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Exchange variations of generalized dual parallel curves and
surfaces

VAHIDE BuLuT

ABSTRACT. Parallel curves (or offset curves) and parallel surfaces (or offset surfaces) have
a big importance for CAD/CAM, robotics, cam design and many industrial applications,
especially for mathematical modelling of cutting paths milling machines. Any vector space
has a corresponding dual vector space that consists of all linear functions on vector space.
Dual spaces are used in mathematics such as describing measures, distributions, and Hilbert
spaces. Consequently, the dual space is an important concept in functional analysis. This
paper proposes a novel definition of generalized and standard dual parallel curves and surfaces.
Additionally, we give some properties of generalized dual parallel curves and surfaces using
this novel definition. We also express the variation of the generalized dual parallel curves, the
first and second variation of area change of the standard dual parallel surfaces and the first
variation of area change of the generalized dual parallel surfaces.
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1. Introduction

A dual number is written as,

X =z+exg
where,  and ¢ are real numbers and €2 = 0, ¢ # 0, [1], [5]. The sum and the product
of the two dual numbers X =z + cxg and Y = y + ey are,

X+Y = (z+y)+e(2xo+vo)
XY =zy+e(zoy+ zyo) -

The equality of the two dual numbers X and Y is defined as
X=Y<«=z=y and zy=1yo.
The parametric equation of the oriented line in E? is written as
R=v+tr, (1)
where R and v are two points on the line, r is a unit vector along the line, and ¢ is
real parameter. We can define the moment of r according to the origin as
ro=Rxr=vxr, (2)

or, in other words, r and rg are not independent of the choice of the points on the
line, and the relationships (r,r) =1 and (r,rp) = 0 are satisfied. Therefore, the two
vectors r and rg construct the oriented line.
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If we take the space D? of the triples of dual numbers with X = x;+ex;, (i = 1,2,3),
we can define a unit dual vector as

R=r+erg (3)

where r and rq are the real vectors. Hence, each line in E3 can be represented by a
dual vector using equation (3) in D3 together with (R, R) = 1. Parallel curves and
surfaces have great importance in industrial applications, such as tool path generation
for numerical control (NC) machining and robot path planning. We can apply parallel
operations to curves, surfaces, or entire 3D models. We can also use the generalized
parallel curves and surfaces for the generation of a rich variety of shapes. In our
previous study [2], we proposed a novel definition of generalized and standard offset
curves and surfaces. We also gave some analytic properties of generalized offset curves
and surfaces using this new definition. Additionally, we examined the first variation
of standard offset curves, and the first and second variation of area change of standard
offset surfaces. In this paper, we present a new definition of generalized and standard
dual parallel curves and surfaces, and we also give some properties of generalized dual
parallel curves and surfaces using this novel definition. Additionally, we express the
variation of generalized dual parallel curves, the first and second variations of area
change of standard dual parallel surfaces, and the first variation of area change of
generalized dual parallel surfaces.

2. The generalized dual parallel curves

Two definitions for generalized parallel curves in real space are given in [2] and [3].
Let

R=R(t)=(r(t),ro(t)) (4)
be a dual curve and its Blaschke trihedron given by (R; = R, Ra, R3). The derivatives
of this trihedron are defined as

R, =PR; R,=-PR;+QRs R;=—-QR,,

’ 1" 5
9\ /2 (Rl,Rl,Rl) (5)
P () g ),
1
where R; = dRi/qt, and P and @ are the dual curvature and torsion of the dual curve,
respectively [1].

Definition 2.1. We can define the generalized dual parallel curve of the dual curve
R (t) = (t) + erg (t) with the following equation:

R. (t) =r1.(t) +erwo (t) =R(t) + AD; (t) Ry + AD2 (t) Ry (6)
where Dl £t> = AD} (t), Dgi(t) = A_DQ (t), l)} (t) = d} (t) + Edlo (t) 5 D2 (t) = dg t) +
edag (t) , D (t) =d; (t)+5d10 (t), Dy (t) =dy (t)+€d20 (t), and A (t) =)\ (t) €A\ (t)
Additionally, the parallel distance is A/ D? (t) + D2 (t).

