
Annals of the University of Craiova, Mathematics and Computer Science Series
Volume 49(1), 2022, Pages 15–34, DOI:
ISSN: 1223-6934

Indirect boundary stabilization with distributed delay of
coupled multi-dimensional wave equations

Roland Silga, Bila Adolphe Kyelem, and Gilbert Bayili

Abstract. In this article, our main concern is the study of the effect of a distributed time-

delay in boundary stabilization of a strongly coupled multi-dimensional wave equations. We
will establish that the system with time-delay inherits the same exponential decay rate from

the corresponding one without delay.

2010 Mathematics Subject Classification. 93D15; 35L05.

Key words and phrases. distributed delay term, system of wave equations, strong stability,

uniform stability.

1. Introduction

Several practical processes might be modelled by distributed delay systems which
present a wide range of applications in various fields such as micro-organism growth
[24], hematopoiesis [1, 2], logistics [5] and traffic flow [20]. In the past four decades,
many researchers have extensively investigated on the subject, and successfully ap-
plied them in more widespread other areas. They have developed mathematical tools
in order to establish polynomial or exponential decays of these systems. We refer
readers to [19] for a list of early works, and to [7, 8, 9, 12, 13, 14, 15, 21, 25, 26] and
the references therein, for some other relevant results.

It is well known that the boundary delay term, which appears in certain practical
problems, generates some instability effects that are largely studied in the literature.
For more details, we refer the reader to the work of Nicaise and Pignotti [16] and the
references therein. In the so called work, the authors considered the following wave
equation with delay concentrated at τ for the system

utt(x, t)−∆u(x, t) = 0 in Ω× (0,+∞)
u(x, t) = 0 on ΓD × (0,+∞)
∂u

∂ν
(x, t) + µ1ut(x, t) + µ2ut(x, t− τ) = 0 on ΓN × (0,+∞)

u(x, 0) = u0, ut(x, 0) = u1 in Ω
u(x, t− τ) = f0(x, t− τ) on ΓN × (0, τ).

(1)

Under the condition µ2 < µ1, they investigated exponential stability results by
combining inequalities due to Carleman estimates and compactness-uniqueness ar-
guments. Later, they also obtain in [17] the exponential stability with distributed
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delay of the system

utt(x, t)−∆u(x, t) = 0 in Ω× (0,+∞)
u(x, t) = 0 on ΓD × (0,+∞)
∂u

∂ν
(x, t) + µ1ut(x, t) +

∫ τ2

τ1

µ2(s)ut(x, t− s) ds = 0 on ΓN × (0,+∞)

u(x, 0) = u0, ut(x, 0) = u1 in Ω
u(x, t− τ) = f0(x, t− τ) on ΓN × (0, τ),

(2)

under the assumption ∫ τ2

τ1

µ2(s)ds < µ1 (3)

by introducing suitable energies and by proving some observability inequalities.
In this paper, we investigate the study of the strongly coupled multi-dimensional

wave equations with distributed delay in an open bounded domain Ω of Rn with
smooth boundary Γ of class C2 such that Γ = ΓD ∪ ΓN and ΓD ∩ ΓN = ∅. More
precisely, the main purpose of this work is to outline the stability results of the
following abstract problem :

utt(x, t)−∆u(x, t)− byt(x, t) = 0 in Ω× (0,+∞)
ytt(x, t)−∆y(x, t) + but(x, t) = 0 in Ω× (0,+∞)
u = 0 on ΓD × (0,+∞)
y = 0 on Γ× (0,+∞)
∂u

∂ν
(x, t) + β1ut(x, t) +

∫ τ2

τ1

β2(s)ut(x, t− s)ds = 0 on ΓN × (0,+∞)

u(x, 0) = u0(x) and ut(x, 0) = u1(x) in Ω
y(x, 0) = y0(x) and yt(x, 0) = y1(x) in Ω
ut(x,−t) = f0(x,−t) on ΓN × (0, τ2).

(4)

Here and throughout the work, τ1 and τ2 are two real numbers with

0 ≤ τ1 < τ2.

Moreover, β1 and b are positive constants and the initial data (u0, u1, y0, y1, f0)>

belong to a suitable space. Also, we assume that β2 : [τ1, τ2] → R is a positive L∞

function verifying

β1 >

∫ τ2

τ1

β2(s)ds. (5)

In the absence of delay (i.e., β2 = 0), the system (4) becomes

utt(x, t)−∆u(x, t)− byt(x, t) = 0 in Ω× (0,+∞)
ytt(x, t)−∆y(x, t) + but(x, t) = 0 in Ω× (0,+∞)
u = 0 on ΓD × (0,+∞)
y = 0 on Γ× (0,+∞)
∂u

∂ν
(x, t) + βut(x, t) = 0 on ΓN × (0,+∞)

u(x, 0) = u0(x) and ut(x, 0) = u1(x) in Ω
y(x, 0) = y0(x) and yt(x, 0) = y1(x) in Ω,

and it has been proven in [23] that the above system when β = 1 decays exponentially.
In [3], Ammar-Khodja and Bader have studied the simultaneous stability of the system
(4) in the one-dimensional case. They established that the system is exponentially
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stable. But in our knowledge, none of the authors cited above has inserted any
distributed delay in the control. In this paper, our attention is focused on strongly
coupled multi-dimensional wave equations with distributed delay involving in the
boundary control for b small enough. Our goal in this paper is to prove that the
system (4) inherits the same exponential decay from the system without delay.

The paper is organized as follows: the section 2 is devoted to the well-posedness
of the problem (4) while the section 3 deals with the strong stability of problem (4).
Finally, the section 4 gives an exponential stability result.

