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New inequalities for operator monotone functions

SILVESTRU SEVER DRAGOMIR

ABSTRACT. In this paper we show that, if f : [0,00) — R is operator monotone in [0, c0) with
f(0) =0 and
0<a<AL<B<y<B<ZS

for some positive constants «, 3, v, J, then

0TI - 1@ < f AT - BB

d—a _ _
< [f(@)a™t = f (]
e
In particular, we obtain the following inequalities for powers of positive operators
y=8 r—1 r—1 r—1 r—1 f—a r—1 r—1
0< —— -9 <A - B < — — .
<106 ) < <2 @ty
for r € (0,1].
The logarithmic inequalities
—1
_ 1)8
0< 18, | B+D — | <A 'In(A+1)—B 'In(B+1)
-8 | B+1)°
— (171
Sé a (a+1) 1,
yoa [ (y+1)

are also valid.
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1. Introduction

Consider a complex Hilbert space (H, (-,-)). An operator T is said to be positive
(denoted by T > 0) if (T'z,z) > 0 for all z € H and also an operator T is said to
be strictly positive (denoted by T > 0) if T is positive and invertible. A real valued
continuous function f on (0, c0) is said to be operator monotone if f(A) > f(B) holds
for any A > B > 0.

In 1934, K. Lowner [6] had given a definitive characterization of operator monotone
functions as follows, see for instance [1, p. 144-145]:

Theorem 1.1. A function f : [0,00) — R is operator monotone in [0,00) if and only
if it has the representation

f(t):f(0)+bt+/oooti‘:

dw (s) (1)
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where b > 0 and a positive measure w on [0,00) such that

< s
d .
/0 s w(s) < oo

We recall the important fact proved by Lowner and Heinz that states that the
power function f : [0,00) — R, f(t) = t* is an operator monotone function for any

a € [0,1], [5]. The function In is also operator monotone on (0, c0).

Let A and B be strictly positive operators on a Hilbert space H such that B— A >
mly > 0. In 2015, [4], T. Furuta obtained the following result for any non-constant
operator monotone function f on [0, c0)

F(B) = f(A) = F(IAl +m)— (Al (2)

= f(IBI) = f (Bl —m) > 0.
If B> A >0, then

1

f(B)=f(4) W = £l 3)

v

F AL+

Y

MBW¢HM—W3EW‘

The inequality between the first and third term in (3) was obtained earlier by H
Zuo and G. Duan in [8].

By taking f (t) =t", r € (0,1] in (3) Furuta obtained the following refinement of
the celebrated Lowner-Heinz inequality

T

- 1Al (4)
-2~

. 1
>|BI" = I1Bl - ————5| >0

=27

Br— A > [l +

provided B > A > 0.
With the same assumptions for A and B, we have the logarithmic inequality [4]

WmB-mA>W | 4]+ —— | ~map (5)
-4~

1
> ([Bl) = { |Bl| = =77 | >0

|z -7

Notice that the inequalities between the first and third terms in (4) and (5) were
obtained earlier by M. S. Moslehian and H. Najafi in [7].

Motivated by the above results, in this paper we show that, if f : [0,00) — R is
operator monotone in [0,00) with f (0) = 0 and

0<a<A<pf<y<B<LS
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for some positive constants «, 3, 7y, J, then

0< TR @8 - 1O S S WA - f (BB
0—«
< -1 1.
_V_O([f(oz)a GOR
In particular, we obtain the following inequalities for powers of positive operators
Yy=0 1 1 1 g 06—, .4 1
0 < S~ T _ 67 < AT _ BT < - T _ T .
<550 ) < < )
for r € (0, 1].
The logarithmic inequalities
_ st
0< 10 (5+1)6,1 <A 'm(A+1) - B 'In(B+1)
o=8 | (6+1)
_ ne !
0—« I (a+1) |,
Toe (v +1)

are also valid.

2. Main results

We have the following identity of interest in itself:

Lemma 2.1. Assume that f : [0,00) — R is operator monotone on [0,00) with the
representation (1). Then for all A, B > 0 we have the identity

fA) AT —f(B)B = f(0) (A" =B (6)
B 0o 1 B 1 B

_/0 )\(/0 (1—t)B+tA+ M)~ (B - A)

% ((1 —t)B+tA+/\1H)_1dt) dw (\).

Proof. Since f is operator monotone on [0,00), then there exists b > 0 and w is a
positive measure satisfying

RN

such that [1, p. 144-145]

DY
f(t):f(0)+bt+/0 mdw(/\)' (7)
We have for t > 0 that
g(t) = 7“’5);“0) fb:/o t%dw(x).