Remark 2.1. If the dual part of the generalized dual parallel curve in (6) equals
zero, then we obtain the generalized real parallel curve in [2]. Hence, in this paper
we express the generalized dual parallel curves with (6) as the generalized form of the
generalized real parallel curves in [2].
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The parametric derivatives of R (¢) can be written as
R, = R +A [D;Rl + DlRll + D;Rz + Dlez]
(7)

PRy + A [(D; - PDQ) R, + (D; + PDl) RQ} .
If we take o« = D} — PDy and 8 = Dy + PD;, then we can rewrite equation (7) as

R, = PRy + A (aR; + Ry).

Thus, we have

"

R, PR, + A (o/R1 +aR; + B Ry + 5R,2)

— _P?Ry4+A Koz -~ ﬁP) R, + (ﬂ' + aP) Rz} :

Hence, we can find the following equations.

R*l - R*
R/ PRy+A )
R., = el _ 2+A(aR1+5Ry)

VR /PPHA2(a2432)+20P8
To determine the curvature of the generalized parallel dual curve R, (t), we can write
R. (t) as
R.=R+ DR +D:Ry =R+Y =R+ AY. (10)

Then, using equations (5) and (10) we can define the curvature P, of the generalized
dual parallel curve R, (t) as

R;:Q 2 — 1 — 1/
P.= g =1-A (PRQY + mRiY ) . (11)

Theorem 2.1. The generalized dual parallel curve R, (t) = R(t) + AD; (t) Ry +
ADs (t)Ro can be represented as a standard dual parallel curve using the following
equation:

R. =Ry + DRyo, (12)

where Ry is another dual curve, D = d + edy is a constant value, and Rz is the
normal vector of Ry.

Proof of Theorem 2.1. The generalized dual parallel curve can be written as

R, = R+ DR+ D3Ry
= (R+ AR, + BRQ) + (Dl — A) R, + (D2 — B) R»> (]_3)

RQ + DR’27



EXCHANGE VARIATIONS OF DUAL PARALLEL CURVES AND SURFACES 261

where D1 = ADy, Dy = ADy, A = AA and B = AB with the functions of ¢ being

A=a+eay, B=b+eby, A=a+cag, and B = b+ eby. Moreover,
D = AJ(Di—A) +(D;—B)’ = AD
(14)
Ry = A [(D;A) R, + 2 0)R,
O

Remark 2.2. If the dual part of the standard dual parallel curve in (12) equals zero,
then we obtain the standard real parallel curve with equation (9) (see [2]). Hence, in
this paper we express the standard dual parallel curves with (12) as the generalized
form of the standard real parallel curves in equation (9) in [2].

R, = R'+A[A’R1+AR'1+B'R2+BR'2}
(15)

PRy + A [(A’ — BP) R, + (B’ n AP) Rg] .
The following two equations must be satisfied to provide the relationship in (15).
(i) <DR,2,R’,> = 0, that is,

A?[(Dy~ A) Ry + (D; - B) (B = AP)| + A (D; = B)P=0.  (16)
(i) A2 [(Dl - [1)2 + (Dy — B)2] = const. That is,

A?[(Dy - 4) (D - A') + (D2 - B) (D, -~ B')| =0. (17)

Next, to compute A = AA and B = AB using the differential equations (16) and (17)
the equations below can be used.

A? (DQP - D;) A = [A2 <D1P + D;) + AP] B -
- [AD2P + A2 (DlD; + Dzz‘);)} .
Additionally, let
“ADyP — A2 (le’l + DQD;) = — [ADyP+ A? (Dya + DyB)] (19)

where a = Dll — DyP and 3= D, P + DIQ . Hence, we can obtain
A[(Ds— B) P+ Aa(Dy — A) + A8 (Dy — B)] = 0. (20)

If « # 0 and 8 # 0, the values of A = AA and B = AB can be determined by using
(17) and (20) with the following equation.