2. Well-posedness

In this section, we will give the well-posedness for the problem (4) using the semigroup
theory, and establish strong stability result. Let us set

w(x, ρ, t, s) = ut(x, t− ρs), ρ ∈ (0, 1), s ∈ (τ1, τ2), t > 0. (6)

Then, the problem (4) is now equivalent to the following abstract problem

utt(x, t)−∆u(x, t)− byt(x, t) = 0 on Ω× (0,+∞)
ytt(x, t)−∆y(x, t) + but(x, t) = 0 in Ω× (0,+∞)
swt(x, ρ, t, s) + wρ(x, ρ, t, s) = 0 on ΓN × (0, 1)× (0,+∞)× (τ1, τ2)
u = 0 on ΓD × (0,+∞)
y = 0 on Γ× (0,+∞)
∂u

∂ν
(x, t) + β1ut(x, t) +

∫ τ2

τ1

β2(s)w(x, 1, t, s)ds = 0 on ΓN × (0,+∞)

u(x, 0) = u0(x) and ut(x, 0) = u1(x) in Ω
y(x, 0) = y0(x) and yt(x, 0) = y1(x) in Ω
w(x, 0, t, s) = ut(x, t) on ΓN × (0,+∞)× (τ1, τ2)
w(x, ρ, 0, s) = f0(x,−ρs) on ΓN × (0, τ2).

(7)

Setting

U =
(
u, ut, y, yt, w

)T
.

Then we have

Ut = (ut, utt, yt, ytt, wt)
T =

(
ut,∆u+ byt, yt,∆y − but,−s−1wρ

)T
.

Therefore, the problem (7) can be rewritten in an abstract framework:{
Ut = AU
U(0) = (u0, u1, y0, y1, f0(− · s))T , (8)

where the linear unbounded operator A is defined by

A (u, v, y, z, w)
T

=
(
v,∆u+ bz, z,∆y − bv,−s−1wρ

)T
,

with domain

D(A) =

=

 (u, v, y, z, w)
T ∈

(
H2(Ω) ∩ V

)
× V ×

(
H2(Ω) ∩H1

0 (Ω)
)
×H1

0 (Ω)× L2
(
(τ1, τ2);H1(Ω)

)
w(x, 0, s) = v(x) on ΓN and

∂u

∂ν
(x) = −β1v(x)−

∫ τ2

τ1

β2(s)w(x, 1, s)ds on ΓN

 ,
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such that

V =
{
u ∈ H1(Ω), u = 0 on ΓD

}
.

Let us now introduce the Hilbert space

H = V × L2(Ω)×H1
0 (Ω)× L2(Ω)× L2

(
(τ1, τ2);L2(Ω)

)
endowed with the following norm

∥∥∥(u, v, y, z, w)
T
∥∥∥2

H
=‖∇u‖2L2(Ω) + ‖v‖2L2(Ω) + ‖∇y‖2L2(Ω) + ‖z‖2L2(Ω)

+

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w(·, ρ, s)|2dρ
)
dsdΓ.

So, the the natural associated inner product is the following

〈
u
v
y
z
w

 ,


u∗

v∗

y∗

z∗

w∗


〉
H

=

∫
Ω

(
∇u∇u∗ + vv∗ +∇y∇y∗ + zz∗

)
dx

+

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

ww∗dρ

)
dsdΓ.

Proposition 2.1. The operator A defined above is m-dissipative.

Proof. Take U = (u, v, y, z, w)
T ∈ D(A). Then we have

〈
A


u
v
y
z
w

 ,


u
v
y
z
w


〉
H

=

〈
v

∆u+ bz
z

∆y − bv
−s−1wρ

 ,


u
v
y
z
w


〉
H

=

∫
Ω

(∇v∇u+ (∆u+ bz)v +∇z∇y + (∆y − bv)z) dx

−
∫

ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ.
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Using Green formula, Cauchy Schwarz’s inequality and the definition of D (A) we
obtain

<

〈
A


u
v
y
z
w

 ,


u
v
y
z
w


〉
H

= <
(∫

Ω

∇v∇udx+ (∆u+ bz)v +∇z∇y + (∆y − bv)zdx

−
∫

ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ

)
= <

(∫
Ω

∇v∇udx−
∫

Ω

∇u∇vdx+

∫
ΓN

∂u

∂ν
vdΓ + b

∫
Ω

zvdx+

∫
Ω

∇z∇ydx

−
∫

Ω

∇y∇zdx+

∫
Γ

∂y

∂ν
zdΓ− b

∫
Ω

vzdx

)
− 1

2

∫
ΓN

∫ τ2

τ1

β2(s)
[
|w(x, ρ, s)|2

]1
0
dsdΓ

= <
(∫

ΓN

∂u

∂ν
vdΓ

)
− 1

2

∫
ΓN

∫ τ2

τ1

β2(s)|w(x, 1, s)|2dsdΓ

+
1

2

∫
ΓN

∫ τ2

τ1

β2(s)|w(x, 0, s)|2dsdΓ

= <
(∫

ΓN

(
−β1v −

∫ τ2

τ1

β2(s)w(x, 1, s)dsdΓ

)
vdΓ

)
−1

2

∫
ΓN

∫ τ2

τ1

β2(s)|w(x, 1, s)|2dsdΓ +
1

2

∫
ΓN

∫ τ2

τ1

β2(s)|w(x, 0, s)|2dsdΓ

= −β1

∫
ΓN

|v(x)|2dΓ−<
(∫

ΓN

∫ τ2

τ1

β2(s)w(x, 1, s)vdsdΓ

)
−1

2

∫
ΓN

∫ τ2

τ1

β2(s)|w(x, 1, s)|2dsdΓ +
1

2

∫
ΓN

∫ τ2

τ1

β2(s)|w(x, 0, s)|2dsdΓ.

