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Finite dimensional null-controllability of a fractional parabolic
equation

CONSTANTIN NITA AND LAURENTIU EMANUEL TEMEREANCA

ABSTRACT. In this article we analyze some controllability properties of a fractional equation
which serves as a model for anomalous diffusive phenomena. It is known that this equation
is not spectrally controllable. Our aim is to study the behavior of the control when only the
projection of the solution over a finite dimensional space is driven to zero in finite time.
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1. Introduction

The aim of this paper is to study the controllability properties of the following
parabolic type equation:

Ut(tyx) + (76:mc)a/2u(t’x) = g(t)f(x)a te (OvT)a T e (Oa 1)7
u(t,0) = u(t, 1) =0, t e (0,7), (1.1)
u(0,7) = u¥(z), z € (0,1).

In (1.1), (=8.2)*/? denotes the operatorial fractional power of order a/2 > 0 of
the Dirichlet Laplacian in the interval (0,1). More precisely, (—0,,)%/? is the linear
unbounded operator in L2(0, 1) defined as follows

(=022)%"? : D((=022)*/?) € L*(0,1) — L*(0,1),

D((—32)*?) = {u e L*(0,1) : u = Z V2a; sin(jrz) and Z |aj|2j2“ < 400 o,

u(z) = Z V2a; sin(jra) — (—0pe) *u(z) = Z V2a;(j7) sin(jmz).

The eigenvalues of the operator (—0,,)%/? are given by

N=Gmt Gz, (1.2)
and the corresponding eigenfunctions are
v; = sin(jrx) (>1). (1.3)

For any « > 0 equation (1.1) is of parabolic type. When « = 2 we recover the classical
heat equation.
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A “generalized” diffusion equation which reads, in Fourier space, as follows

OFP
W(tv q) = _qufp(tv q)» (14)

is introduced by [17] in the context of the anomalously enhanced diffusion in systems
of elongated polymerlike breakable micelles. In (1.4), FP is the Fourier transform
of the probability distribution P and pu < 2. Due to reptation, short micelles diffuse
much more rapidly than long ones. As time goes on, shorter and shorter micelles are
encountered and the effective diffusion increases with time. This corresponds to a
random walk for which the second moment of the jump-size distribution fails to exist
(“Lévy flight”).

In [12, Section 3.5. Long jumps: Lévy flights] the following equation is proposed as
a simple model for the description of transport processes in complex systems quicker
than the Brownian diffusion,

%—];(t,x) = K" _D!P(t,x) (r eR, t>0), (1.5)

where p € (1,2), oo D¥ is the Weyl operator which, in one dimension, is equivalent
to the Riesz operator —D* and K is a positive constant. We recall that the Riesz
fractional differentiation, D*, is defined by:

Difi=(=A)% f=F 2" Ff()], (1.6)

where F~! is the inverse Fourier transform. Consequently, by taking the Fourier
transform in (1.5), we obtain that F P verifies an equation similar to (1.4).
It is easy to see that the fundamental solution of (1.5) is given by

W1 1 T
((tz) =F 1 e K (@) = L [ } 1.7
(ta)=F | [ @)= | (1.7)
where
L,(x) :/e*m*‘yl“dy, (1.8)
R

is the Fourier transform of the function e~ ¥/ which is known as the Lévy symmetric
p-stable distribution. We recall that L, is a “bell-shaped” function [6] but, unlike
the Gaussian, it is a heavy-tailed distribution [16]:

I(14 p)sin(mp/2) 1

L,(x)~ - T 85T o0, (1.9)

In the case p = 2 the function Lo can be computed explicitly and represents the well-
known normal distribution. In this particular case, the fundamental solution depends
on the grouping z/t'/? of the independent variables, which allowed A. Einstein to
show in [3] that the mean square displacement is proportional with time. Although in
the case u < 2 the mean square displacement cannot be defined (the second moment
of the distribution is not finite) the facts that the fundamental solution (1.7) depends
on the grouping x/tl/“ and tY/# > t1/2 as t tends to infinity indicate that we are in
the presence of a much quicker diffusion phenomenon.

