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Czharacterization of wavelets associated with AB-MRA on
L*(R™)

Owais AHMAD, M. YOUNUS BHAT, AND NEYAZ A. SHEIKH

ABSTRACT. A wavelet with composite dilations is a function generating an orthonormal basis
or a Parseval frame for L2 (R™) under the action of lattice translations and dilations by products
of elements drawn from non-commuting matrix sets A and B. Typically, the members of B
are matrices whose eigenvalues have magnitude one, while the members of A are matrices
expanding on a proper subspace of R™. In this paper, we provide the characterization of
composite wavelets based on results of affine and quasi affine frames. Furthermore all the
composite wavelets associated with AB-MRA on L2?(R"™) are also characterized.
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1. Introduction

The concept of wavelet is defined and studied extensively in the Euclidean spaces
R™. The wavelet characterization of L?(IR) was obtained independently by Wang [13]
and Gripenberg [7] in terms of two basic equations involving the Fourier transform of
the wavelet (see also [6] and [11]). This result was generalized to L?(R") by Frazier,
Garrigos, Wang, and Weiss [13] for dilation by 2 and by Calogero [4] for wavelets
associated with a general dilation matrix. Bownik [2] provided a new approach to
characterizing multiwavelets in L?(R™). This characterization was obtained by using
the results about shift invariant systems and quasi-affine systems.

The notion of multiresolution analysis (MRA) is closely related to wavelets. In
fact, it is well known that one can always construct a wavelet from a MRA. But, all
wavelets are not obtained in this way. It was proved independently by Gripenberg [7]
and Wang [14] that a wavelet arises from a MRA if and only if its dimension function
is 1 a.e. Calogero and Garrigos [5] gave a characterization of wavelet families arising
from biorthogonal MRAs of multiplicity d. This result was improved by Bownik and
Garrigos in [3], where they provided this characterization in terms of the dimension
function. Several results in this direction can be found in [1] and the references
therein.

Guo, Labate, Lim, Weiss, and Wilson [8, 9, 10] introduced the theory of composite
dilation wavelets and detailed the extension of a multiresolution analysis (MRA) to
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this setting. Let 1, € L?(R™). Then the affine systems with composite dilations are
defined by

Uap = {Danqupg:k‘EZ",beB,aeA,E:l,Q,...,L},

where the Translation operator T}, is defined by Ty f(z) = f(x — k), Dilation operator
by Dof(z) = |deta|"/2f(a'z). A C GL,(R) consist of elements having some ex-
panding properties and B C GL,,(R) consist elements having determinant of absolute
value one. By choosing vy, A, B, approximately, ¥ 45 can be made orthonormal basis
or more generally a Parseval frame for L?(R"). Here we call ¥ = {41, %s,...,%r} an
orthonormal AB-multiwavelet or a Parseval Frame AB-multiwavelet. For L =1, i.e.,
when we have single generator, we have wavelet instead of multiwavelet.

This paper is organised in the following manner. In Section 2, we recall some
basic results and use them to characterize composite wavelets. Here we also give
another characterization of these wavelets. In Section 3, we characterize the wavelets
associated with the AB-MRA on L?(R™).

2. Characterization of composite wavelets

For any function f € L?(R™), we define the dilation operator D; and the translation
operator Ty, as follows:

Dif(x)=q"?f(Az) and Tif(z) = f(x— k).
where j € Z, A C GL,(R) and k € R"

Definition 2.1. Let ¥ = {1/)1, 2., ,wL} be a finite family of functions in L?(R™).
The affine system generated by W is the collection

X(0) = {z/;ﬁm,k(x) = /2 (AT B — k), jEL k€L 1<(<L1<m< M, }

where M = min{r : B" =I,r > 1,r € Z}, A is an n X n expansive real matrix with
eigenvalues A satisfying || > 1, B is a rotation matrix, AB™k € Z"(Vk € Z",1 <
m < M), whose AB = BA and ¢ = |det A|. It is clear that X (V) = D;Tj¢*(z). The
quasi-affine system generated by W is

X(W) = {0l pjerher 1<e<L1<m< M},

where
D;D,, Ty (z) = ¢?/*¢*(ATB™x — k), j>0,

~§,k(x) = , 4 4 (2.1)
¢/?T,D; Dyt (z) = ¢/ 29 (AT B™(x — k), j <0.