Hence reminding that w(x, 0, s) = v(x) and using Young’s inequality we find that

<

〈
A


u
v
y
z
w

 ,


u
v
y
z
w


〉
H

≤− β1

∫
ΓN

|v(x)|2dΓ +
1

2

∫
ΓN

∫ τ2

τ1

β2(s)|v(x)|2dsdΓ

+
1

2

∫
ΓN

∫ τ2

τ1

β2(s)|w(x, 1, s)|2dsdΓ

− 1

2

∫
ΓN

∫ τ2

τ1

β2(s)|w(x, 1, s)|2dsdΓ +
1

2

∫
ΓN

∫ τ2

τ1

β2(s)|v(x)|2dsdΓ

≤
(
−β1 +

∫ τ2

τ1

β2(s)ds

)∫
ΓN

|v(x)|2dΓ.

We deduce that A is dissipative thanks to the relation (5).
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Now we will show that λI − A is surjective for at least one λ > 0. For that

purpose, putting (f1, f2, f3, f4, f5)
T ∈ H, we look for (u, v, y, z, w)

T ∈ D (A) solution
of the equation

(λI −A)


u
v
y
z
w

 =


f1

f2

f3

f4

f5

 . (9)

Therefore, 
λu− v = f1

λv −∆u− bz = f2

λy − z = f3

λz −∆y + bv = f4

λw + s−1wρ = f5.

(10)

Suppose that we have found u with the right regularity. Then, we set

v = λu− f1 (11)

and we can determine z.
From the definition of D (A) we recall that

w(x, 0, s) = v(x), for x ∈ ΓN , s ∈ (τ1, τ2) ; (12)

and from (10),

λw(x, ρ, s) + s−1wρ(x, ρ, s) = f5(x, ρ, s), for x ∈ ΓN , ρ ∈ (0, 1), s ∈ (τ1, τ2) . (13)

Consequently, by (12) and (13) we obtain

w(x, ρ, s) = e−λρsv(x) + se−λρs
∫ ρ

0

f5(x, σ, s)e−λσsdσ. (14)

Using (11) we get

w(x, ρ, s) = λu(x)e−λρs − f1(x)e−λρs + se−λρs
∫ ρ

0

f5(x, σ, s)e−λσsdσ (15)

and in particular

w(x, 1, s) = λu(x)e−λs + g(x, s) (16)

where g is a L2 (ΓN × (τ1, τ2)) function defined by

g(x, s) = −f1(x)e−λs + se−λs
∫ 1

0

f5(x, σ, s)e−λσsdσ. (17)

Eliminating v and z in (10) we get

λ2u−∆u− λby = λf1 + f2 − bf3 ∈ L2(Ω) (18)

λ2y −∆y + λbu = bf1 + λf3 + f4 ∈ L2(Ω) (19)

Let φ = (ϕ1, ϕ2) ∈ V ×H1
0 (Ω) be a test function. Then (18) can be reformulated in

the following variational form∫
Ω

(
λ2u−∆u− λby

)
ϕ1dx =

∫
Ω

(λf1 + f2 − bf3)ϕ1dx. (20)
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Integrating the left hand side of (20) by parts, and using (16) it follows that∫
Ω

(
λ2u−∆u− λby

)
ϕ1dx =

= λ2

∫
Ω

uϕ1dx+

∫
Ω

∇u∇ϕ1dx−
∫

ΓN

∂u

∂ν
ϕ1dΓ− λb

∫
Ω

yϕ1dx

= λ2

∫
Ω

uϕ1dx+

∫
Ω

∇u∇ϕ1dx

−
∫

ΓN

(
−β1v −

∫ τ2

τ1

β2(s)w(x, 1, s)ds

)
ϕ1dΓ− λb

∫
Ω

yϕ1dx

= λ2

∫
Ω

uϕ1dx+

∫
Ω

∇u∇ϕ1dx+ β1

∫
ΓN

vϕ1dΓ

+

∫
ΓN

∫ τ2

τ1

β2(s)
(
λu(x)e−λs + g(x, s)

)
ϕ1dsdΓ− λb

∫
Ω

yϕ1dx

= λ2

∫
Ω

uϕ1dx+

∫
Ω

∇u∇ϕ1dx+ β1

∫
ΓN

(λu− f1)ϕ1dΓ

+λ

∫
ΓN

uϕ1

∫ τ2

τ1

β2(s)e−λsdsdΓ +

∫
ΓN

∫ τ2

τ1

β2(s)g(x, s)ϕ1dsdΓ− λb
∫

Ω

yϕ1dx

= λ2

∫
Ω

uϕ1dx+

∫
Ω

∇u∇ϕ1dx+ λβ1

∫
ΓN

uϕ1dΓ− β1

∫
ΓN

f1ϕ1dΓ

+λ

∫
ΓN

uϕ1

∫ τ2

τ1

β2(s)e−λsdsdΓ +

∫
ΓN

∫ τ2

τ1

β2(s)g(x, s)ϕ1dsdΓ− λb
∫

Ω

yϕ1dx.