Notice that, for a € (0,2), our equation (1.1) represents precisely a controlled
version of (1.5) stated in a finite one-dimensional interval and it may be considered
as a simple model for controlled parabolic dynamical system with enhanced diffusiv-
ity (super-diffusion or quicker propagation of the concentration front). The list of
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systems displaying such anomalous dynamic behavior is quite extensive: special do-
mains of rotating flows, collective slip diffusion on solid surfaces, Richardson turbulent
diffusion, bulk-surface exchange controlled dynamics in porous glasses, transport in
micelle systems and in heterogeneous rocks, etc. (see, for instance, [12, 13] and the
references therein).

Other mathematical models have been proposed for the anomalous diffusion phe-
nomena. For instance, in [12] (see, also, [18]), the following fractional diffusion is
considered

ug(t, ) =9 D} ~*0%u(t, z), (1.10)

where the Riemann-Liouville operator oD}~ is defined, for o € (0,1), by

oD} “atta) = o ([ 1T ar).

To our knowledge, the controllability properties of (1.10) have not yet been studied
but the following fractional (in time) equation is considered in [11]

o5 u(t,z) = 02ult, x), (1.11)
where, for a € (0,1), 95, is the left-sided Caputo derivative in zero,

1 b Ogu(s, x)
P —a)fy (=9

The fractional time derivative introduces some memory effects on the system that
need to be taken into account when defining the notion of null controllability. As
proved in [11], when the full control problem is considered for both the value of the
state at the final time and the memory accumulated by the long-tail effects introduced
by the fractional derivative, controllability cannot be achieved in finite time.

On the other hand, an equation similar to (1.1) has been analyzed in [2] with the
fractional Laplace operator defined by the following singular integral

ogu(t,x) = ds.

(= 022)*?u(z) = cl,aP.V.AWdy, (1.12)
QQO‘F(HT‘I)
2T 5)
For this fractional Laplace operator, in [2], positive controllability results are obtained
only if @ > 1. In fact, as shown in [8], the eigenvalues of the above operator are of
the form (j7r + @)a +0O (%) which, asymptotically, are similar to A; from (1.2).
Therefore, it is not surprising to see that we have the same qualitative behavior of
(1.1) when the fractional Laplace operator is given as a singular integral (1.12) or as
in the initial fractional operatorial form.

In (1.1) w is the state of the system and the control g(¢)f(z) is the product of
separated variables functions in time and space. The space shape f(z) of the control
is fixed. Then one only acts on the system by means of tuning the time-intensity g(t)
of the control. Such types of controls are referred to in the literature as “lumped”
or “bilinear” (see, for instance, [1]) and are of great interest being closer to the
engineering applications.

Given T' > 0 and f € L?(0,1), we say that equation (1.1) is null-controllable in
time T > 0 if, for any u® € L?(0, 1), there exists a control g € L?(0,T) such that the

where @ is the extension by zero of u outside the interval (0,1) and ¢1 o =
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solution u verifies
w(T,z) =0 (z €(0,1)). (1.13)

The null-controllability property of (1.1) in the case az > 1 is discussed and solved in
[5]. On the other hand, the case o < 1 is studied in [14] (see, also, [2, 10, 15]). It is
proved that the problem is not null-controllable (not even spectrally controllable) in
any time T" > 0. Let us explain the main reason for this negative result. Since the
eigenvalues A; have the form given by (1.2) then, according to Miintz Theorem, it
follows that the family of exponential functions (e’AJ' t)jzl is complete in L2(0,T) for
any T € (0, 00]. Moreover, it continues to be so even if a finite number of its elements
are eliminated. Consequently, the family (e"\ﬂ't)j>1 is not minimal in L?(0,T), for
any T' € (0,00] and, as it follows from Theorem 2.2, not even initial data consisting
of one mode only can be controlled.

In this paper, we consider the case o € (0,1) and we concentrate our attention on
a different controllability notion. We introduce the following definition:

Definition 1.1. Given N € N*| we say that equation (1.1) is N-finite dimensional
null-controllable in time T > 0 if, for any u® € L?(0,1), there exists a control g :=
gn € L%(0,T) such that the solution u verifies

Iyu(T,z) =0  (z€(0,1)), (1.14)

where Il represents the projection operator over the space generated by the first N
eigenfunctions:

N
HN Z\/iajvj = Z\/iajvj.