We say that U is a set of basic wavelets of L*(R") if the affine system X (¥) forms
an orthonormal basis for L?(R").

Definition 2.2. A subset X of L?(R") is called a Bessel family if there exists a
constant b > 0 such that

STUEE <b|f|)? forall fe LXRM). (2.2)

nex
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If, in addition, there exists a constant a > 0,a < b such that

all £ < ST AP <o) f|)* forall fe LAR™), (2.3)

neXx
then X is called a frame. The frame is tight if we can choose a and b such that a = b.
The affine system X (¥) is an affine frame if (2.3) holds for X = X (¥). Similarly, the
quasi-affine system ?X (¥) is a quasi-affine frame if (2.3) holds for X = X (7).

Theorem 2.1. [13] Let ¥ = {1/)1,@/12, e ,wL} be a finite subset of L*>(R™). Then

(a) X(U) is a Bessel family if and only if X (¥) is a Bessel family. Furthermore,
their exact upper bounds are equal. N

(b) X(P) is an affine frame if and only if X (V) is a quasi-affine frame. Further-
more, their lower and upper exact bounds are equal.
Definition 2.3. Given {t; : i € N} C [2(Z"), define the operator H : [2(Z") — I*(N)
by

H(w) = ((v,t5));eny forv= (v(k))kezn c1*(zm).

If H is bounded then G = H*H : [2(Z™) — I2(Z") is called the dual Gramian of

{t; : i € N}. Observe that ?G is a non negative definite operator on [%(Z"). Also,
note that for k,p € Z™, we have

<éek,ep> (Hey, Hep) = Zt
€N

where {e; : i € N} is the standard basis of [*(Z").

Theorem 2.2. [13] Let {¢; : i € N} C I2(Z™) and for a.e. £ € T™, let G(€) denote the
dual Gramian of {t; : i € N} C I2(Z"). The system of translates {Typ; : k € Z",i €
N} is a frame for L*(R™) with constants a and b if and only if G(€) is bounded for
a.e. £ €T" and

allv H < &v v> < b||v H forv € 1*(Z"),a.e., £ € T"

that 1is, the spectrum of 9@(5) is contained in [a,b] for a.e. & € T".

Lemma 2.3. Suppose that ¥ = {4*,¢? ... ¢t} C L*(R™). The affine system X (W)
is orthonormal in L?(R™) if and only if for 7 >0 and 1 < £,¢' < L,

M
Z Z D&+ k)Y (A B*™ (€ + k) = 60,00,,00m,0, fora.e. € ER™,.  (2.4)

m=1kezm

Proof. By a simple change of variables, one can observe that for j,j’ € Z,k, k' €
701 <40 <Land1l<m,m <M,

¢ o
<¢m,j,k7 wm’,j/,k’> = 5@,@’5j,j'5k,k’6m,m’
is equivalent to

Vi o
<¢m,j,k» z/’0,0,0> = 518,@’ 5j,05k,05m’0-
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Taking any j > 0,k € Z",1 < ¢,/ < L and 1 < m < M, we have by Plancherel’s
formula

<1/an,j,k, 1/’5:070> = <¢fn,j,k7 1/35/,0,0>
= /n C]_j/2’l[)€ (A*_jB*_mg)e‘zﬂiA*ij*fmkﬁmdg
S G e R

_ qj/2 Z/ 1/}@/ B*mA*Jf) 727rzk§d£

SGZ’VL +T’7l

= qj/Q/ { 37 PHE + s)d? (B AT (€ + 5)) } e 2mkRE g
']I"n.

sezm

If <¢mj k,¢000> = 80.08;.000.00m.0 for all j > 0,k € Z",1 < 0,0 < L,1 < m < M,
then the L*(T™) functions

§) = P+ )0 (B AT (€ + 5))

SEL™

has the property that its Fourier coefficients are all zero except for the coefficient
corresponding to k = 0, which is 1 if j = 0 and ¢ = ¢/. Hence, K(§) = 04,0, for
a.e. & € T". Conversely, if K(§) = 00,0, then the same calculation shows that

<¢fn’j’k, 1/)61070> = 80,0/6§,00%,00m,0- This completes the proof of Lemma. O

Suppose ¥ = {¢1,¢2, e 7¢L} be a finite family of functions in L?(R"). For
j>0and 1 <m < M, let D; be a set of ¢/ representatives of distinct cosets of
™\ AIB™Z"™, where ¢ = |det A|. For j < 0, we define D; = {0}. Since the quasi
affine system X (¥) is invariant under integer, we have