So (20) can be rewritten as

λ2

∫
Ω

uϕ1dx+

∫
Ω

∇u∇ϕ1dx+ λβ1

∫
ΓN

uϕ1dΓ− β1

∫
ΓN

f1ϕ1dΓ

+ λ

∫
ΓN

uϕ1

∫ τ2

τ1

β2(s)e−λsdsdΓ +

∫
ΓN

∫ τ2

τ1

β2(s)g(x, s)ϕ1dsdΓ− λb
∫

Ω

yϕ1dx

=

∫
Ω

(λf1 + f2 − bf3)ϕ1dx

that is

λ2

∫
Ω

uϕ1dx+

∫
Ω

∇u∇ϕ1dx+ λβ1

∫
ΓN

uϕ1dΓ + λ

∫
ΓN

uϕ1

∫ τ2

τ1

β2(s)e−λsdsdΓ− λb
∫

Ω

yϕ1dx

=

∫
Ω

(λf1 + f2 − bf3)ϕ1dx+ β1

∫
ΓN

f1ϕ1dΓ−
∫

ΓN

∫ τ2

τ1

β2(s)g(x, s)ϕ1dsdΓ. (21)

Analogously (19) can be reformulated in the following variational form∫
Ω

(
λ2y −∆y + λbu

)
ϕ2dx =

∫
Ω

(bf1 + λf3 + f4)ϕ2dx. (22)
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Integrating the left hand side of (22) by parts it follows that∫
Ω

(
λ2y −∆y + λbu

)
ϕ2dx = λ2

∫
Ω

yϕ2dx+

∫
Ω

∇y∇ϕ2dx−
∫

Γ

∂y

∂ν
ϕ2dΓ + λb

∫
Ω

uϕ2dx

= λ2

∫
Ω

yϕ2dx+

∫
Ω

∇y∇ϕ2dx+ λb

∫
Ω

uϕ2dx.

Then (22) can be rewritten as

λ2

∫
Ω

yϕ2dx+

∫
Ω

∇y∇ϕ2dx+ λb

∫
Ω

uϕ2dx =

∫
Ω

(bf1 + λf3 + f4)ϕ2dx. (23)

Combining (21) and (23) we get

aλ ((u, y), (ϕ1, ϕ2)) = Lλ(ϕ1, ϕ2) (24)

where aλ is a bilinear form defined by

aλ ((u, y), (ϕ1, ϕ2)) =λ2

∫
Ω

uϕ1dx+

∫
Ω

∇u∇ϕ1dx+ λβ1

∫
ΓN

uϕ1dΓ

+ λ

∫
ΓN

uϕ1

∫ τ2

τ1

β2(s)e−λsdsdΓ− λb
∫

Ω

yϕ1dx+ λ2

∫
Ω

yϕ2dx

+

∫
Ω

∇y∇ϕ2dx+ λb

∫
Ω

uϕ2dx (25)

and Lλ a linear form defined by

Lλ(ϕ1, ϕ2) =

∫
Ω

(λf1 + f2 − bf3)ϕ1dx+ β1

∫
ΓN

f1ϕ1dΓ

−
∫

ΓN

∫ τ2

τ1

β2(s)g(x, s)ϕ1dsdΓ +

∫
Ω

(bf1 + λf3 + f4)ϕ2dx. (26)

It is clear that aλ is continuous and coercive in
(
V ×H1

0 (Ω)
)2

and Lλ is continuous

in V × H1
0 (Ω). Thanks to the Lax-Milgram theorem the variational equation (24)

admits a unique (u, y) ∈ V ×H1
0 (Ω). Furthermore (u, y) is a weak solution of (18)-

(19) associated to the following boundary conditions
u = 0 on ΓD
∂u

∂ν
= −β1v −

∫ τ2

τ1

β2(s)w(x, 1, s)ds on ΓN

y = 0 on Γ.

(27)

Then the classical elliptic theory (see [11], chapter 2), implies that the weak solution
(u, y) of (18)-(19) associated to the boundary conditions (27) belongs to the space

H2(Ω)×H2(Ω). Finally we have found (u, v, y, z, w)
T ∈ D (A) which verifies (9). This

shows that the operator A is m-dissipative on H and then generates a C0-semigroup of
contractions in H. Thanks to Lumer-Phillips’ theorem, problem (4) is well posed. �

3. Strong stability

In this section, we will prove that the system (4) is strongly stable using the spectral
decomposition theory of Sz-Nagy-Foias and Foguel [4, 6, 22]. Following this theory, it
suffices to establish that A has no eigenvalue on the imaginary axis, since the resolvent
of A is compact.
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First of all we assume that the following geometric control condition is satisfied, that
is: there exist δ > 0 and x0 ∈ Rn such that

m · ν ≥ δ, ∀ x ∈ ΓN and m · ν ≤ 0, ∀ x ∈ ΓD (28)

where m = x− x0.

Lemma 3.1. Assume that b is small enough. There is no eigenvalue of A on the
imaginary axis, that is

iR ⊂ ρ(A).

Proof. Let iλ be an eigenvalue of A and U = (u, v, y, z, w)
T ∈ D (A) the associated

eigenvector. Then we have

AU = iλU. (29)

Using (29) and the dissipativeness of A, we get

0 = <
(
iλ‖U‖2H

)
= < (AU,U)H ≤

(
−β1 +

∫ τ2

τ1

β2(s)ds

)∫
ΓN

|v(x)|2dΓ ≤ 0.

We deduce that ∫
ΓN

|v(x)|2dΓ = 0.

Consequently,

v = 0 on ΓN . (30)

The equation (29) can be formulated as
v = iλu
∆u+ bz = iλv
z = iλy
∆y − bv = iλz
s−1wρ = iλw

(31)

with boundary conditions
u = 0 on ΓD
∂u

∂ν
= −β1v −

∫ τ2

τ1

β2(s)w(x, 1, s)ds on ΓN

y = 0 on Γ.

(32)

Recalling the definition of D (A) and using (30) it follows that w(x, 0, s) = 0 on ΓN .
Then from the last equation of (31) we have the system{

wρ − iλsw = 0
w(x, 0, s) = 0

(33)

which admits a unique solution w = 0. Consequently the boundary conditions become
u = 0 on ΓD
∂u

∂ν
= 0 on ΓN

y = 0 on Γ.