= _ A sC
4 = D VAIB2 (A2t AP)?
(21)
B = Dy+ aC ,
\/A4B2+(A2a+AP)2

where C' is an arbitrary constant.
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3. The variation of the generalized dual parallel curve

Let the dual curve R(t) be given. We can write the generalized dual parallel curve of
this curve as

R.=R+D Ry +D;R;,=R+Y, (22)

where
D1 = ADh DQ = AD27 andY = AY (23)

If the condition A — 0 occurs, then the generalized dual parallel curve R, (t) ap-
proaches to the curve R(t). If we expand the series according to A’ powers of the
dual arc length S, of the generalized dual parallel curve, we can obtain

S, =S8+085+ ... (24)

Therefore, §.5 is called the first variation of the dual arc length and is defined as
Se— S

= Al . 2
08 Al{lgt A (25)
Since R} = PRy and R, = —PR,, after some computations, we can write the first
variation of the dual arc length as
Sa
S = P [Ds3 + / D, P%dS. (26)
S1

On the other hand, let us examine the exchange variation of curvatures of these
curves. If we write the generalized dual parallel curve of this curve as

R,=R+ DR, +DsRy,=R+Y =R+ AY, (27)

since the curvature of the generalized dual parallel curve R, (t) is described with

R,,2
P="ge 28)
we can obtain the curvature variation of these curves. It is
2 _/ 1 o
P.=1-Al=RY +—=R1Y |. 29
< pi2 + pzin > (29)
Therefore, the variation for the equation
1-P,
p— 1.
0P AAILI}) A (30)

can express the curvature variation between the progenitor dual curve R(t) and the
generalized dual parallel curve R.(t) [1], i.e.,

2 o 1 o
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4. The generalized dual parallel surfaces

Two definitions for generalized parallel surfaces in real space are given in [2] and [3].
Let a dual surface and its right-handed system be R(u,v) = r(u, v) +ergo(u,v) and
(E1, E3, R), respectively, which can then be given as

_ Ry(u,v) _ Ry(uw) _
Ei = miuwr B2 = oo B = Rw), (32)

where E; = e1+¢e1g, E2 = ea+ceq0, R = r+erg, and R, (u, v) and R, (u,v) are the
partial derivatives of R(u,v) with regards to parameters v and v. A generalized dual
parallel surface R*(u,v) = r*(u,v) +erg(u,v) can be defined along with the variable
parallel direction and parallel distance by using the coordinate system (E4, E3, R)
of the dual surface R(u,v). In this paper, we suppose that the coordinate system
(E1, E2, R) of the dual surface R(u,v) is an orthonormal coordinate system.

Definition 4.1. The generalized dual parallel surface R*(u,v) for a dual surface
R(u,v), (u,v) € [0,1] x [0, 1] can be obtained using

R*(u,v) = R(u,v) + D1(u,v)Eq + Da(u,v)Eg + D3(u,v)R, (33)

where Dy = di + edyg, D2 = ds + edsg and D3 = d3 + edsg are the functions of the
variables u and v. The parallel direction and distance are then computed using D1 E,
DQEQ, and D3R

We can express the generalized dual parallel surface, using the equation in [1] as

R*(u,v) = R(u,v) + 0R(u,v), (34)
where
0R = D1Ey + D:Es + DsR (35)
and - - -
D1 = A.Dl7 D2 = ADQ, and Dg = AD3 s (36)

in which, Dy (t) = dy (t) +edio (t), Do (t) = da (t) +edag (t), D3 (t) = ds (t) +edao (1),
and A () = A (t) + o (1).

The generalized dual parallel surface R*(u,v) approaches to the progenitor dual
surface R(u,v) for A — 0.

Remark 4.1. If the dual part of the generalized dual parallel surface in (33) equals
zero, then we obtain the generalized real parallel surface (see [2]). Hence, in this
paper, we express the generalized dual parallel surfaces with (33) as the generalized
form of the generalized real parallel surfaces in [2].