Therefore for all A, B >0

g(B)—g(A):/OOOA[(B—i—AlH)1—(A+>\1H)1 dw (X). (8)
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Let T, S > 0. The function f (t) = —t~! is operator monotonic on (0, cc), operator
Gateaux differentiable and the Gateaux derivative is given by
T+1tS)— f(T
—

for T, S > 0.

Consider the continuous function g defined on an interval I for which the corre-
sponding operator function is Gateaux differentiable and for C, D selfadjoint operators
with spectra in I we consider the auxiliary function defined on [0, 1] by

fep(@)=f((1—-t)C+tD), te[0,1].
Then we have, by the properties of the Bochner integral, that

1 1
F0)=1©) = [ Lter® = [ Vi pewn D-car (o)

If we write this equality for the function f (t) = —t~! and C, D > 0, then we get the
representation

Ccl'-D7l= /1 (1—=t)C+tD)" " (D-C)((1—t)C+tD) " dt.  (11)
0

Now, if we replace in (11) C = B+ Ay and D = A+ Al gy for A > 0, then we get
(B+Mpg) ' —(A+Mg)"" (12)

_ /1 (1=8)B+tA+Mg) (A= B) (1—t) B+tA+Ag) " dr.
0
Therefore, by (8),
g(B)— g(A) = OO/\(/ (1—t)B+tA+Ap) " (A-B) (13)
0 0
X (1= 8) B+ A+ AL) ™" dt) dw (M)
:—/0 A(/O (1—H)B+tA+\g)  (B-A)

X (1—t)B+tA+\p)"" dt) dw (N)

namely
[f (A) = FOA™ = [f(B) = f(0)] B~
o) 1
= ; A(/O (1=t)B+tA+Xpy) (B-A)
X (1= t)B+tA+ \g) ™" dt) dw (N)
which is equivalent to (6). O

Our main result is as follows:
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Theorem 2.2. Assume that the function f : [0,00) — R is operator monotone in
0, 00). If

0<a<A<pB<y<B<LS$ (14)
for some positive constants «, 5, 7, 0, then
0 TL BT - 1O - £ (57 =57 (15)
<SfA)AT - fB)B - f(0)(AT" =BT
<222 (@) - F)A - £(0) (a7 7).
v -«

If f(0) = 0, then we have the simpler inequality

0<775

BB = f(@)s ] < f(A)AT — f(B)B™! (16)

o ™

-
5—
<
v -«
Proof. From (14) we have

[f@)a = f()r ']

0<y—p<B-A<6§—aq,
which implies that
0<(v=B) ((1—t)B+tA+ )2
(1=t)B+tA+N) " (B—A) (1—t)B+tA+ )"
<@E—a)(1—t)B+tA+AN)">

IN

for all t € [0,1] and A > 0.
By integration over ¢ € [0, 1] we deduce

Og(v—b’)/l((l—t)B—ktAJr)\)2dt
0
g/l((lt)B+tA+>\)_1(BA)((lt)BthAJr)\)_ldt
0

g(6—a)/01((1—t)B+tA+>\)‘2dt

for all A > 0.
If we multiply this inequality by A and integrate over the measure w (\), we get

os(v—ﬁ)/oooA(/01((1—t)3+tA+A)‘2dt)dw(A)
g/OOO)\</01((1—t)B—s—tA—i—)\)_I(B—A)((l—t)B+tA+)\)_1dt)dw(A)

g(6—04)/000>\(/01((1—t)3+t14+)\)2dt>dw()\),
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and, by (6) we derive the inequality of interest

OS(7—5)/00)\(/1((1—t)B+tA+)\)_2dt>dw()\)
<SfA)AT - FB)BT - f(0) (AT =B

g(éa)/oooA</Ol((1t)B+tA+>\)_2dt>dw(>\).

From (14) we derive that
(1=t)B+tA+ A< (1—t)0+tB+ A,
which implies that
(L=t)B4+tA+N) "> (1 =t)d+t8+ 1"
and
(I=t)B+tA+N) 2> ((1—t)d+t8+ N7

for all t € [0,1] and A > 0.
Also

(1—t)B+tA+X> (1 —t)y +ta+ A
which implies that
(1=t B+tA+ )< (A —t)y+ta+ )"
and
(1=t)B+tA+ N > <(1—t)y+ta+A)">

for all t € [0,1] and A > 0.
Therefore

(76)/()00)\(/01((1t)6+tﬂ+)\)2dt)dw()\)

g(fyﬂ)/ooo)\</ol((1t)B+tA+>\)2dt> dw (N)