(34)
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If λ = 0 then v = z = 0. Consequently, using (34) we obtain from (31)
∆u = 0
u = 0 on ΓD
∂u

∂ν
= 0 on ΓN

(35)

and {
∆y = 0
y = 0 on Γ.

(36)

It is obvious that (35) and (36) admit respectively a unique solution u = 0 and y = 0.
In short we get U = 0 which contradicts the fact that U is an eigenvector.
In the sequel, we assume that λ 6= 0. Using (30) and the first equation of (31) it
follows that

u = 0 on ΓN . (37)

Eliminating v and z in (31) we get the following system

λ2u+ ∆u+ ibλy = 0
λ2y + ∆y − ibλu = 0
u = 0 on Γ
∂u

∂ν
= 0 on ΓN

y = 0 on Γ.

(38)

If we use the fact that b is small enough and proceeding as in Toufayli (see [23]),
we get u = y = v = z = 0. Finally U = 0 which contradicts the fact that U is an
eigenvector. The proof is thus completed. �

4. Exponential stability

In this section, we will show that the system (4) is exponentially stable. Our future
computations are based on frequency domain approach for exponential stability (see
Huang [10] and Pruss [18]), more precisely on the below result.

Lemma 4.1. A C0-semigroup
(
etA
)
t≥0

of contractions on a Hilbert space H is ex-

ponentially stable, namely satisfies∥∥etAU0

∥∥
H ≤ Ce

−ωt‖U0‖H ∀ U0 ∈ H, ∀ t ≥ 0, (39)

for some positive constants C and ω if and only if

ρ(A) ⊃ {iβ, β ∈ R} ≡ iR (40)

and

sup
β∈R

∥∥∥(iβ −A)
−1
∥∥∥
L(H)

<∞ (41)

where ρ(A) denotes the resolvent set of the operator A.

The main result of current section is the following.

Theorem 4.2. Assume that (u0, u1, y0, y1, f0)> ∈ D(A). Then, the system (4) is
exponentially stable in the energy space H.
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Proof. As the condition (40) is guaranteed by Lemma 3.1, it suffices now to check
the condition (41) in other words, the boundedness of the resolvent on the imaginary

axis. For that, we will establish that for any λ ∈ R and F = (f, g, h, k, l)
T ∈ H, the

solution U = (u, v, y, z, w)
T ∈ D(A) of

(iλI −A)U = F (42)

satisfies

‖U‖H ≤ C‖F‖H (43)

where C is a positive constant (not dependent on λ and F ).
Problem (4) without delay (corresponding to β2 = 0) is the following one

utt(x, t)−∆u(x, t)− byt(x, t) = 0 in Ω× (0,+∞)

ytt(x, t)−∆y(x, t) + but(x, t) = 0 in Ω× (0,+∞)

y = 0 on Γ× (0,+∞)

u = 0 on ΓD × (0,+∞)

∂u

∂ν
(x, t) + β1ut(x, t) = 0 on ΓN × (0,+∞)

u(x, 0) = u0(x) and ut(x, 0) = u1(x) in Ω

y(x, 0) = y0(x) and yt(x, 0) = y1(x) in Ω

(44)

This problem is well-posed in

H0 = V × L2(Ω)×H1
0 (Ω)× L2(Ω) (45)

endowed with the norm∥∥∥(u, v, y, z)
T
∥∥∥2

H0

= ‖∇u‖2L2(Ω) + ‖v‖2L2(Ω) + ‖∇y‖2L2(Ω) + ‖z‖2L2(Ω). (46)

The generator of its semigroup is A0 defined by

A0 (u, v, y, z)
T

= (v,∆u+ bz, z,∆y − bv)
T

(47)

with domain

D(A0) =

=

{
(u, v, y, z)

T ∈
(
H2(Ω) ∩ V

)
× V ×

(
H2(Ω) ∩H1

0 (Ω)
)
×H1

0 (Ω) :
∂u

∂ν
= −β1v on ΓN

}
.

(48)

The system (42) has been studied in [23] by Toufayli where it has been proved that
A0 generates an exponentially stable semigroup. So, according to this study we have
iR ⊂ ρ(A0) and there exist a constant C0 > 0 such that∥∥∥(iξ −A0)

−1
∥∥∥
L(H0)

≤ C0, ∀ ξ ∈ R. (49)
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The relation (49) implies that the solution U∗ = (u∗, v∗, y∗, z∗)
T ∈ D (A0) of

(iλI −A0)


u∗

v∗

y∗

z∗

 =


u
v
y
z

 (50)

verifies ∥∥∥(u∗, v∗, y∗, z∗)
T
∥∥∥
H0

≤ C0

∥∥∥(u, v, y, z)
T
∥∥∥
H0

. (51)

Also, the system (50) can be rewritten as
iλu∗ − v∗ = u
iλv∗ −∆u∗ − bz∗ = v
iλy∗ − z∗ = y
iλz∗ −∆y∗ + bv∗ = z.

