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Statistical Voronoi mean and applications to approximation
theorems

KaAMIL DEMIRCI, SEVDA YILDIZ, AND FADIME DIRIK

ABSTRACT. In this paper, we give statistical Voronoi mean which is a new statistical summa-
bility method, is not need to be regular and positive. We prove a Korovkin type approximation
theorem via this method that covers many important summability methods scattered in the
literature. Also, we demonstrate that our theorem is stronger than proved by earlier authors
with an interesting application. Finally, we establish the rate of convergence.
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1. Introduction and preliminaries

The notion of statistical convergence was first introduced by Fast [5] and Steinhaus
[14], independently. Now, we begin with this definition:
Let S C N, the set of natural numbers, and S, := {k S k € S }. Then the
natural density of S, denoted by §(S5), is given by 5( ) = L18,| if the limit
exists, where |S,| denotes the cardinality of the set S, (] ])
A sequence {s,} of numbers is statistically convergent to s provided that, for every
e >0,theset S. :={k<n: \sk — 8| > e} has natural density zero, i.e. for each e > 0,

hm {k <mn:|sp—s|>¢e} =0.

In this case, we write st — lims, = s or s, -5 s ([5], [11]). Note that if the sequence

is convergent then the seque?lce is statistically convergent to the same number, but a
statistically convergent sequence need not to be convergent. Also, it is important to
say that, the sequence {s,} is statistically convergent to s iff there exists a subset S
of N such that liénsnk, = s where N\S = {n;, : k€N } and §(S) =0 ([0]).

Korovkin type approximation theory generally deals with convergence of sequences
of positive linear operators ([9]). In some Korovkin type theorems, in the case
of the lack of convergence, it is effective to use the summability methods. Re-
cently, the idea of statistical (C, 1) —summability was introduced in [10], statistical
(N, p) —summability in [I1] and, more general than these methods, the statistical
A—summability in [4]. Using the concept of statistical A—summability, Demirci and
Karakus ([3]) have provided a Korovkin-type approximation theorem. More recently,
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many authors have introduced new statistical summability methods and prove Ko-
rovkin type approximation theorems by these methods (see for example [I, 8, 13]).
As it is known, the non-regular summability methods give interesting results within
summability theory. The main motivation of this paper is to introduce new statisti-
cal summability method, is not need to be regular and positive and, includes many
known summability methods and also, prove a Korovkin type theorem via this new
interesting method. Hence we get Korovkin type approximation results that include
the earlier ones can be obtained by our new method with proper chooses.

Voronoi mean, is a non-regular generalisation of the Norlund mean, has been in-
troduced by Bingham and Gashi in [2]. Now, we remind this method:

Definition 1.1. [2] Let the real sequences {p,, Gn,u,} with u, # 0 for n > 0, be
given. The real sequence {s, } has Voronoi mean s, written s, — s (V, pn, qn, tn) , if

1
— ¥ Pn—kQrSk — 5 (N — 00). (1)
Un 75

n

There are many special cases of the Voronoi mean:

Remark 1.1. (i) The Voronoi mean reduced to the generalised Nérlund mean (N, py, ¢n)

if
(p*a), an k4k-

Also, if ¢, = 1 then we get the Norlund mean (N,p,) and for £ > 0 and p, =

L(ntk) y then we get the Cesdro mean (Ck).

T(nt+D)I(k
(#) The Voronoi mean reduced to the Euler method E, of order p € (0,1) if
1-p)" "
pn:(i')7 Qn:jandun_(p*Q)n
n! n!

(#4i) The Voronoi mean reduced to the weighted mean or the discontinuous Riesz
mean ( qn) if
pn=1and u, = (1xq),
Also, if ¢, = 1 and ¢, = %ﬂ then we get the Cesdro mean (C,1) and the logarithmic
mean [, respectively.

(iv) The Voronoi mean reduced to the Jajte mean— the summability method for
the law of large numbers (LLN) if

=1 and Z— not necessarily converging to 1 as n — oc.

(v) The Voronoi mean reduced to the Chow-Lai mean— the summability method
for the LLN if

o0
n =1, un—>ooandei<oo
n=0
(see for details [2]).