i>1 j=1

For a study of the finite dimensional null controllability problem for semilinear
heat equations in bounded domains with Dirichlet boundary conditions the inter-
ested reader is referred to [20]. Our aim is to prove that problem (1.1) is N-finite
dimensional null-controllable in any time T > 0. Moreover, we study the behavior of
the controllability cost when N tends to infinity. Since we are interested to control
as many frequencies as possible, we shall consider in the sequel that N > Ny for a
convenient choice of Ny. The main result of this article reads as follows:

o0
Theorem 1.1. Let T > 0 and a € (0,1). Suppose that the function f = > V/2fjv; €
j=1

L?(0,1) verifies
fi#0  (JeN),
{ liminf [f;[e" >0 (v >0). (1.15)
Jj—o0
Then there exists No € N with the property that, for any N > Ny and u® € L?(0,1),
there exists a control gy € L*(0,T) such that the solution u of (1.1) verifies (1.14)
and
lgn L2,y < Cexp(wN In N)l|uo| 20,1, (1.16)
where C' and w are two positive constants independent of N and ug.
Notice that, according to Theorem 1.1, equation (1.1) is N-finite dimensional null-

controllable in any time 7" > 0, but the norm of the corresponding control may explode
exponentially as N goes to infinity. Moreover, we’ll show that estimate (1.16) is, in
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some sense, optimal and the norm of the control is bounded from below in a similar
way.

This paper is organized as follows. In Section 2 we prove that the N-finite dimen-
sional null-controllability problem (1.1)-(1.14) is equivalent with a moment problem
and the concept of a biorthogonal sequence is introduced to solve this moment prob-
lem. In Section 3 we construct a biorthogonal sequence, we estimate its norm in
L? (-Z,Z), and we discuss the optimality of our results. Finally, Section 4 is de-
voted to prove several controllability properties, among them our main result Theorem
1.1.

2. The moment problem

Let En be the space generated by the first NV eigenfunctions:
Ey = Span{(vj)i<j<n}, (2.1)
(o=
and let Ay := (e Jt)lgjgN'
First, we have the following variational result.

Lemma 2.1. Let T > 0, a € (0,1) and the initial data u® € L*(0,1). The function
gn € L2(0,T) is a control which drives to zero the projection of the solution of (1.1)
at time T over the space En if and only if, the following relation holds

/ / gn () f(z)p(t, ) dx dt —|—/ uo(:r)E(O, z)dx =0, (2.2)
o Jo 0

for every T € En, where ¢ € L?(0,1) is the solution of the following adjoint back-
ward problem

—pi(t, ) + (=) ?p(t, ) = 0 te (0,T), z€(0,1),
o(1,0) = (1, 1) = 0 te (.1, (23
o(T,z) = ¢ (z) z € (0,1).
Proof. If we multiply in (1.1) by ® and we integrate by parts over (0,7 x (0,1), we
obtain that gy € L?(0,T) is a control for (1.1) if and only if it verifies (2.2). O

The following result gives us the moment problem associated with the N-finite
dimensional null-controllability property of (1.1).

Theorem 2.2. Problem (1.1) is N-finite dimensional null-controllable in time T > 0
if and only if, for initial data u® € L?(0,1), there exists gy € L?(0,T) such that
T uo
/ gy (T —t)e Ntdt = —ZLe N (1< j<N), (2.4)
0 fi
where
1 1
fi= \/5/ f(z)sin(jrz) dx, u? = \/i/ u’(z) sin(jmx) dx, (2.5)
0 0

are the Fourier coefficients of the functions f and u®, respectively.

Proof. From the above Lemma 2.1, the system (1.1) is N-finite dimensional null-
controllable if and only if, there exists gy € L2?(0,7) such that (2.2) holds for any
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initial data u® € L2(0,1). If o1 = v/2sin(jnz), the corresponding solution of (2.3) is
given by

o(t,z) = V2D gin(jrz) (1<j<N).

Hence, by using this particular choice in (2.2) we deduce that (2.4) holds. O

‘We remark that

j=1 )\j
and, consequently, it follows that the family Ay is incomplete in L?(0,7). Hence, it
is minimal and we deduce that there exists a biorthogonal sequence to it in L2(0,T).
If there exists a biorthogonal sequence (0 (T, -))1<k<n to the family Ay in L?(0,7)
then the problem of moments (2.4) may be solved immediately by setting

N 0
U

gN(T — t) = E 7%67AkT9k(T, t).
=1 Ik

In order to evaluate the norm of the control g we have to study the behavior of the
norms of the elements (05 (T, -))1<k<n from the biorthogonal sequence.