(52)

We have

〈
(iλI −A)


u
v
y
z
w

 ,


u∗

v∗

y∗

z∗

αw


〉
H

=

〈
iλu− v

iλv −∆u− bz
iλy − z

iλz −∆y + bv
iλw + s−1wρ

 ,


u∗

v∗

y∗

z∗

αw


〉
H

=

∫
Ω

∇ (iλu− v)∇u∗dx+

∫
Ω

(iλv −∆u− bz) v∗dx+

∫
Ω

∇ (iλy − z)∇y∗dx

+

∫
Ω

(iλz −∆y + bv) z∗dx+ α

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

(
iλw + s−1wρ

)
wdρ

)
dsdΓ

= iλ

∫
Ω

∇u∇u∗dx−
∫

Ω

∇v∇u∗dx+ iλ

∫
Ω

vv∗dx−
∫

Ω

∆u v∗dx− b
∫

Ω

zv∗dx

+iλ

∫
Ω

∇y∇y∗dx−
∫

Ω

∇z∇y∗dx+ iλ

∫
Ω

zz∗dx−
∫

Ω

∆y z∗dx+ b

∫
Ω

vz∗dx

+iλα

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w|2dρ
)
dsdΓ + α

∫
ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ

= iλ

∫
Ω

∇u∇u∗dx+

∫
Ω

v∆u∗dx−
∫

ΓN

v
∂u∗

∂ν
dΓ + iλ

∫
Ω

vv∗dx+

∫
Ω

∇u∇v∗dx

−
∫

ΓN

∂u

∂ν
v∗dΓ− b

∫
Ω

zv∗dx+ iλ

∫
Ω

∇y∇y∗dx−
∫

Ω

∇z∇y∗dx+ iλ

∫
Ω

zz∗dx

+

∫
Ω

∇y∇z∗dx+ b

∫
Ω

vz∗dx+ iλα

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w|2dρ
)
dsdΓ

+α

∫
ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ
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= iλ

∫
Ω

∇u∇u∗dx+

∫
Ω

v∆u∗dx−
∫

ΓN

v
(
−β1v∗

)
dΓ + iλ

∫
Ω

vv∗dx+

∫
Ω

∇u∇v∗dx

−
∫

ΓN

(
−β1v −

∫ τ2

τ1

β2(s)w(·, 1, s)ds
)
v∗dΓ− b

∫
Ω

zv∗dx+ iλ

∫
Ω

∇y∇y∗dx

+

∫
Ω

z∆y∗dx+ iλ

∫
Ω

zz∗dx+

∫
Ω

∇y∇z∗dx+ b

∫
Ω

vz∗dx

+iλα

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w|2dρ
)
dsdΓ + α

∫
ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ.

Then, using (52) we get

〈
(iλI −A)


u
v
y
z
w

 ,


u∗

v∗

y∗

z∗

αw


〉
H

=

∫
Ω

∇u∇(−iλu∗ + v∗)dx+

∫
Ω

v(−iλv∗ + ∆u∗ + bz∗)dx

+

∫
Ω

∇y∇(−iλy∗ + z∗)dx+

∫
Ω

z(−iλz∗ + ∆y∗ − bv∗)dx+ 2β1

∫
ΓN

vv∗dΓ

+

∫
ΓN

∫ τ2

τ1

β2(s)v∗w(·, 1, s)dsdΓ + iλα

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w|2dρ
)
dsdΓ

+α

∫
ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ

= −
∫

Ω

|∇u|2 dx−
∫

Ω

|v|2 dx−
∫

Ω

|∇y|2 dx−
∫

Ω

|z|2 dx+ 2β1

∫
ΓN

vv∗dΓ

+

∫
ΓN

∫ τ2

τ1

β2(s)v∗w(·, 1, s)dsdΓ + iλα

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w|2dρ
)
dsdΓ

+α

∫
ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ

= −‖∇u‖2L2(Ω) − ‖v‖
2
L2(Ω) − ‖∇y‖

2
L2(Ω) − ‖z‖

2
L2(Ω) + 2β1

∫
ΓN

vv∗dΓ

+

∫
ΓN

∫ τ2

τ1

β2(s)v∗w(·, 1, s)dsdΓ + iλα

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w|2dρ
)
dsdΓ

+α

∫
ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ.

Now using (46), we can rewrite the above relation as
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〈
(iλI −A)


u
v
y
z
w

 ,


u∗

v∗

y∗

z∗

αw


〉
H

= −
∥∥∥(u, v, y, z)

T
∥∥∥2

H0

+ 2β1

∫
ΓN

vv∗dΓ

+

∫
ΓN

∫ τ2

τ1

β2(s)v∗w(·, 1, s)dsdΓ + iλα

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w|2dρ
)
dsdΓ

+α

∫
ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ. (53)

In the sequel we set α = −1

ε
. Then recalling (42) and taking the real part in (53),

we obtain

∥∥∥(u, v, y, z)
T
∥∥∥2

H0

= −<

〈
F,


u∗

v∗

y∗

z∗

−1

ε
w


〉

H

+ <
(

2β1

∫
ΓN

vv∗dΓ

)

+ <
(∫

ΓN

∫ τ2

τ1

β2(s)v∗w(·, 1, s)dsdΓ

)
−<

(
1

ε

∫
ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ

)
.

(54)

Using (51) and the Cauchy-Schwarz inequality we have

−<

〈
F,


u∗

v∗

y∗

z∗

−1

ε
w


〉

H

≤ ‖F‖H
∥∥∥(u∗, v∗, y∗, z∗)

T
∥∥∥
H0

+
1

ε
‖F‖H

∥∥∥(0, 0, 0, 0, w)
T
∥∥∥
H

≤ ‖F‖H
∥∥∥(u∗, v∗, y∗, z∗)

T
∥∥∥
H0

+
1

ε
‖F‖H

∥∥∥(u, v, y, z, w)
T
∥∥∥
H

≤ C0 ‖F‖H
∥∥∥(u, v, y, z)

T
∥∥∥
H0

+
1

ε
‖F‖H ‖U‖H . (55)

Applying the Young’s inequality one obtains

<
(

2β1

∫
ΓN

vv∗dΓ

)
≤ 2β2

1

ε

∫
ΓN

|v|2dΓ + ε

∫
ΓN

|v∗|2dΓ, with ε > 0. (56)

From the dissipativeness of A, we deduce using (42) and the Cauchy-Schwarz inequal-
ity that(