)?(@):{Twzkez",@eA},A:: {Jm]d jez,deD, 1<l<L, 1<m<M}

(2.5)
The dual Gramian G(§) of the quasi affine system X (¥) at £ € T" is defined as the
dual Gramian of { (¢ §+k))kezn : p € A} CI12(Z™), where A is defined by (2.5). We

now compute G(f) in terms of Fourier transforms of functions in ¥ and show that it
does not depend upon the choice of representatives D;.
For s € Z™ \ ABZ™, define the function

oo

L M
=3 Y P (AIB ) (AT B ({ +5)), L €R™ (2.6)
/=1

=1 m=13j=0
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Lemma 2.4. Let ¥ = {¢', ¢?,... 4"} C L*(R") and G(€) be the dual Gramian of
X(U) at € € T". Then

(G©)enex) = fjsz\ﬁf(A*jB*m@w))z
=1

m=1jeZ

, for&ez”, (2.7)

<é(5)ek, ep> =t gy (B*PATTME £ BY AT fork £ p € 2T
(2.8)
where m = max {j € Z : B*"™A*7J(p—k) € Z"} and the functionst,,s € Z"\ABZ",
are given by (2.6).

Proof. For k,p € Z™, we have

(COerer) = Y @(e+k)pE+D)

peA

(=1 m=1 ;>0
% Z q—je—2m‘dB*’mA*’j(p—k)
dEDj
L M r
= DD > HHATIBTTEHR) (AT B +p)),
=1 m=1j=—o0

where r = max {j €Z:B*MA* I (p—k) € Z"} and 7 = co when k = p. The sum
over D; is equal to 1 if (k —p) € A** B*™Z" and 0 otherwise. Therefore, if k = p,
then (2.7) holds. If k # p, then

<é(§)€k,€p>

=D 3 D AR E 4 k)P (ArI T B (E + p))

=1 m=15>0

L M
_ Z Z Z,(/AJZ(A*—]‘B*—'rn(A*—r{ + A*—'rk))

¢=1m=1;>0

XQZJZ(A*ij*fm(A*7T5+A*7mk+A*7T(p7k)))

= tpemasr(pk) (BT TATTES BT ATTE).
This completes the proof. 0
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Theorem 2.5. Suppose that ¥ = {',¢? ... v*} C L*(R™). The affine system
X (W) is tight frame with constant 1 for L?(R") i.e.,

L M

(=1 m=1j€Z kezn

£tk = 15 for all f € LA(R)

if and only if the functions ' %, ... ¥ satisfy the following two conditions:

L M
Z Z Z ’ﬂZ(A*jB*mf)r =1, fora.e. &€ R, (2.9)

(=1 m=1j€z
and
tm(€) =0, fora.e &R meZ"\ ABZ". (2.10)

In particular, ¥ is a set of basic wavelets of L*(R™) if and only if H%/JZ =1 for
¢=1,2,..,L and (2.9) and (2.10) hold.

I

Proof. Tt follows from Theorem 2.1 that X (¥) is a tight frame with constant 1 if and
only if X () is a tight frame with constant 1. By Theorem 2.5, this is equivalent to
the spectrum of G(€) consisting of a single point 1, i.e., G(£) is identity on [2(Z™) for
a.e. £ € T". By Lemma 2.4, this is equivalent to the fact that Egs. (2.9) and (2.10)
hold. The second assertion follows since a tight frame X (¥) with constant 1 is an
orthonormal basis if and only if ||¢ZH2 =1for¢=1,2,...,L (see Theorem 1.8, section
7.1 in [12]). This completes the proof. d

Theorem 2.6. Suppose that ¥ = {4 2, ... L} C L*(R"). Assume that X (V) is
a Bessel family with constant 1. Then the following are equivalent:

(a) X (W) is a tight frame with constant 1.
(b) VU satisfies equality (2.9).

(c) W satisfies
>[I

for some quasi-norm p associated with B* A*.