3. A biorthogonal sequence in a finite interval

In this section we construct and we evaluate a biorthogonal sequence to the family

of exponential functions Ay in L? (f%, %)

3.1. The product. In this section we introduce a finite product Py , with the prop-
erty that Py(—i\;) = dx; and we obtain an estimate for this product on the real axis.
For every 1 < k < N, we define the function

= 11 ;:_j\i II N, 7/\}6 11 <1—Z). (3.1)

1<p<N 1<p<N 1<p<N
p#k

Qk Py (2)
We estimate the first part of the product Pg.

Lemma 3.1. Given « € (0,1), for any 1 < k < N, we have that

Q| < exp [(1112 + a(21_0‘a)) k:“Nla} : (3.2)
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Proof. We remark that

|Qk|: H ﬁ:exp Z 1n<kap_(¥pa)+ Z In <pa1ixka)

1<p<N 1<p<k—1 k+1<p<N
p#k
W — ko ko
= exp Z ln<1+kapa)+ Z 1n<1+pak0‘)
| 1<p<k-—1 k+1<p<N

[k N
2r — | RS
< exp / ln<1—|—]§lxa) dx+/ ln<1—|—xa ka> dx]
1 - k -

N

1 L
< exp k/ m (14— dt+k/kln 1Y) ael (3.3)
; 11— ! P

I Iz

We evaluate now each one of the two integrals I1 and I. We have that

1 a1 1
) B
11:1n2—|—a/ —dt§1n2+/ o1 g,
o (2—t9)(1—1tv) 0

where we have used the fact that

1-1 1
1< < —
T 11—t T «

It follows that
1
I §1n2+a. (3.5)
Let us pass to analyze I5. We have that

IL=(t—1)In <1+ 1)

te —1

N

N
3 el —1
I =
1

) to(te — 1)

1 /N\'"® 1 1 N\ 1
<= (= —dt=——— [ = - .
_a<k> +/1 t”‘dt a(l—a)<k> 1—a’ (36)

where we have used the estimates

1
t—1)In (1 < e t>1
-0 (14 g ) <50 @z,
and
tett—-1) 1
1< ——= < — t>1). 3.7
<o 2 (37)
From (3.3)-(3.6) it follows that (3.2) holds.
]

Theorem 3.2. For each 1 < k < N, the product Py defined by (3.1) is an entire
function of exponential type zero which verifies

Py(—iX;) =6k; (1< j<N). (3.8)
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Proof. From the definition of the product Py in (3.1), the relation (3.8) follows im-
mediately. To prove that the product is an entire function of exponential type zero

we remark that
N
3 ln(1+|z|> < exp / In <1+|Z|>d ,
A 0

1<p<N P
p#k

]ﬁk(z)

I

and

=N (14 2L +az|/N1ds<N1n 1+ 20 fan
o N« 0 S(X+|Z| - N« ’

Let € > 0 be an arbitrary positive number. Taking into account that In(1 +¢) < /¢,
for t > 0, we have

|Z‘ 1—< 1/2 1 2 13
NIn{l4+—— | <N < —N“"%4+ —|z|.
n( T e ) SN S o N A gl

Hence,
I<aN+ N2>y &
- 2 277
and it follows that
~ 1
‘Pk(z)‘ <exp | —N?"*4 aN | exp (E |z\) . (3.9)
2e 2
From relations (3.1), (3.2) and (3.9) we obtain
1 2 -
| Pi(2)] < exp {%NH +aN + <ln2 + a(l_aa)> N} exp (g |z|> . (3.10)

From (3.10) we deduce that

IPu(2)] < exp (¢ |2]) Uz > g <21€N2°‘ +aN + <ln2—|— le_o‘a)) Nﬂ .

From the above inequality it follows that Py is an entire function of exponential type
zero. The proof is complete. O

We pass to estimate the second part of the function Py on the real axis. We have
the following result.