β1 −
∫ τ2

τ1

β2(s)ds

)∫
ΓN

|v|2dΓ ≤ 〈(iλI −A)U,U〉H ≤ ‖F‖H ‖U‖H . (57)
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Note further that (51) and the dissipativeness of A0 directly yield

β1

∫
ΓN

|v∗|2 dΓ ≤ <〈(iλI −A0)U∗, U∗〉H0

≤
∥∥(u, v, y, z)>

∥∥
H0
‖U∗‖H0

≤ C0

∥∥(u, v, y, z)>
∥∥2

H0
. (58)

Consequently using (57) and (58) in (56), we get

<
(

2β1

∫
ΓN

vv∗dΓ

)
≤ 2β2

1

ε

(
β1 −

∫ τ2

τ1

β2(s)ds

) ‖F‖H ‖U‖H +
εC0

β1

∥∥(u, v, y, z)>
∥∥2

H0
. (59)

Thanks to the Young’s inequality, we get

<
(∫

ΓN

∫ τ2

τ1

β2(s)v∗w(·, 1, s)dsdΓ

)
≤ 1

2ε

∫
ΓN

∫ τ2

τ1

β2(s) |w(·, 1, s)|2 dsdΓ

+ ε

∫
ΓN

∫ τ2

τ1

β2(s) |v∗|2 dsdΓ.

That is using (58)

<
(∫

ΓN

∫ τ2

τ1

β2(s)v∗w(·, 1, s)dsdΓ

)
≤ 1

2ε

∫
ΓN

∫ τ2

τ1

β2(s) |w(·, 1, s)|2 dsdΓ

+

εC0

∫ τ2

τ1

β2(s)ds

β1

∥∥(u, v, y, z)>
∥∥2

H0
. (60)

Furthermore, we have

−1

ε

∫
ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ = − 1

2ε

∫
ΓN

∫ τ2

τ1

β2(s)
[
|w|2

]1
0
dsdΓ

= − 1

2ε

∫
ΓN

∫ τ2

τ1

β2(s) |w(·, 1, s)|2 dsdΓ +
1

2ε

∫
ΓN

∫ τ2

τ1

β2(s) |w(·, 0, s)|2 dsdΓ

= − 1

2ε

∫
ΓN

∫ τ2

τ1

β2(s) |w(·, 1, s)|2 dsdΓ +
1

2ε

∫
ΓN

∫ τ2

τ1

β2(s) |v|2 dsdΓ.

Thus,

−<
(

1

ε

∫
ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ

)
= − 1

2ε

∫
ΓN

∫ τ2

τ1

β2(s) |w(·, 1, s)|2 dsdΓ

+
1

2ε

∫ τ2

τ1

β2(s)ds

∫
ΓN

|v|2 dΓ.

Using (57), one can write

−<
(

1

ε

∫
ΓN

∫ τ2

τ1

(
β2(s)

∫ 1

0

wρwdρ

)
dsdΓ

)
≤ − 1

2ε

∫
ΓN

∫ τ2

τ1

β2(s) |w(·, 1, s)|2 dsdΓ

+

∫ τ2

τ1

β2(s)ds

2ε

(
β1 −

∫ τ2

τ1

β2(s)ds

) ‖F‖H ‖U‖H .(61)
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Now adding (55), (59), (61) and (60) one gets∥∥∥(u, v, y, z)
T
∥∥∥2

H0

≤ C0 ‖F‖H
∥∥∥(u, v, y, z)

T
∥∥∥
H0

+
1

ε
‖F‖H ‖U‖H

+
2β2

1

ε

(
β1 −

∫ τ2

τ1

β2(s)ds

) ‖F‖H ‖U‖H +
εC0

β1

∥∥(u, v, y, z)>
∥∥2

H0

+
1

2ε

∫
ΓN

∫ τ2

τ1

β2(s) |w(·, 1, s)|2 dsdΓ +

εC0

∫ τ2

τ1

β2(s)ds

β1

∥∥(u, v, y, z)>
∥∥2

H0

− 1

2ε

∫
ΓN

∫ τ2

τ1

β2(s) |w(·, 1, s)|2 dsdΓ +

∫ τ2

τ1

β2(s)ds

2ε

(
β1 −

∫ τ2

τ1

β2(s)ds

) ‖F‖H ‖U‖H .
That is∥∥∥(u, v, y, z)

T
∥∥∥2

H0

≤ C0 ‖F‖H
∥∥∥(u, v, y, z)

T
∥∥∥
H0

+
1

ε
‖F‖H ‖U‖H

+
2β2

1

ε

(
β1 −

∫ τ2

τ1

β2(s)ds

) ‖F‖H ‖U‖H +
εC0

β1

(
1 +

∫ τ2

τ1

β2(s)ds

)∥∥(u, v, y, z)>
∥∥2

H0

+

∫ τ2

τ1

β2(s)ds

2ε

(
β1 −

∫ τ2

τ1

β2(s)ds

) ‖F‖H ‖U‖H .
At this level we chose ε sufficiently small such that ε � β1

C0

(
1 +

∫ τ2

τ1

β2(s)ds

) to

obtain

∥∥∥(u, v, y, z)
T
∥∥∥2

H0

≤

C0 +
1

ε
+

4β2
1 +

∫ τ2

τ1

β2(s)ds

2ε

(
β1 −

∫ τ2

τ1

β2(s)ds

)
 ‖F‖H ‖U‖H . (62)

Since
∥∥∥(u, v, y, z, w)

T
∥∥∥2

H
=
∥∥∥(u, v, y, z)

T
∥∥∥2

H0

+

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w(·, ρ, s)|2dρ
)
dsdΓ,

we deduce that

‖U‖2H ≤

C0 +
1

ε
+

4β2
1 +

∫ τ2

τ1

β2(s)ds

2ε

(
β1 −

∫ τ2

τ1

β2(s)ds

)
 ‖F‖H ‖U‖H

+

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w(·, ρ, s)|2dρ
)
dsdΓ. (63)
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Now we need a best estimation for

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w(·, ρ, s)|2dρ
)
dsdΓ.