Now, we can determine the first and second fundamental quantities and the Gauss
and mean curvatures of the generalized dual parallel surface R*(u, v). Since, R*(u,v) =
r*(u,v) +erg(u,v), r*(u,v) = r(u,v) + diey + dgez + dar, and r3(u,v) = ro(u,v) +
die1 + dyeg + dar, the first and second fundamental quantities are

E =e¢+ceg, F = f+¢fo, G =g+¢ego

2 2 2 2
€= (T‘u) = Ala f=ryry, g = (T'u) = A2
eo = 2ry.Toy = 241410, fo = Tu-Tov + Tv.Tou,

g0 = 274.Toy = 2A2Agg.
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Next, we can obtain partial derivatives using equations (34), (35) and (36):

A - A A
RZ =r, + A |:<d1u + d2A712 -+ d3A1> e + (—d1 A, ) €a + (lei + d3u> I‘:|

_ A - Ay, -
+eA [(dwu A12 —day + onAfl2 + d30A1) e

- - A s = Ay Ay Ay
+ (dm - d1oAf2 + dagy, — d2 A, > ez + (dlo 7 + da R + d30u) }

£ Aje; + ABje; + ABses + ABsr + A (Ulel + Useq + Ugl‘) (38)
and
_ _A - _ - A _A -
R =r, +A [(dzv +d, A” + d3A2) eg + (dlv - dzAQ“> e1 + <d22 + d3v> r]
1 1 2
- Aoy, Aoy = Aagy
—|—5A |:<d10v — leI — dgv — dQTi - d20 142 > €1
- = Azu
+ <d111 + d10 A + d201} 30 2) e
A, - A, - A, —
e dgi dgoi d ov
( O R N ) r}
£ Ases + ACieq + ACseq + ACsr + e (Viey+Voes + Vir) (39)

where 74, diy, dou, Aoy and Ty, diy, doy, As, are the corresponding partial derivatives
of 7, di, da, Ay with respect to the parameter u and v, respectively. Also, R, and R
are called the radii of the principal curvatures. Therefore, we arrive at the following
equations using (38) and (39):

R}, = Aper +Ajeqq + A [Bluel + Bie1y + Bayez + Baezy + Bsur + Be.l‘u]
+ e [Uryer + Urery + Usues + Usegy + Usyr + Usry|
A Ay, Aqz
4, es + 7 r
5 BQAl) 5 5 BlAl) 5 B1A1
(0 0 s (- ) (3050

Ay - A A
+€A |:(Ulu+ Zl +U3Al> el+<U2u_ L )e2+<U3u+ ! 1>I':|,
40)

= A.e1 —

2 AQ

R:/u = Ajye; + Azyes

= BzAzu 5 B1A2u 5 5 B2A2
+ A |:<B1v - A1 ) ey + <B2u + A1 + B3A2> ez + <B3V + R2 ) I‘:|

_ Us Ay, _ Uy Ay, _ Uy A
+EA |:(U1U — 21412 )el + (Ugv IA +U3A2) <U3v+ ;322> I‘:|,
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and
Ay Ay, A2
sz = - 212 e; + A21162 + ir

_ Co Aoy, _ CiAs = _ CyA
+A || Cio — 22 e1+ | Cop + L +C345 | ea + CstriQ 2 )
Ay Ay Ry

_ BiA., - _ B.A,
+(B2u+Al+B3A2) 62+(B3v+ R, )r
_ Vo Aoy, _ ViAo, - _ VLA
+8A[(V1v— 2142 )el+<V2v+ 1A2 +V3A2>e2+<V3v+ ;2)1‘}

1 1 2 (42)

Therefore, the first fundamental quantities of the generalized dual parallel surface
R*(u,v) can be expressed with

e* = 1% =A?+20A B, + A\* (B} + B + B})

ey = 2rurou =2[AAU; + A? (B1Uy + BoUs + B3Us)|

f*= rury =A(A1C1 + AyBy) + A? (C1By + CoB;y + C3Bs)

f&= Turov + Torou = AAV; + A% (Vi By + VoBy + V3Bs) (43)
+AAUs + A% (C1U; 4 CoUs + C3Us)

g* = 12=A3+2AACo+A?(C}+C5+C3)

g5 = 2ryTou =2 [AAVa + A% (C1Vh + CoVa + C3V3) ]

Consequently, we can determine the components of the coordinate system (E7, E3, R*)
of the dual surface R*(u,v) as