As it is well known a summability method is regular if it sums a convergent sequence
to its limit. The necessary and sufficient conditions for the (V, p,, ¢n, u,) mean to be
regular are:
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(a) i |Pn—kar| < K |uy|, with K independent of n,
(b) pTAOasn%ooforeacthO,
(c) Zp” RE 5 1 as n — 00.
N(I)CWO we give our new statistical summability method via Voronoi mean:

Definition 1.2. Let the real sequences {p,,gn,u,} with uw, # 0 for n > 0, be
given. We say that {s,} is statistically summable to s by the Voronoi mean, written

t .
Sn 5s (Vapnaqnvun) , if

st — hrn an kqkSk = S

Example 1.1. Let us consider the real sequences {pn,qn,u,} with u, = n? + 1,

Pn = —1, ¢u = 725 and a sequence {s,} as
n+1, nisodd
= ’ . ’ 2
8n { 0, n is even. (2)
n+1 s
— n is odd, .
SR an kQkSE = "S:rl’ n 115 oven. Then, clearly, {s,} has Voronoi mean

5 =0, hence {sn} is statistically summable to s = 0 by Voronoi mean, i.e.
st 1 2
Sp—s=0(V,-1,——,n 1.
" ( e LA >
However, {s,} neither convergent (ordinary) nor statistical convergent to s = 0.

In the following result, we characterize the sequences that statistical summable by
Voronoi mean through the sebsequences has Voronoi mean.

Theorem 1.1. The sequence {s,} is statistically summable to s by the Voronoi mean
iff there exists a set N = {n; < ng <nz < ... <ng < ..} CN such that 6(N) =1 and
{sn,} has Voronoi mean s.

Proof. Assume that there exists a set N := {n; <ns <nzg < ... <ng <..} CNsuch
that 6(N) := 1 and {s,, } has Voronoi mean s. Then there is a positive integer K
such that for k > K,

1
" ank kQkSk — 8
"k k=0

<e.

Nk

Put N, (V) = {kz EN: |3 pn—kqusk — s
¥ k=0

Then 6(N’) = 1 and N, (V) € N— N’ which implies that §(N. (V)) = 0. Consequently,
{sn} is statistically summable to s by the Voronoi mean.
Conversely, let {s,} is statistically summable to s by the Voronoi mean. For

r= 1,23, .., put N.(V) := {jEN: > 71} and M, (V) :=

{jEN:

ZE} and N’ = {nK+1,nK+2,...}.

nj
1
T E :pnj—kaSk - S
7 k=0

2 3 s o < 2} Then 58, (v) =0 and
k=0

Mi(V)DOMa(V)D...DM.(V)D M,11(V)D .. (3)
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and

§(M, (V) =1,r=1,2,3, ... (4)
Now, we have to show that for j € M,. (V), {snj} has Voronoi mean s. Suppose that

{sn } does not have Voronoi mean s. Hence, there is ¢ > 0 such that an],qusk —s| >

¢ for infinitely many terms. Let
M. (V) = {j EN: |t ipnj_qusk - s' < E} ande > 1 (r=1,2,3,..). Then
nj P
(M. (V)) =0, and by (3), M, (V) C M, (V). Therefore §(M, (V)) = 0, that contra-

dicts (4) and hence {s,, } has Voronoi mean s.
This completes the proof. O

2. Korovkin type approximation via statistical Voronoi mean

In this section we prove our main Korovkin type approximation theorem with the
help of the statistical Voronoi mean.

Let C'(X) be the space of all continuous real valued functions on a compact subset
X of the real numbers and ||.|| denotes the usual supremum norm in C'(X). Through-
out the paper we use the test functions e; (x) = 2* (i = 0,1,2).