Lemma 3.3. Given a € (0,1) and 1 < k < N, for every x € R, we have that

exp (gNln (1 + ﬁ)) if 2] > Non®,

exp ( )Nln (1—|— NZ%Q(,)) if || < N°7* and o < 1,

(3.11)

o

2

Xp( 1//; |x\) if x| < NY271/2 gnd o = L

exp (4522572 3 1al) i lal < Non and a> §.
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Proof. Since ‘f’k(ax)

is an even function we study only the case z > 0. We have

~ 2 y? N y?
‘Pk(x)‘ < exp Z 1n<1+pm> < exp /0 1n<1+82a>ds ,

1<p<N
In(y)
where y = “%. Since we have that
I Nin (142 + 20t/ A d
= < o —— _dt
N(y) I1< +N2a)+ ay /0 t2a 41 ’

we are lead to study the properties of the function f : [0,00) — R,

" 1

Since the function f has the following properties

r ifr<1
1
T3 pl-2a ifr>1anda<%
f(r) < 20 *y on ) (3.12)
2@_17204_11" ifr>1anda> 3
In(1+7) ifr>1and a=3,

by taking r = yl%, it follows that:
a) If y > N%, by using the first inequality from (3.12), we have that

y? y?
IN(y)§N1n<1—|—>+2aN§5Nln(1+ ),

N2« N2«
which gives the first inequality in (3.11).
b) If y< N® and «a < %, by taking into account the second inequality from (3.12)
and the fact that In(1 +¢) > 5, for every t < 1, it follows that

2 2
Y 2a 1—2a 9 142« Y
1 < NIn(1+ =Z— —N < Nln(1+ —=
() < n(+N2°‘>+1—20¢ y(l—?a "\t e )
and thus, the second inequality in (3.11) holds.
c¢) If y < N® and a > 1, by considering the third inequality from (3.12) and taking
into account that In(1+t) < ¢2«, for every ¢ < 1 and 5= < 1, we obtain that
2 2 2
Yy 40é 1/a 40[ +20(—1 1/a
I <NIn(1 . < (=== -
() < n(+N2a>+2a—1y —< 2a-1 )Y
which gives the last inequality in (3.11).
d) If y < N*/2 and o = 3, from the last equality in (3.12) and taking into account
that In(1+4¢) < \Vt, for every t > 0, we deduce that

2 N N
In)=NIn(1+ 2 ) +?m(1+ 2 ) <201+ 2 ) <2yNY2,
N y? y?

and the proof of lemma is complete.
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3.2. Construction of the multiplier. In this section we consider a multiplier func-
tion M} with rapid decay on the real axis, such that the product P, M} is bounded
on the real axis and My(—i);) = 1. This multiplier is obtained by following step by
step the construction gives in [7, Pages 19-20]. For every a > 0 we set

5 .- M-l
a - 2a b)
and we recall that
fa(z) = / Hy (e at = $2002).
R az

Let ¢ € (0,1) be a sufficiently small number to be chosen latter on and let ag = a; =

= ANyl = NL-',-T We consider the convolution uw = Hg, * ... * H, and we have

the following result.

N+1

Lemma 3.4. For N > 0, the function uw = Hgy, * ... % Hqy,, belongs to CN (R) and it
is supported in [—0,0]. Moreover, the following estimates hold

4
| u=tul =1, (3.13)

-5
() 1 ;
uV(z)| dx < —— (I1<j<N). (3.14)
R ag...a;—1
Proof. Tt is similar to [7, Theorem 1.3.5] and we omit it. 0

Remark 3.1. If u is the function defined in Lemma 3.4, then its support is [—§, d].
By taking into account that u € CV(R), it follows that

u(—0) = u(d) = u(=6) = w9 (5) =0 (1<j<N). (3.15)
We introduce the function M, given by
N+2
s o sin (25 (z + i\x)
My(z) = / u(t)e HEFA) g = <f 2 ) _ (3.16)
5 m(z + ’L)\k)

The properties of the multiplier M}, are given in the following lemma.
Lemma 3.5. M}, is an entire function of exponential type 6. Moreover, we have that
Mi(=ixg) =1, (3.17)
and, for every x € R, we have the following estimate
|[My(z)| < min {exp [(g + 577) N} , €Xp [—N1n|x + Nln (3(]5\]) + (5)\4 } :
(3.18)
Proof. Firstly, by using (3.13), we deduce the following estimate
|Mj,(2)] < e¥l=HiAnl (3.19)

which implies that M} is an entire function of exponential type §.



