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Lukasiewicz-Moisil algebra of fractions relative to an A-closed
system
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ABSTRACT. The aim of this paper is to introduce the notion of n-valued Lukasiewicz-Moisil
algebra of fractions relative to an A-closed system.
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1. Definitions and preliminaries

Let n a natural number, n > 2.

Definition 1.1. ([1]) An n-valued Lukasiewicz-Moisil algebra (or LM, -algebra)
is a structure (L, A,V, N, 0,1, {@; hi<i<n—1) of type (2,2,1,0,0, {1}1<i<n—1), satisfy-
ing the following conditions:
a) (L,A,V,N,0,1) is a De Morgan algebra,
b) ©1,.ypn—1 : L — L are bounded distributive lattices morphisms such that for
every x € L:

b1) wi(x) V Np;(x) =1 for everyi=1,...,n—1,

bs) wi(x) N Np;(x) =0 for everyi=1,...,n—1,

b3) wip;(x) = ;) for every i, j=1,..,n—1,

bs) @i(Nz) = Ngj(z) for everyi,j —L...m—lcui—i—j:n7
b5§ 901(37) < 902($> <. < @nfl(x%

If oi(x) = wi(y) for everyi=1,...n—1, then x = y.
The relation bg) 1s called the determination principle.

As consequences of the determination principle we obtain:
b7) If z,y € L then x <y iff p;(x) < ¢;(y) for every i =1,...,n—1,
bs) p1(z) <x < p,_1(x) for every z € L.

We denote an LM,-algebra (L, A,V,N,0,1,{@;}1<i<n—1) by its universe L.
Remark 1.1. The endomorphisms {¢;}1<i<n—1 are called chrysippian endo-morphisms.

Examples:

Ey) Let L, = {0, =25, ..., 2=2,1}.We define z V y = max{z,y},z A y = min{z, y},
Nex=1—x (N(ﬁ) = ”nilj) and ¢; : Ly, —>Ln,gpi(m) =0ifi+j <nand1if
i+j>mn,fori,j=1,...,n—1.

Then (L,,A,V,N,0,1,{¢;}1<i<n—1) is an LM,-algebra.
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E5) Let (B, V, A0, 1) a Boolean algebra and D(B) = {(z1,...,2,_1) € B" 1, 21
.. > Tp—1}. We define pointwise the infimum and the supremum, N(z1, ..., Z,—1)
(2, seyxy) and @i (1, .oy 1) = (24, ...,a;) for all i = 1,...,n — 1.Then

(D(B)a /\a \/a Na Oa 17 {Qoi}lﬁign—l)

v

is an LM,,-algebra.

In the rest of this paper, by L we denote an LM,-algebra.

We denote by C(L) the set of all complemented elements of L and we call it the
center of L. Tt is easy to see that (B,V, A, N,0,1) is a Boolean algebra.

Lemma 1.1. ([1]) Let L an LM, -algebra. The following are equivalent:
(i) v e C(L),

(#i) there arei € {1,....,n— 1} and y € L such that x = @;(y),

(14i) there isi € {1,....,n — 1} such that x = p;(x),

(v) & = @;(x) for everyi=1,...,n —1,

(v) @i(z) = @j(z) for every i,j=1,...,n—1.

Remark 1.2. Ifz € L then ¢;(x) € C(L) for everyi=1,...,n — L.

Lemma 1.2. ([1]) Let L be an LM, -algebra. The following are equivalent:
(1) = € C(L),

(i) Nz € C(L),

(#9i) * AN Nx =0,

(iv) zV Nz =1.

