7%&042752) =, gg&;ﬁl) +y §701472qﬂ2 _ 57(7%;5)17&042,52) (13)
The operator (2.9) will be called GBS operator of Schurer-Stancu type.
Lemma 2.3. The GBS operator of Schurer-Stancu type is defined for any f €
Cb([ov 1 +p] X [Oa 1+ q]) by
[7(a1,81,a2,5 _
(Tl )5) (w,y) =

S s {1 () g (220 -

n-+q
1 .
- (A el
m+p n+gq
Proof. The assertion follows by direct computation from (2.9), taking into account of
Lemma 2.2 (the identity (2.4)). O
Remark 2.1.

(1) For p = g = 0, the operator (2.10) is the GBS operator of Stancu type, introduced
in our paper ([6])

(2) For a = 8 = 0, the operator (2.10) is the GBS operator of Schurer type, intro-
duced in our paper ([8])

(3) For « = 8 = 0 and p = ¢ = 0, the operator (2.10) is the GBS operator of
Bernstein type, introduced by E. Dobrescu and I. Matei ([15]).

Theorem 2.1. For any f € Cy([0, 1+p] %[0, 1+q]) the sequence {ﬁﬁk’,,ﬁgﬂ}az’&)f} .
converges to f uniformly on [0,1] x [0,1] as m and n tend to infinity. 7

Proof. From Lemma 2.1 and Lemma 2.2 (the identity (2.4)) follows that gﬁﬁ%%&o@’m)
is a linear positive operator, reproducing the constant functions.
Taking into account of Lemma 2.2 (the identities (2.5), (2.6), (2.7) and (2.8)) we get:

; G(a1,81,a2,8 . -

lim S&,Z}pl,q 2 2)(610,x,y) = =z
m,n— oo

: g(a1,B81,a2,02 . _

lim S’r(n,n,p,q )(601, o y) =Y
m,n— oo

1 Q (e b 5a 9 .
lim Sﬁnfnz{q 292) (e90 + €ga; 2, )
m,n— oo

z® + 97,

uniformly on [0, 1] x [0, 1].
We can apply the ”test functions theorem” due to C. Badea, I. Badea and H.H.
Gonska ([2]) and we arrive to desired result. O

In what follows wyizeqd denotes the ”mixed modulus of smoothness” (see ([4]), ([3]),
([16])) and we suppose known the variant of Shisha-Mond theorem for B-continuous
functions (see ([3]), ([6]))-

Theorem 2.2. For any f € Cy([0, 14p]) X [0, 1+4]), in each point (z,y) € [0, 1]x]0, 1],
the operator (2.10) verifies

|(TSee=2)£) (2.9) = F@9)] < WmizeaGmpar pre Srgasson)  (15)
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where

=P, men)
Otmparfra = (m+51)2+(m+ﬁl)2 ol -z)+

2001 (mp — 2mBy — 3?) a?(3m +p)

(m+ ()3 ‘ (m + 52)3 (16)
_ 2 +
02m.q.azfoy = ((Z n gz))Q (T(ln+ 662];2 y(l—y)+
203(ng — 2nfBy — ) a3(3n +q)
n+ B2 Tt B (17)

Proof. Applying the Shisha-Mond type theorem for B-continuous functions (see ([3]),
([15])) we get

‘ (Ur(r?'hglqaz ﬁZ)f) (5177 y)’ <

< (1 o VEREPC — aptia) + 0 LG - )+

+ 000 LR~ 0P~ i) ) mieea(G0.02) (19

for any 6, > 0,92 > 0.
Next, taking into account of Lemma 2.2 and choosing 01 = 0y p,a,,81,25 02 = On,q,a2,82,y
n (2.15), we arrive to the desired inequality (2.11). O

Corollary 2.3. For any f € Cy([0,1+ p] x [0,1 4 ¢]), any (z,y) € [0,1] x [0,1], the
GBS operator of Schurer-Stancu type verify:

)([7&%%%&0‘2’52)]‘) (z,y) — f(z,y)| < 4Wmizea(d1,62) (19)
where
0 = mrél[%ﬁ] Om,p,ar,Brws 02 = yfél[%)i] On,q,a,82,y (20)

and B, B2 satisfy (2.14).

Proof. The assertion follows from (2.11), taking into account that the mixed modulus
of smoothness is monotonous increasing with respect the
natural order relation from R2?, i.e.

(V) (61,62), (61,0%) € [0,b—a] x [0,d—c], 61 < &, 2 < 64 =

= wmixed(51; 52) < wmixed(tsiv 6/2) O
Remark 2.2.

(i) The theorem 2.2 give us the order of local approximation (in each point (z,y) €
[0,1]%[0, 1]) while Corollary 2.3 give the order of global approximation of B-continuous

function f by U. ai{’al’a?’&)

(ii) Naturally, the inequalities (2.11) and (2.16) can be more detailed, depending
on the relations between the parameters aq, 31, as, B2,p, q

(iii) As consequences of Theorem 2.1 and Theorem 2.2, for p = ¢ = 0, we obtain
approximation properties of the GBS operator of Stancu type, introduced and studied
in ([6])

(iv) For a; = 81 = 0, ag = B2 = 0, as consequences of Theorem 2.1 and Theorem
2.2, we get approximation properties of the GBS operator of Schurer type, introduced
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and studied in ([8])

(v) For oy = 81 =0, ag = 2 = 0, p = ¢ = 0, we get approximation properties

of the GBS operator of Bernstein type, introduced by E. Dobrescu and I. Matei (see
([15])) and studied also by I. Badea (see ([3])) and many others.
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