Following (42) and solving the next Cauchy problem (64){
s−1wρ + iλw = l
w(·, 0, s) = v

(64)

we obtain

w(·, ρ, s) = ve−iλsρ + s

∫ ρ

0

e−iλs(ρ−σ)l(·, σ, s) dσ, ∀ ρ ∈ (0, 1) . (65)

Using the triangular inequality, it follows from (65) that

|w(·, ρ, s)| ≤ |v|+ s

∫ ρ

0

|l(·, σ, s)| dσ, ∀ ρ ∈ (0, 1) ,

which leads to

|w(·, ρ, s)|2 ≤ |v|2 +s2

(∫ ρ

0

|l(·, σ, s)| dσ
)2

+2 |v| s
(∫ ρ

0

|l(·, σ, s)| dσ
)
, ∀ ρ ∈ (0, 1) .

(66)
On the one hand, by Cauchy-Schwarz’s inequality we obtain(∫ ρ

0

|l(·, σ, s)| dσ
)2

≤
(∫ ρ

0

|l(·, σ, s)|2 dσ
)(∫ ρ

0

dσ

)
≤ ρ

∫ ρ

0

|l(·, σ, s)|2 dσ

≤
∫ ρ

0

|l(·, σ, s)|2 dσ;

that is (∫ ρ

0

|l(·, σ, s)| dσ
)2

≤
∫ ρ

0

|l(·, σ, s)|2 dσ. (67)

On the other hand, Young’s inequality guarantees that

2 |v| s
(∫ ρ

0

|l(·, σ, s)| dσ
)
≤ |v|2 + s2

(∫ ρ

0

|l(·, σ, s)| dσ
)2

. (68)

Combining (66), (67) and (68) it follows that

|w(·, ρ, s)|2 ≤ 2 |v|2 + 2s2

∫ ρ

0

|l(·, σ, s)|2 dσ. (69)

Integrating (69) on ΓN × (τ1, τ2)× (0, 1) yields∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w(·, ρ, s)|2dρ
)
dsdΓ

≤ 2

∫ τ2

τ1

sβ2(s)ds

∫
ΓN

|v|2 dΓ + 2

∫
ΓN

∫ τ2

τ1

s3β2(s)

∫ 1

0

|l(·, ρ, s)|2 dsdρdΓ

≤ 2τ2

∫ τ2

τ1

β2(s)ds

∫
ΓN

|v|2 dΓ + 2τ2
2

∫
ΓN

∫ τ2

τ1

sβ2(s)

∫ 1

0

|l(·, ρ, s)|2 dsdρdΓ.
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Then using (57) and the H-norm definition, the above relation can be rewritten as

∫
ΓN

∫ τ2

τ1

(
sβ2(s)

∫ 1

0

|w(·, ρ, s)|2dρ
)
dsdΓ ≤

 2τ2

∫ τ2

τ1

β2(s)ds

β1 −
∫ τ2

τ1

β2(s)ds

 ‖F‖H ‖U‖H+2τ2
2 ‖F‖

2
H .

(70)
Putting (70) in (63), it follows that

‖U‖2H ≤

C0 +
1

ε
+

4β2
1 + (1 + 4ετ2)

∫ τ2

τ1

β2(s)ds

2ε

(
β1 −

∫ τ2

τ1

β2(s)ds

)
 ‖F‖H ‖U‖H + 2τ2

2 ‖F‖
2
H

that is

‖U‖2H ≤ Cε ‖F‖H ‖U‖H + 2τ2
2 ‖F‖

2
H (71)

where Cε is a positive constant which doesn’t depend on λ. More precisely,

Cε = C0 +
1

ε
+

4β2
1 + (1 + 4ετ2)

∫ τ2

τ1

β2(s)ds

2ε

(
β1 −

∫ τ2

τ1

β2(s)ds

) . (72)

Applying Young’s inequality to (71) it follows that

‖U‖2H ≤ Cε
2ε′
‖F‖2H +

ε′Cε
2
‖U‖2H + 2τ2

2 ‖F‖
2
H , with ε′ > 0. (73)

One can choose ε′ small enough such that
ε′Cε

2
< 1. Consequently, (73) becomes

‖U‖2H ≤ Cεε′ ‖F‖
2
H , (74)

where one sets

Cεε′ =

Cε
2ε′

+ 2τ2
2

1− ε′Cε
2

. (75)

Finally (74) directly leads to (43) with

C =
√
Cεε′ . (76)

That means the resolvent of A is uniformly bounded on the imaginary axis. The
proof of theorem 4.2 is thus completed. �
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Birkhäuser Boston, 2003.
[8] K. Gu, An improved stability criterion for systems with distributed delays, International Journal

of Robust and Non-linear Control 13 (2003), no. 7, 819–831. DOI: 10.1002/rnc.847

[9] Q.-L. Han, Stability criteria for a class of linear neutral systems with time-varying discrete and
distributed delays, IMA Journal of Mathematical Control and Information 20 (2003), no. 4,

371—386. DOI: 10.1093/imamci/20.4.371

[10] F.L. Huang, Strong asymptotic stability of linear dynamical systems in Banach spaces, J. Berlin
35 (1985), 585–603.
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(Roland Silga) Université Joseph KI-ZERBO, LAboratoire de Mathématiques et
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