RZ _ Ajer + A (Blel + Bgez + Bgr) +eA (Ulel + Ugez + Ugr)

ET = =
bR VE*

B — R: _ Ases + A (C’lel + 6282 + Cgr) +eA (Vlel + Vgez + ‘731‘)
N VG

R* R+ D1E; + D;Es + D3R (44)

" IR+ D1E; + D3E, + D3R||

Now, let’s examine the first and the second fundamental form quantities of the gen-
eralized dual parallel surface R*(u,v). First, we can write the below equations using
the equations in [1] as

ov w ou w

_mf fu fv_%

N U PR 1{8%4aan—%
g Gu YGv

}, Woeg- 2 (15)
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and
op |€ Cu € 1 ey €y €y e €ou Eu e €y €
- w4 f fu fv _m fO fu fv + f fOu fv + f fu va
g Gu Gv go Gu YGv g gou YGv g Gu Yov

{8evfu afvgu} 1 {360vf0uaf0v90u}
w

v w ou w ov w ou
1 ey — fu 0 fo—9u
e {8vh w  du w ’ (46)

Using equation (37) and
E =—-L=e+ceg
F =-M=f+efo
G =—-N =g+ ego,

it is shown that the first and the second fundamental forms and the equations (45)
and (46) specify the generalized dual parallel surface R*(u,v), where L, M and N
are components of the second fundamental form.

On the other hand, the Gauss curvature (K) and the mean curvature (H) of the
generalized dual parallel surface R*(u,v) can be expressed with

K* = %eogo ;(12
1 A[AAL U1+ A2 K] [AA Vo + A2 L]~ [A (A1 Vi + A2 02 ) +A2 (M +N))°
T4 [A2+2AA131+A232][A2+2AA202+A2C2] [A(A1C1+A3B5)+A2(C1B1+C2B2+C3 Bs )|
(47)
and
1 2[A?+2AA131+AQBf] [AA2V2+A2L]—2[A(A101+A2B2)+A2(01§1+6232+6333)]
— 1

[A%JrQAAlBlJrAzBf] [A%+2AA262+A2C§]7[A(A161+A232)+A2(61§1+6232+63]§3)}2

[AAL Vi +A> MAAAUp+A° N|+2[A5+20 A Co+ A2 CF][A AL U1 +A K]
[A24+2AA1 By +A2B2][A34+2AA2Co+A2C3] ~[A(A1C1+A2 B2 ) +A2(C1 B1+C2Ba+CsBs)|*
(48)

Theorem 4.1. The generalized dual parallel surface R*(u,v) = R(u,v)+D1(u,v)E1+
Dy (u,v)Eq + D3(u,v)R can be defined as a standard dual parallel surface with

R* =R; + DRy = (1 + D)Ry, (49)

where Ry (u,v) is a new dual surface, D is a constant, and D = AD .

Proof of Theorem 4.1. The generalized dual parallel surface can be written with the
following equation.

R*=R+ D{E{+ DyEs + D3R
(R+ Z1Ey + ZyEy + Z3R) + (D1-Z1)E1 + (D3 — Z3)Es + (D3 — Z3)R
R, + ADR;[, (50)

lI>
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where Z7 = z1 + €210, Z2 = 29 + €299 and Z3 = 23 + €239 are the functions of u and
v, and

D1 = ADl, D2 = ADQ, Dg = ADg

Zl :AZhZQ :AZQ, Z3 :A23

Moreover,

D= (Dy— 1) + (Do — ) + (Ds — Zs)* = AD

Dy —Z D3 —Z
g+ P22, (D= 2)

1; 5 N 5 R|. (51)

Three functions, Z;, Z,, and Z3, determine the generalized dual parallel surface
R*(u,v) = R(u,v) + D1(u,v)E; + Da(u,v)Ee + Ds(u,v)R, and, using the equality
below,

R+ A (ZiEy + ZoBs + Z3R) = A [wlgzl)ElerQ;Z"’)Eﬁ@S;ZS)R

we can find Z,, Z,, and Z3 with the following equations:

_ D,

Z:
)

_ D,

Ty = —22_
27 1+D

_ ADs — D

Ty = =23 "~ 2
T A1+ D) (52)

O

Remark 4.2. If the dual part of the standard dual parallel surface in (49) equals
zero, then we obtain the special forms of the surface r; (u, v) and the standard parallel
surface r* in [2] as sphere surfaces. Therefore, in this paper, we present the standard
dual parallel surfaces with (49) as the generalized form of the special form of the
standard real parallel surfaces in [2].