FINITE DIMENSIONAL NULL-CONTROLLABILITY OF A FRACTIONAL PARABOLIC EQ.407

Relation (3.17) follows from definition (3.16) of Mj. On the other hand, estimate
(3.18) is obtained by using Lemma 3.4. Indeed, by performing several integrations by
parts (justified by the regularity of u) and taking into account (3.15), we deduce that

1 8 . . / 1 § ] '
My (z) = 7/ u(t) (e—lt(x-‘rz)\k)) dt = 7/ u/(t)e—zt(fc+z)\k)dt

—l($+l>\k) -5 l(x+l)\k) _5
8 1)
_ ;/ u//(t)e—it(m-‘ri)\k)dt - = ;/ u(N) (t)e—it(w-i-ikk)dt'
iQ(x + Z)\k)Q -5 ZN(.T + Z)\k)N _5

By using the above relations and (3.14) with j = 2, it follows that

1 ’ " tA 1 (N + 2)2 Ok 6
M (2)] < M/5|u (et € iy e <op | (G0 ) ).
Moreover, (3.14) with j = N implies that

1 (N + 2)N65/\
(22 + )\i)% N

k

1 5
it < o [ o]
T4+ AL)T =8

3N
< exp [—N1n|x + Nln (5) + f”\k} ,
which gives (3.18) and completes the proof of the lemma. O

3.3. The biorthogonal sequence. Now, we have all the ingredients needed to con-
struct a biorthogonal sequence to the family of exponential functions Ay in L2 (— %, I)
and to estimate its norm.

Theorem 3.6. Let T >0, a € (0,1) and (\j)i<j<n be given by (1.2). There exists
a biorthogonal sequence (0,(T,-))1<k<n to the family of exponential functions Ay in
L? (—I Z) with the following property

2172
047, ) 2(g.7) < Cexp(@NIN) (1<K <N), (3.20)
where C' and w are positive constants independent of k and N.

Proof. Let § € (0,1) such that T > 12§. Let P, and M, be the functions defined by
(3.1) and (3.16), respectively. We consider the function

58in (0 (z + i)

5 1 in) (z €C). (3.21)

Vi (2) == Py(z) (Mg (2))

sin (8 (z + i)
of exponential type §, we deduce that ¥ is an entire function of exponential type %
Moreover, we have that

Since P, is a function of exponential type zero and My, are functions

5 sin (6 (=X +iAg))
O(—iA; +iAg)

Yr(=iA;) = Pi(=i);) (Mi(=i);)) = O;j-

Next, we prove that ¢ (z) € L2(R). The estimate of the function Py, on the real axis
from Lemma 3.3 combined with (3.18), allow us to evaluate the quantity ’ﬁk(x)’ | M (2)]°

by considering the following two cases:
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a) The case |x| > N*r®. By using (3.11) and the second estimate of M}, in (3.18),
we deduce that there exists w; > 0 such that

~ (5N x? 3N
(5N 9N? 5N N2eg2e 4 g2
(5N 9N? 5N
S exp -7 In (]\[20‘7(20‘52> + 21n2+56Ak:| S exp ((J.)lNh'lN)

(3.22)

b) The case |z| < N*7m®. Estimate (3.11) of ‘f’k(:r)‘ and the first estimate in (3.18)
give that there exists wy > 0 such that
‘ﬁk(x)‘ | M (2)]® < exp(wa V). (3.23)
From (3.2), (3.22) and (3.23) it follows that

sin (6 (z + i\r)) ‘2 1

2
/R|wk(x)| deexp(ngNlnN)/ 50 £ ie)

R

2

int
i I < 2nC%exp (20N In N),

1
< 5 OxXP (2wsNIn N + 2Ak)/
R

where w > w3 :==1n2+ ﬁ + max{w;, we} and C' is a positive constant. From the
last inequality we deduce that 1, € L?(R) and

Ykl 2@y < V2rCexp (wWNInN). (3.24)
Let us introduce the inverse Fourier transform of the function y:
1 o -
0x(T,t) = —/ Yp(z)e™dx (1 <j<N). (3.25)
21 J_ o
From Paley-Wiener Theorem we obtain that (6x(T,-))1<k<n given by (3.25) is a
biorthogonal sequence to the family of exponential functions Ay in L?(—%,Z). To
obtain the norm estimate (3.20), we use (3.24) and Plancherel’s Theorem. The proof
of the theorem is complete. O

Remark 3.2. The norm of the biorthogonal sequence (0;(T, -))1<k<n given by (3.25)
in Theorem 3.6 increases as exp(wN InN) as N — oo. What can be said about the
norms of many other biorthogonals which can be found? In the following theorem we
prove that we can find a positive constant w’ such that the norm of any biorthogonal
sequence to the family Ay is bounded from below by exp(w’N In N) and in this sense,
(3.20) is optimal.