Theorem 2.1. Let the real sequences {pn, qn,un} with u, # 0 for n > 0, be given
n

and Y [pn—kqr| < K |un|, with K independent of n. Assume that {L,} is a sequence
k=0

of pos;tive linear operators acting from C (X) into itself, satisfying the following con-
ditions:

-0 (i=0,1,2). (5)

‘ ‘len k| L (€:) — €

Then, for all f € C(X), we have

uizpnkakLk (f) = f” =0.
" k=0

st — lim
n

Proof. Let f € C(X) and z € X be fixed. By the continuity of f at the point x, we
may write that for every € > 0, there exists a number § > 0 such that |f(t) — f(z)| < e
for all t € X satisfying |t — x| < J. Since

[f() = f(@)] = |f(t) = f(@) xx; (8) + [F(8) = (@) xx\x, ()

where X5 = [ — 0,2 + J] N X and xx, denotes the characteristic function of the set
Xs. Then we have

(t— =)
7)) < e +omE2D
for all t € X, where M := || f||. This means

2M

P < f - S et o (- a).
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Using the linearity and the positivity of the operators (L), we get,

;kz_opn_qum (f) — £ (x)

= |3 p (L (F (1)) — Lic(F (@) + Li (F (2))) — f (2)
™ k=0

<o |Z|pn il L (1 ()= £ @)]:2) + 17 @) |73 Iomse] L (i) = eo (2)
n|y_ " k=0

1 & oM 5 1 —
sz Prn—k k| Lk <€+ 52 (t—2) §I)+M|w};|pn—ka|Lk(607x)_60(I)
2
<e (+M+ 2

‘Z|Pn k| Lk (e1;2) — €1 (z)

1 n
WZ Pnidi] Li (€0 2) — €0 (2)

6

|n

2M

! Iz‘pn kx| Lk (e2;2) — ez (x)

where ¢ := max |z|. Then taking supremum over x € X, we have
zeX

uizpnkakLk (f)—=r
" k=0

<E+T{§:

=0

1
‘Z ‘pn qu| Lk (62) — €

|un

} (6)

where T := max{e+ M + 2Mc ,4%6, 25—1\;[} Now, for a given € > 0, choose € > 0
such that € < e. Then,

Sy (€) = {m <n: | me kqe Ly (f) = f|| > 6}
and
—€
Si,n (6) = {mgn || |Z|pm ka|Lk (61) €ill = 3T }7 1=0,1,2
2
It follows from (6) that Sy, (€) C |J Sin (€) and hence, hm ~1Sn (e)] < th |Sin (€)] .
i=0 i=0

Then using the hypothesis (5), we get

st — hm

an kil (f fH 0.

The proof is complete. O



288 K. DEMIRCI, S. YILDIZ, AND F. DIRIK
3. An application

In the following example, we prove that our new convergence method is stronger than
the classical ones.

Example 3.1. Let us consider the real sequences {pn,qn,u,} with u, = n? + 1,

n
Pn =1, gn = —%H. Observe now that Y |pn—kqr] < 2|un|. Then, consider a
k=0
sequence
{52} = 1, n is square,
"l n(n+1), otherwise,

and the following classical Bernstein operators:

0S8 @)oo

where x € [0,1], f € C[0,1] and n € N. Using these polynomials, we introduce the
following positive linear operators on C'[0,1] :

Dy (fi2) = s, By (fiz), =z €l0,1], feC0,1]. (7)
We claim that
lim Z |Pn—1kqi| Dk (e;) — ei|| =0 on [0,1] for each ¢ = 0,1, 2. (8)
| Tun] k=0
Indeed, first observe that
D, (ep;z) = speo(z),
Dy (e1;2) = sper(2),
Dy (e2;2) = sy [ez () + 2200 (=) ; = (x)} :
So,
1 « I & 2
— 5" Ipn_rar| D (e ) — - 1
‘UH‘ZUU ka‘ k(eO J}) 60(30) 211 k+18k
k=0 k=0
n2+ Z % n is square,
n2+1 Z ki (k+1)—1|, otherwise,
n21+1 Z , m is square,
?f;;j_i - 1‘ otherwise,

then, we get

st—li

|Z |Pn—1qk| Dr (e0) — €0

|[un
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that guarantees (8) holds true for 4 = 0. Also, since

1 — 1 & 2
mz |pn—ka| Dy, (€1§1‘) — €1 (96) = |€1 (Z‘)| m msk -1
k=0 k=0
1 " 2 st
< 7n2+1k_07/{5+18k_1 —>07

whence we find

1 n
_ D —
‘un| ICE:;J |Pn ka\ k (61) €1

that guarantees (8) holds true for ¢ = 1. Finally, we have

st — lim =0,
n

1 n
mz [Pn—k k| Di (€25 %) — €2 (2)
k=0

: ikilsk {62 (z) + Qe () ez (x)] — ez (7)