5. The first variation of area changing on standard dual parallel surfaces

Let us determine the area change after obtaining the standard dual parallel surface.
Let Rq(u,v) be the original dual surface. We can express the standard dual parallel
surface of R4 (u,v) using equation (49) with

R* =R; + DRy = (1 + D)R;. (53)

We can find the terms of the first fundamental form of the standard dual parallel
surface R* (u,v) by discarding the second degree terms compared to A as

E* = R:?

u 0

F*=R:R:and G* =R .
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Then, we can obtain the following equations.

E* = E+2DE = (1+2D)E
F* = F+2DF = (1+2D)F (54)
G* = G+2DG = (1+2D)G.

On the other hand, using the equation below:
W*2 _ E*G* o F*Q,
we find the relationship

W* = (1+2D)*EG — (1 + 2nD)F? (55)
= (1+2D)*(EG — F?) (56)

and then we arrive at
W* =W(1+2D). (57)

We can determine the area change of the standard dual parallel surface R* (u, v) with
the following equation.

//W*dudv = //Wdudv+2/ DWdudwv. (58)

Since, Wdudv = do, by using D instead of D we can express the first variation of
area change as

50 =2 / 5Ddo. (59)

6. The first variation of area changing of the generalized dual parallel
surfaces by utilizing the gauss formula

Let us suppose that the lines of curvature in R(u,v) are the parameter curves.
Then, we can write the equations below.

Ry,= Z:R,-Z:R,-ER

Ruv - %Ru - %Rv
Ry, = _%Ru + %Rv — GR.

Using equations (34), (35), and (36) we can find the following equations:
R: = (L+ Dy + D3+ 2rBED2Ee) Ry + (4R, + (+)R
Ry = (¥)Ry+ (14 Dy + D3+ 21Guil2Cu) R+ (4)R,

where (%) indicates the first degree terms according to A. If we only take the linear
terms according to A, we get

DlGu + DQGv
2G
D\E, + Dy I,
2.E> (Ru X Rv)
+ (%)(Ry X R) + (x)(R X Ry,). (60)

On the other hand, since we know that the lines of curvature are the parameter
curves the vectors R,,, R, and R and also the vectors R, X R, R, x Rand Rx R,,

R x R} = (1+D2U+D3+

+D1u + D3 +
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are perpendicular to each other in twos. Next, we can find the equation below by
discarding the second-degree terms according to A:

(RZ X R:)2 = ¢2(Ru X 1%1,)2
¢*(Ru’Ry”)
¢ [(Tu + eT0u)?(rv + €T0v)?]

= ¢*leg +elego + eoy)]
= ¢*EQG,

where the amount ¢ indicates the coefficient of the R, x R, in (60). Thus, we can
determine the area of the generalized dual parallel surface R* (u,v) with

*:/,/(R; x R%)dudv

= / oV EGdudv

=0+ 60, (61)
where
50 = // { VEG) + aﬁ( 2@)} dudv + 2/ D3VEGdudv. (62)

When we take into consideration the equation (R, R,, R) = V EG, and using equa-
tions (34) and (35), the following equations can be obtained.

DiVEG = (R, R,, R) (63)
DyVEG = (Ry,0R, R).

If the equations in (63) are substituted into (62), and the equation dR = Ry, d,,+ Ry d,
is taken into consideration, we have the following equation:

95 (6R,dR, R).

Hence, we can determine the first variation of the area between the generalized dual
parallel surface and progenitor dual surface with the following equation.