Theorem 3.7. Let o € (0,1), T > 0 and ({k)1<k<n be a biorthogonal sequence to

the family of exponential functions Ay in L? (—%, %) There exists Ng € N*, with

the property that we can find two positive constants C and w' such that

T
I€kll 2~z 2y = Cexp | =M + /(1 —a)NIn N (1<k<N,N>N).
(3.26)
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Proof. We will give the proof in several steps and similar arguments from [4] are used.
Step 1. We define the following function:

@) = [ GWe™d  (1<k<N) (3.27)

e
2

From Paley-Wiener Theorem we deduce that 74 is an entire function of exponential
type % Furthermore, we have that

7 (@)] < \FT||§k||Lz(,g,g) (z €R). (3.28)

Since 7 is a function of exponential type we deduce, from Hadamard’s factorization
theorem (see [19, Chapter 2, p.74]), that

_ p bz o i z/%Zm

Ti(2) = azPe H (1 Zm> e , (3.29)
zm€EE

where F is the set of the zeros z,, of 7 with z,, # 0, E = {2, € C|1%(2m) =0, 2, #

0}.

From (3.27) and since (§;)1<k<n is a biorthogonal sequence to the family of exponen-

tial functions Ay in L2 ( % %) it follows that 75,(—i\;) = d;. Hence, {—i\;| 1 <

J<N,j#k} CE.

Next, we introduce the function ¢y (z) defined by

Tk(z)
Pk(Z)’

where Py is the product given by (3.1). Moreover, the function ¢, has the following
properties:

e it is an entire function of exponential type %,

o dr(—iNg) =1,

o 7i(2) = Pi(2) o (2).

Step 2. We will give estimates from below for |Py(z)|. We have that

¢k(z) =

(3.30)

-1

|Pe(2 H — = H |Ap — iz| H IAp = Akl
)\ /\k

1<p<N 1<p<N 1<p<N
p#k p#k p#k

For z € C such that |z| > 3N*n® it follows that

II o—izl= IT (zl=2) = T (2l = No7®) = (jz] - N*x)¥ L (3.31)

1<p<N 1<p<N 1<p<N
p#k p#k p#k

Next,

IT M=l < T (0l + e < T 2w = @ener)¥1. (3.32)
1<p<N 1<p<N 1<p<N
p#k p#k p#k

From (3.31) and (3.32) it follows that

|z| — Neme

N-1
> 3N“m¥). .
S Nana > (z€C, |z| > 3N*77) (3.33)

Pe(2)] > (
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Step 3. The following estimate holds

< [

T :
2
(3.34)
and from (3.33) and (3.34) we obtain that
VTERON gl o g 1y
|k (2)] < == (z €C, |z| = 3N“7?). (3.35)

(|z|7N°‘7r"‘)N_1
2Naqo

We consider the function

Ck C— (C Ck(z) = (bk(—i)\k — Z),

and we remark that (j is an entire function with the property that (;(0) = 1. We
apply Theorem 11 from [9, p. 21] and we deduce that, for any R > 0 and 7 € (0, %),

In (|¢x(2)]) > (2 +1In <§)77)) In (M¢, (2eR)) (z€C, |z2| <R), (3.36)

outside of a set of circles the sum of whose radii is not greater than 4nR, where

M¢, (2eR) = | Ilnax |Ck(2)]. From (3.35) we have that

M, (2¢R) = nax o (—idp — 2)| < VT €kl 2z Z1-\=3(2)]

)

1) max_ ez
2/ |z|=
< \/T||€k||L2(7% %)ezAkeeRT

if |2| = 2eR > 3N“nm®. We denote §:=2+In ( ) > 1 and using the above estimate,
for any R > 0 and 7 € (0, 22) such that 2R > 3N“7®, it follows that

n(1G(2))) > ~BIn (VT eill oz 5y eF ) (e C | <R), (337)

outside of a set of circles the sum of whose radii is not greater than 4nR.
We consider R > 8N°m® and n € (0, ). We deduce that there exists zq € (£, R]
such that