Proposition 1.1. ([1]) Every LM, -algebra L is completely chrysippian, provided for
every (as),cg € L we have:

(c1) if V as exists then ¢; ( V as> =V vilas) for everyi=1,...n —1,

ses seS sES

(co) if N as exists then p; ( A as> = A pilas) for everyi=1,..n— 1.

ses ses ses
Based on this proposition and using the determination principle it is easy to prove
that the following properties hold for any LM,-algebra L and for every (as),.g € L :

(c3) if \/ as exists then a A ( V as) =V (aAay) for every a € L,
seS sES ses

(cq) if A\ as exists then a V (/\ as) = A (aVas) for every a € L.
seS s€ES seS

Definition 1.2. ([1]) Let L and L' be LM,-algebras. A function f : L — L' is

a morphism of LM,-algebras iff it satisfies the following conditions, for every

x,y € L:

(@) flzvy)=f(z)V f(y),
(i) f(zAy)= f(iE) f),
(113) f(0) =0, f(1) =
() flpi(x)) = @i(f ( )) for every i =1,. —1.

Remark 1.3. It follows that:
f(Nz) = Nf(z)

for every x € L.
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Definition 1.3. ([?]) Let L be an LM, -algebra. We say that I C L is an n—ideal
if I is an ideal of the lattice L and if x € I then ¢,_1(x) € 1.

We denote by Idn(L) the set of all n — ideals of the algebra L.

Remark 1.4. ([?]) If I is an n— ideal, then I N C(L) is an ideal of the Boolean
algebra C(L).

Remark 1.5. ([?]) If J is an ideal of the Boolean algebra C(L), then o, ' (J) is an
n—ideal.

Definition 1.4. ([1]) A congruence on LM, -algebra L is an equivalence relation
on L, compatible with the operations A\,V, N, ;, for everyi=1,....n — 1.

Proposition 1.2. ([1]) For a congruence relation p on LM, -algebra L the follwing
conditions are equivalent:

(1) p is a congruence on L,

(2) p is compatible with A\,V, @;, for every i =1,....,n — 1.

2. n-valued Lukasiewicz-Moisil algebra of fractions relative to an A-closed
system

Definition 2.1. ([?]) A nonempty subset S C L is called A—closed system in L if:
bg) 1 €8,
bio) x,y € S implies x Ny € S,

We denote by S(L) the set of all A—closed systems of L (clearly {1}, L € S(L)).
For S € S(L), on the LM,-algebra L we consider the relation fg defined by

(x,y) € Og iff there is e € SN C(L) such that t Ae =y Ae.
Lemma 2.1. 0g is a congruence on L.

Proof. The reflexivity (since 1 € SNC(L)) and the symmetry of 6 are immediately.
To prove the transitivity of fg, let (z,), (y,2) € 0s. Thus there are e, f € SN C(L)
such that t Ae = yAeand yA f =2 A f. If denote g = e A f € SNC(L), then
aAg=xzN(eNf) = (xAe)ANf = (yNe)Af = (yAf)he= (zAf)Ne =zA(fAe) = zAg,
hence (z,z) € 0s.

To prove the compatibility of 8s with the operations A,V, and ¢; for every ¢ =
1,..,n—1,let x,y,2,t € L such that (z,y) € 05 and (z,t) € 0s. Thus there are
e, f € SNC(L) such that xAe = yAe and zA f = tAf; we denote g = eAf € SNC(L).
Then (z Az) Ag= (yAt)Ag, hence (x A z,y At) € bs.

Fromza Ag=yAgand zAg=1tAg we deduce (xV2z)Ag= (yViE)A g, that is
(xVz,yVi) €bs.

From z Ae =1y Ae (with e € SN C(L)) we deduce that for every i = 1,...,n — 1,
vi(z) A pile) = wi(y) A pi(e), that is (¢i(z),¢i(y)) € s (since pi(e) = e € SN
C(L)). O

For x € L we denote by x/S the equivalence class of z relative to 8g and by
L[S]=L/bs.