50 = 55 (0R,dR,R) + 2 / Dsdo
or

50 = 95 (’R,dR, R) + 2 / (0R, Ry, Ry)dudv. (64)

7. The second variation of the area change between the standard dual
parallel and the original dual surfaces

Let us take the standard dual parallel surface R* = Ry + DRy = (1 4+ D)R;4 in
(49) the second-degree terms according to A into consideration. Using the equations
below:

RZ =Riu + DRy + Dy Ry
RZ =Ry, + DRy, + D, R,
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we can write following equations.
E*= R:?=(1+2D)E+ D?Ry,”> + D2

F*= R:.R!=(1+2n)F+ D?*RyyRyy + D,D,
G*= R!*=(1+2n)G+ D?Ry,” + D?

or

E*= R:*=F+2DE - D*2H + K)E + D?
F*= R:.R'=F+2DF - D*2H + K)F + D,D,
G*= R’=G+2DG - D?*(2H + K)G + D2.

Let us determine W*? = E*G* — F*2 using

2 2
op . ED:—2FD,D, + GD;,
W2

Then we have

W*Q — E*G* _ F*Q
= (EG — F?) [[(1 +2D) — D2(2H + K]’ (65)
+VD [(1+2D) - D*(2H + K)]] .

8. Examples

8.1. Example 1. Let the progenitor dual spherical curve R(t) be given as
R(t) = (sin(2t), sin(t) cos(2t), cos(t)?).

We can show the progenitor real spherical curve on the inner sphere (real sphere)
and dual spherical curve, which it will be able to correspond to the ruled surface,
on the outer sphere (dual sphere), in Figure (1). Similarly, the relationship between
the progenitor real spherical curve and its generalized parallel spherical curves on the
inner sphere (real sphere), and the progenitor dual spherical curve and its generalized
dual parallel spherical curves, which they will be able to correspond to the ruled
surfaces, on the outer sphere (dual sphere) can be seen in Figure (2).
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Figure 2. The progenitor real and dual spherical curves (red), and their
generalized real and dual parallel spherical curves for different values.

8.2. Example 2. Next, let the progenitor dual spherical curve R(t) be given as
R(t) = (cos(t), sin(t), cos(t) sin(t)) .

We can see the progenitor real spherical curve on the inner sphere (real sphere) and
dual spherical curve, which it will be able to correspond to the ruled surface, on the
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outer sphere (dual sphere), in Figure (3). Additionally, the relationship between the
progenitor real spherical curve and its generalized parallel spherical curves on the
inner sphere (real sphere), and the progenitor dual spherical curve and its generalized
dual parallel spherical curves , which they will be able to correspond to the ruled
surfaces, on the outer sphere (dual sphere), can be shown in Figure (4).
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Figure 3. The progenitor real and dual spherical curves.
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X ¥

Figure 4. The progenitor real and dual spherical curves (red), and their
generalized real and dual parallel spherical curves for different values.
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8.3. Example 3. Let the progenitor dual surface R(u,v) be given as

1

R(u,v) = N AT T

[(u, v, =1)+¢ (—u —w?, v+ vu?, v — uz)] .

We can show the progenitor dual surface ((a) — (k)) for different parameter values in
real space in Figure(5), the real and dual spherical parameter curves that correspond
to the dual parameter curves of the progenitor dual surface in Figure(6), and the
generalized dual parallel surfaces for different values of A in real space in Figure (7).

Figure 5. The progenitor dual surface ((a) — (k)) for different parameter
values in real space.
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X

Figure 6. The real and dual spherical parameter curves that correspond
to the dual parameter curves of the progenitor dual surface.



EXCHANGE VARIATIONS OF DUAL PARALLEL CURVES AND SURFACES 275

bk by o e w

8
6
4
2
0
2
4
B
E
h

() (k)

Figure 7. The progenitor dual surface (red) in Figure (5), and its gener-
alized dual parallel surfaces for different values of A in real space.

8.4. Example 4. Now, let the progenitor dual surface R(u,v) be given as
R(u,v) = (sin(u) sin(v), cos(u) sin(v), cos(v))
+ & (sin(u) cos®(v), — cos(u) cos?(v), cos(2u) cos(v) sin(v)) .