In (|Gu(20)]) > —B1n (\/Tllé“kHLz(_% 1) eﬂHeRT) (3.38)
On the other hand, from (3.35), we have that

\/T s Al 72 T
ez [|&kll ( ,73 (3.39)

‘—i)\k—mgl—N”ﬂ“‘ N
2Noqe

T
2

|Gk (z0)| = [Pr(—iAx — x0)| <

Choosing, R = 8Nw > 8N“7® we obtain the estimate

| =i\ — x| =N > ||zg| — |—iAk||-N7* = 20— A — N7 > AN7—2Nmw = 2N,
(3.40)
and for this, it follows that in (3.39),

T a_a\N—
VTez I€kll 2~z 2y (N7 '

|Gk (wo)| < (Nm)N-1

(3.41)
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From (3.38) and (3.41) the following estimate is obtained:

VT |6l o g gy (V) Y

s T X\,+8meT N
In o > =80 (VT |6kl o g, 3) 257N ),

which is equivalent to
(+8)mn (16l (- 5.3))
—(148)In(VT) - (1 + 5) M+ (1 —a)(N —1)In(N7) — f8meTN.
For sufficiently large N (depending on T and a) we deduce that
(1 —a)(N —1)In(N7) — 887eTN = (1—a)(N —1)In N+
(1-a)
2

1
+(1—-a)(N—=1)Inw — B8neT' N > NInN — B8meT' N > 1(1 —a)NInN.

Hence, we obtain
(1+8)In (||§k||L2(7%%)) > —(1 —|—5)1n(\/>) (1 +,3) Ak + i(l —a)NInN,

equivalent to

1 n
ka”Lz(_%%) > ﬁe Ferrrm NN, (3.42)
Therefore (3.26) holds with w’ = 4(13-/3) and C = —=. The proof is complete. O

Now, we have all the ingredients needed to prove our main controllability result,
Theorem 1.1.

4. Controllability results

In this section we firstly give the proof of the main result Theorem 1.1.

Proof of Theorem 1.1: We show the existence of a function gy which verifies the
moment problem (2.4). Indeed, let (65(T,-))1<k<n be the biorthogonal sequence to
the family of exponential functions A in L? (—5, 5) given by Theorems 3.6. In this
case the moment problem (2.4) is solved immediately by setting

N UO 2T T
gN(T—t):Z—ffkei k20, (T,t—2>.
k=1 ‘Fk

To estimate the norm of the control gy we use proceed as follows:

N
lgnllz20,m) < Cmax {[|6x(T, )| r2(0.1) } Z |uple”

and (1.16) follows immediately by taking into account (3.20). The proof of Theorem
1.1 is complete. O

The following result shows that the estimate given by Theorem 1.1 is optimal.
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Theorem 4.1. There erists initial datum u® € C*(0,1) such that any N-finite di-
mensional control gy of equation (1.1) verifies

||9N||L2(0,T) > Cexp[w'(1 —a)NInNJ, (4.1)
where the constants C' and W' are given by Theorem 3.7.
Proof. Let u®(z) = —/2fneT N vy, where fy is the N-th coefficient of the function
f= io: V2fjv; € L?(0,1) and v; are given by (1.3).

Jj=1
According to Theorem 2.2, any control gy will verify

T
/ gN(T — t)ei)\jtdt = 5jN (1 <3< N),
0

since )
0 _ 0 . o0 if j#N
uj = \/5/0 w(x) sin(jre) dx = { _fneT™  if j= N
Therefore,
T
(T =0 = eFey (-5 ). (42

where £ is the N-th element from a biorthogonal sequence (£;)1<k<n to the family

of exponential functions Ay in L? (—%, %)
Using (3.26) from Theorem 3.7, and (4.2) we deduce that relation (4.1) holds, and

the proof is complete. O

Remark 4.1. In this article we have considered that the exponent o € (0,1). The
case a = 1 is also interesting and corresponds to the classical Cauchy distribution
(see, for instance, [12]). Although the results in this case are qualitatively similar to
the previous ones, the estimates are different and will be presented elsewhere.
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