By ps : L — L[S] we denote the canonical map defined by ps(z) = z/S5, for every
x € L. Clearly, in L[S], 0=0/S,1=1/S and for every z,y € L,

©/S Ny/S = (& Ay)/S
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x/SVy/S=(xVy)/S
N(z/S) = (Nz)/S
@i« L[S] — L[S), ¢i(z/S) = (pi(x))/S for every i = 1,...,n — 1.
So, pg is an onto morphism of LM,-algebras.

Remark 2.1. Since for every s € SNC(L), s As = s A1, we deduce that s/S =
1/S =1, hence ps(SNC(L)) = {1}.

Proposition 2.1. Ifa € L, then a/S € C(L[S]) iff there is e € SN C(L) such that
eNa € C(L). So, ife € C(L), then e/S € C(L[S]).

Proof. For a € L, we have a/S € C(L[S]) & ¢;(a/S) =a/S foralli=1,..,n—-1&
vi(a)/S=a/Sforalli=1,..n—1< (p;(a),a) € s < there is e € SN C(L) such
that p;(a) N\e=aNnes pi(aNe)=aNesaNe e C(L).

Ife e C(L),sincel € SNC(L) and 1 Ae = e € C(L) we deduce that /S €
C(L[S)). O

Theorem 2.1. If L is an LM,-algebra and f : L — L' is a morphism of LM,-
algebras such that f(S NC(L)) = {1}, then there is an unique morphism of LM, -
algebras f': L[S] — L', such that the diagram

L Ps L[S

L/
is commutative (i.e. f'ops = f).

Proof. If x,y € L and pg(z) = ps(y), then (x,y) € O, hence there is e € SN C(L)
such that xAe = yAe. Since f is morphism of LM, -algebras, we obtain that f(zAe) =
flyne) = fa)nfle)=fy)Afle) = fla)A1=fly) ANl & f(z) = f(y)

From this observation we deduce that the map f’: L[S] — L’ defined for 2 € L by
f'(x/S) = f(x) is correctly defined. Clearly, f’ is a morphism of LM,-algebras. The
unicity of f’ follows from the fact that pg is an onto map. (I

Remark 2.2. The previous theorem allows us to call L[S] the Lukasiewicz-Moisil
n—valued algebra of fractions relative to the A—closed system S.

Examples:

(1) If S = {1} or is such that 1 € S and S N (C(L)\{1}) = 0, then for z,y €
L,(z,y) €bs < 1Nz =1Ay < x =y, hence in this case L[S] = L.

(2) If S is an A — closed system such that 0 € S ( for example S = L or S = C(L)),
then for every z,y € L, (z,y) € 0 (sincet AO=yA0and 0 € SNC(L)), hence
in this case L[S] = 0.

(3) If P is a prime ideal of L (that is P # L and if z Ay € P implies € P or
y € P), such that L\P C C(L), then S = L\P is an A—closed system. We
denote L[S] by Lp. The set M = {z/S : © € P} is a maximal n-ideal of Lp.
Indeed, if z,y € P, then /S Vy/S = (xVy)/S € M (since zVy € P). If
x,y € L such that x € P and y/S < z/S = y/SAz/S=y/S = (yAzx,y) € g,
so there exists e € SNC(L) = S such that y Az Ae =y Ae, hence y Ae < z.
Since z € P, then y Ae € P, hence y € P (since e ¢ P), so y/S € M. If
x €P = ppo1(x) € P = @p_1(x/S) = (on-1(x))/S € M. To prove the
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maximality of M let I an n-ideal of Lp such that M C M and M =+ M'. Then
there exists 2/S € M  such that z/S ¢ M, (that is z ¢ P <= z € ), hence
2/S = 1 (see Remark 2.1) so M = Lp. Moreover, M is the only maximal
ideal of Lp (since if we have another maximal ideal M~ of Lp, then M~ ¢ M
hence there exists 2/S € M such that z/S ¢ M, so /S =1 and M = Lp,
a contradiction!). In other words Lp is a local LM, -algebra. The process of
passing from L to Lp is called localization at P.
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