We can see the progenitor dual surface ((a) — (k)) for different parameter values in
real space in Figure(8), the real and dual spherical parameter curves that correspond
to the dual parameter curves of the progenitor dual surface in Figure(9), and the
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different generalized dual parallel surfaces for different values of A in real space in
Figure (10).

Figure 8. The progenitor dual surface ((a) — (k)) for different parameter
values in real space.
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Figure 9. The real and dual spherical parameter curves that correspond
to the dual parameter curves of the progenitor dual surface.
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Figure 10. The progenitor dual surface (red) in Figure (8), and its gen-
eralized dual parallel surfaces for different values of A in real space.

8.5. Example 5: In this example, we apply parallel curves (or offset curves) to path
planning for a wheeled mobile robot. For this purpose, assume that, there are four
geometric shapes considered as obstacles in the environment scenario in Figure 11.
These obstacles can be objects, machines, storage areas or components in a factory
in real life.
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[l Goal

Start

Figure 11. Environment scenario construction

Since Bézier curves have very important properties such that they always pass
through starting and end points, and also lie within the convex hull, these curves
are widely used for path planning. Therefore, we can take the cubic trigonometric
Bézier curve for the predefined path into consideration. First, the definition of cubic
trigonometric Bézier curve is given below.

A cubic trigonometric Bezier curve with two shape parameters can be written using
four control points as

r (t) :Z Pibi,B (t)v te [07 1] , AL A2 € [*23 1] ) (66>

where

bos () = (1—sin (%)) (1 = sin (51))

(t sin (Et) (1 — sin (gt)) (2 + ¢ — (1sin (gt))
( (1

( (3

b

21) (1~ cos (1)) (24 G — Gy cos (51))

ba 3 (t cos (Et)
= (1 - cos t))2 (1= Gacos(5t))-

b3,3 t

~— — ~—
Il

The properties of the cubic trigonometric Bezier curve in (66) and its basis functions
(67) can be obtained in [6].

Assume that the start and goal points in Figure 11 correspond to the control points
Py and Pg, respectively. Moreover, geometric shapes are considered as obstacles. The
other two control points can be obtained using these obstacles. First, parallels of the
obstacles are obtained as shown in Figure 12.
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[ Goal

Start

Figure 12. The parallels of the obstacles.

Next, we can determine the predefined skeleton path using the parallels of the
obstacles that is given in Figure 13.

Goal

Start

Figure 13. The predefined skeleton path

Our purpose is to obtain a predefined path from a given start point to a goal
point by staying close to the predefined skeleton path and without passing through
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the obstacles. In this paper, the predefined skeleton path is taken into account as
convex hull of the predefined cubic trigonometric Bézier path r(t). The predefined
cubic trigonometric Bézier path can be altered using shape parameters A; and g,
even though there is only one predefined skeleton curve. It is noted that, the offset
distance can be taken according to wheeled mobile robot’s size. The predefined cubic
trigonometric Bézier paths according to several shape parameters are presented in
Figure 14.

{1 Goal

Start

Figure 14. The predefined cubic trigonometric Bézier paths: the red one
for A1 = —1 and A2 = —2; the green one for Ay = 0 and A2 = —1 and the
magenta one for A\; =1 and Ay = 1.

The utility of the offsets of the obstacles can be realized in Figure 14. The pre-
defined cubic trigonometric Bézier paths are not able to pass through the obstacles,
since the corner points of the predefined skeleton path are determined using the offsets
of the obstacles, and all the predefined cubic trigonometric Bezier paths lie within
the convex hull (the predefined skeleton path).

9. Conclusion

In this paper, we proposed a novel definition of generalized and standard dual
parallel curves and surfaces. We also expressed some properties of generalized dual
parallel curves and surfaces using this definition. Moreover, the variation of the
generalized dual parallel curves, the first and second variation of area change of the
standard dual parallel, and the first variation of area change of the generalized dual
parallel surfaces are given. Additionally, when remarks are considered, we presented
the generalized form of the generalized and standard real parallel curves and surfaces.
We believe that our study can be useful for designing parallel curves and surfaces that
are used widely in many industrial applications.
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