121
n —|—1k:0

1 2
< |- _Z s
- n2+1]§k+15k

and since

1 2 Sk
n2+1kzzok+1?

then it is easy to check that

stfli =0.

|Z |Pn—k x| Dk (e2) — €2

|un

So, our claim (8) holds true for each ¢ = 0,1,2. Now, we can say that our sequence
{D,} defined by (7) satisfy all assumptions of Theorem 2.1. Using these facts, we
conclude that

BRI
st — lim ?n];)pn—kaDk H =0
holds for any f € C'[0,1]. However, since ||D,, (eg) — eo|| = |$n — 1| and a sequence

{sn} does not ordinary or statistically convergent to 1, {||D, (eo) — eo||} does not
ordinary or statistically convergent to 0 and hence, classical Korovkin theorem ([9])
or the statistical Korovkin theorem ([7]) does not work for the sequence {D,,}.

4. Rate of convergence

The main result in this section is a study the rate of statistical Voronoi mean with
the aid of the modulus of continuity that is defined by

w(f,0)=  sup  |f(t) = f(x)] (6>0), feCX).

[t—z|<4, z,teX

It is readily seen that, for any a > 0 and for all f € C(X)

w(f,ad) < (1+[a])w(f,9)
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where [a] is defined to be the greatest integer less than or equal to «. Then the result
is stated as follows.

Theorem 4.1. Let the real sequences {pn, qn, s} with u, # 0 for n > 0, be given
n

and Y [pn—kqr| < K |un|, with K independent of n. Assume that {L,} is a sequence
k=0

of pos;tive linear operators acting from C (X)) into itself, satisfying the following con-
ditions:
(1) st—lim
n

n
ﬁ Z |p”*qu| Lk: (60) — el = O7
k=0

(#3) st —limw (f;an) = 0 where o, 1= \/
Then for all f € C'(X),

T 2 1Pn—kaw| L ((t ~ .)2)
k=0

n

! ankakLk (f)—f

" k=0

=0.

st — hm

Proof. Let f € C(X) and € X be fixed. Using the properties of w, and the
positivity and monotonicity of L,,, we get that

an keLi (f;2) = f(2)

" k=0
< %Z Pr—kk| Li (|f (8) = f (2)]52) + M u |Z|Pn k| L (e0; ) — € (2)
< ﬁ |pn—ka|Lk< (f (5' |> >—|—M |u1 ‘Z|pn kqk| Ly (eo; x) — eg (x)
=0 n
<w(f;9) | |Z\pn kqr| Lk (1+| 5 . )+M ﬁZ|pn k| Lk (€0; 2) — e (z)
(t—2)* 1
w (f30) | |Z\pn kG| L 1+T;3€ +M WZ\‘pn—kQMLk (eo; ) — €o (2)

<w(f;0) l| |Z|pn k| L (1 x)-l—(;l Z|pn k| L ((t—l‘) 71‘)]

+M ‘ |Z|pn k:Qk:‘Lk (e0;x) — e (.Z‘)

k=0

<w(f;9) Z|pn kQk| Li (€03 x) — eq (2)

‘"‘ko

+w (f;6)

1 n
+M ‘UIZ Pn—rka| Lk (e0; ) — € (x)
" k=0

) 1 &
< (({2 )w"kzzo |Pn—1 k| Lk ((t —z)? ;3?) .
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Then taking supremum over z € X, we have

n

’u%lzpn—kaLk (f)—fH < w(f;0)

k=0

n

1
mz [Pr—kar| Lk (€0) — €0
" k=0

1 n
— Y 1Pkl Li (e0) — €0

+20 (f;8) + M ‘
[un] k=0

where § = «,, = \/

conclude that

ﬁ 3 |Pn—kar| Lk ((t _ )2)
E=0

‘. Then, from the hypotheses we

st — lim
n

1 n

—> Pn-rarLi (f) = f|| =0,

Un 2o

we obtain the assertion. O

Remark 4.1. If we replace the conditions (¢), (#4) in Theorem 4.1 by the following
condition:

st — lim

n

=0 (i=0,1,2). (9)