(18)

(19)

and
(5a)/000/\</01((1t)B+tA+)\)2dt)dw(>\)
g(éa)/ooo/\(/ol((lt)’y+ta+>\)2dt)dw(/\).
Since
( (L=t)d+tB+N)" dt)dw()\)
% A(/ (1= t)6+ 1B+ N)" (6—ﬂ)((1—t)6+t6+)\)_1dt>dw()\)
7 6

(BB~ = f(8)67 = F(0) (87 =071)] (by (6))

E
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and
(5—a)/0 A (/O (1= t)a+iy+ A" dt) dw ()
_ iZZ/O A (/O ((1—t)7+ta+/\)_1(7—oz)((1—t)’y+ta+/\)_1dt> dw (N
=L [F et = f )y = FO) (a7 =] Oy ),
then (18) and (19) become
L8 = @0 -1 0) (57 - 57)] (20)
< (V—B)/OOA</1 ((1—t)B+tA+>\)_2dt> dw ()
and
0 A(/ (1= 1) B+ 1A+ dt>dw()\) (21)
<2 a Sf@)a™ = F (A = £ 0) (a7t =]
Finally, on making use of (17), (20) and (22), we derive (15). O

Its is well known that, if P > 0, then

[(Pz,y)|* < (Pa,) (Py,y)

for all z, y € H.
Therefore, if T > 0, then

0< (z,2)° = <T_1Tx,x>2 = <Tac,T_1x>2
< (Tz,z)(TT 'z, T 'z) = (Tz,z) (x, T "z)

for all z € H.
If x € H, ||z|| = 1, then

1< (Tz,x) <x,T71:c> < {(Tx,x) sup <x,T71x> = Tz, x) ||T71H ,
lzl=1

which implies the following operator inequality
Y <. (22)

Corollary 2.3. Assume that the function f : [0,00) — R is operator monotone in
[0,00). If A, B> 0 and ||A|| | B7Y|| < 1, then

L— [ A][B~]

0< T T - o £ QAN 1A = £ B 181" = 7 © (= = 1317
SPAAT —f(B) BT - f(0) (AT =B

UBIlA= - 1) [B7] AT Sty et
R v =ra v () R A (T

0) (A7 = 1[B7HI)] - (23)
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If £ (0) = 0, then we have the simpler inequality

1 Ay 5 n .
0< g7 TADTE-T (£ aan 14~ - s s 1B~
<f(AHA - f(B)B!
UBILIA =D 1B 1 oy 4 Y
< WS [ (a7 hat =7 (=) 1) - ces

Proof. Since ||A|| |B7!|| < 1, then
o<|aY <A<l <||B7Y T <B<|B]-

By employing the inequality (15) for a = ||A*1H71, B=1A4|,~ = HB“H*1 and
0 = || B]|| we get

B IAL [ appai - s s iz - s (14 - 1517)]

<A AT [ (B)B ~ £(0) (A7~ B7Y)
18] - [lA~]”"
S BT - Ay
< (A A= (1B ) 1B~ = s @ (a7 = 187 ]

which is equivalent to (24). O

0

3. Some Examples

Ifo<a<A<f<vy< B < for some positive constants «, 3, v, d, then (by 16)

B r— r— r— r— -« r— r—
ogm(ﬂ f—og <A '-B 1gm(a Loy (25)
for r € (0, 1].
If A, B> 0 and ||A]|||[B7!|| <1, then by (24) we get
1- HAH HBil|| r—1 r—1
0< A —||B 26
< mr-manysy L1407 18] (26)
< Arfl _Brfl
UBIIAT =D UBTH () 4oy gorypr
< A —||B .
= [A=1] = [B~] (H H H H )
for r € (0,1].

The function f (t) = In (¢ + 1) is operator monotone on [0,00) and f (0) = 0. If we
write the inequality (16) for this function, we derive

<A 'In(A+1) =B 'In(B+1)
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provided that 0 < a < A < 8 <~ < B <4 for some positive constants «, 3, v, o.
If A, B> 0 and ||A]|||[B7!|| <1, then by (24) we get
1—|A]||B~1
o LolAllE
(Bl = [IAID 1B~
<A m(A+1)-B 'In(B+1)

A1~ m (A +1) = 1BI ™ m (1B + 1)]

AT =B

(IBI{A~H = 1) [[B7] {HA—lnln (||A’1||_1 4 1) — B~} (||B’1||_1 4 1)} )

(28)

For other examples of operator monotone functions see also [2], [4] and the refer-

ences therein.
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