1 n
‘|U|Z [Pr—kar| Lk () — e
" k=0

Then, since

Lic((t = 2)*52) < N{|Le(eo;w) = eo(@)| + |Luler; @) = e1(2)] + | Lilezia) — ea(a)]}
(10)
where N = |lea|| + 2 ||e1|| + €o. We get

1 — 2
m];) |Pn—xqr| Lk ((t -.) )

1 n
‘ < N{HMZ |Pn—kax| Lk (e0) — €0
" k=0

} |

1
mz |Pn—kqr| Lk (1) — €1
" k=0

|un| —

1 n
= |pn—kar| Lk (e2) — €2
k=0

It follows that (9), (10) that

st — limay,, = 0
n

where «,, =

fel(X),

\u%LI > Pn—kqx| Lk ((t — )2>H So, by Theorem 4.1 we get, for all
k=0

st — lim =0.

n

1 n
agpn—kaLk fH—r

Hence, if we replace the conditions (i), (i7) with the condition (9) in Theorem 4.1,
then we get the rates of statistical Voronoi mean in Theorem 2.1.



292 K. DEMIRCI, S. YILDIZ, AND F. DIRIK
References
(1] T. Acar and S.A. Mohiuddine, Statistical (C,1)(F,1) summability and Korovkin’s theorem,
Filomat 30 (2016), no. 2, 387-393.
[2] N.H. Bingham and B. Gashi, Voronoi means, moving averages, and power series, Journal of
Mathematical Analysis and Applications 449 (2017), no. 1, 682-696.
[3] K. Demirci and S. Karakus, Statistical A—summability of positive linear operators, Mathemat-
ical and Computer Modelling 53 (2011), no. 1-2, 189-195.
[4] O.H.H. Edely and M. Mursaleen, On statistical A—summability, Mathematical and Computer
Modelling 49 (2009), 672-680.
[5] H. Fast, Sur la convergence statistique, Colloquium Mathematicae 2 (1951), 241-244.
(6] J.A. Fridy, On statistical convergence, Analysis 5 (1985), 301-313.
[7] A.D. Gadjiev and C. Orhan, Some approximation theorems via statistical convergence, Rocky
Mountain Journal of Mathematics 32 (2002), 129-138.
[8] P. Garrancho, A general Korovkin result under generalized convergence, Constructive Mathe-
matical Analysis 2 (2019), no. 2, 81-88.
[9] P.P. Korovkin, Linear Operators and Approzimation Theory, Hindustan Publ. Co., Delhi, 1960.

[10] F. Moricz, Tauberian conditions, under which statistical convergence follows from statistical
summability (C,1), Journal of Mathematical Analysis and Applications 275 (2002), 277-287.

[11] F. Moricz and C. Orhan, Tauberian conditions under which statistical convergence follows from
statistical summability by weighted means, Studia Scientiarum Mathematicarum Hungarica 41
(2004), no. 4, 391-403.

[12] I. Niven and H. S. Zuckerman, An Introduction to the Theory of Numbers, John Wiley and
Sons, Fourt Ed., New York, 1980.

[13] S. Orhan, T. Acar, and F. Dirik, Korovkin Type Theorems in Weighted L, Spaces via Sta-
tistical A—Summability, Analele stiintifice ale Universitatii “Alexandru Ioan Cuza” din lasi.
Matematicd (SERIE NOUA) 42 (2016), no. 2, 537-546.

[14] H. Steinhaus, Sur la convergence ordinaire et la convergence asymptotique, Colloguium Mathe-

maticum 2 (1951), 73-74.

(Kamil Demirci, Sevda Yildiz, Fadime Dirik) DEPARTMENT OF MATHEMATICS SINOP UNIVERSITY
SINOP, TURKEY
E-mail address: kamild@sinop.edu.tr, sevdaorhan@sinop.edu.tr, fdirik@sinop.edu.tr



	1. Introduction and preliminaries
	2. Korovkin type approximation via statistical Voronoi mean
	3. An application
	4. Rate of convergence
	References