2 df _1, (2.11)

Proof. It is obvious from Theorem 2.5 that (a) = (b). To show (b) implies (c), assume
that (2.10) holds. Then, since {A*B*™S :1 < ¢ < L,j € Z} is a partition of R"
(modulo sets of measure zero), for any S C R™, we have

2 L M . 2
z/n e 5 - ;E;Awsm';@
S (aa g 46
Z/ZZW UG

1 m=1jEZ

=T

To prove (c) = (a), we assume that (2.11) holds. Since X (V) is a Bessel family
with constant 1, so is X (¥), by condition (a) of Theorem 2.1. Let G(§) be the dual
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Gramian of X (¥) at & € T". By Theorem 2.2, we have ||G(¢)|| < 1 for a.c. & € T™
In particular, ||G(&)ex|| < 1. Hence,

12 GO = X [(G@enen)| =[(G@cken) + X [(Gl@eries)

peL™ PEL™ ,pFk

2 2

(2.12)
By Lemma 2.4, we have

L M
3N W(A*J‘B*m(g +k)) ’2 <1, forkeZ" ¢&eTm

(=1 m=1jez

Hence,
RS i g ey [° 96 dé
1= [ R aEme] g < g =1

From this it follows that Z@=1 Zm:l djez ‘7,/1[ (A*1B*™m¢) |2 =1 for a.e. £ € D and
hence for a.e. £ € R™. This means that equation (2.9) holds. By Lemma 2.4 and
equality (2.9), <(~}’(§)ek,ep>| =1 for all k € Z™. Thus, by (2.12), it follows that
<G(£)ek7 ep> = 0 for k # p so that G({) is the identity operator on [2(Z"). Hence, by

Theorem 2.2, X (¥) is a tight frame with constant 1. Therefore, X (¥) is also a tight
frame with constant 1, by Theorem 2.1 This completes the proof. O

In the consequence of above theorem, we provide a new characterization of wavelets.

Theorem 2.7. Suppose ¥ = {¢1,1/J2,...,¢L} C L?(R™). Then the following are
equivalent:

(a) W is a set of basic wavelets of L?(R™).

(b)  satisfies (2.4) and (2.9).

(c) satisfies (2.4) and (2.11).

Proof. Tt follows from Theorem 2.5 and Lemma 2.4 that (a)=(b)=-(c).We now prove
that (c) implies (a). Assume that U satisfies (2.4) and (2.11). The equation (2.4)
implies that X () is an orthonormal system, hence it is a Bessel family with constant
1. By Theorem 2.5 and (2.11), X (V) is a tight frame with constant 1. Since each *
has L? norm 1, it follows that X (¥) is an orthonormal basis for L?(R"). That is, ¥
is a set of basic wavelets of L?(R"). O

3. Characterization of composite MRA wavelets

As usual, we construct wavelets from multiresolution analysis(MRA).

Definition 3.1. A closed subspaces sequence {V;};ez of L?(R") is called an AB-
multiresolution analysis or Composite multiresolution analysis with A and B same as
in Section 2, if the following conditions are satisfied:

(1) v CVJH,VjEZ

(2) Ujez Vi = L*(R"Y);

(3) ﬂ = {0}

(4) ( ) € V if and only if f(Az) € Vji1;
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(5) there exists a function ¢(x) € Vp, such that {¢g.¢k}kezn is an orthonormal basis
of Vo 4, in addition, Vo = @L_, Vo, where {Vp ¢}1<o<r, are mutually orthogonal. Here
function (z) is called the scaling function (or generator).

Let ¥ = {1/)1, P2, ... ,1/JL} be a set of basic wavelets of L2(R™). We define the spaces
W;,j € Z, by W; = span{yy, ; 1<€<L1<m<MkeZ"} We also define
Vi = ®m<ijWm,j € Z. Then 1t follows that {V; : j € Z} satisfies the properties
(a)-(d) in the definition of a MRA. Hence, {V; : j € Z} will form a MRA of L?(R")
if we can find a function ¢ € L?(R"™) such that the system {p(x — k) : k € Z"} is an
orthonormal basis for V. In this case, we say that W is associated with a MRA, or
simply that ¥ is a MRA-wavelet.

Now suppose that {1/)1, 2. ,1/)‘1*1} is a set of basic wavelets for L?(R") associated
with a MRA {V; : j € Z}. Let ¢ € L*(R™) be the corresponding scaling function.
Then in view of [1], we have

M
o(A ) = Z Z dl,m,kcp(Bmx — k), (3.1)
m=1kezZ"

for any {d1 mx}1<m<m ez € 1*(Ng). Taking Fourier transform of equation (3.1),
we get

Z hy™ (€)p(B*™¢), (3.2)

where
BEE) = D dam e 2
kezn
is an integral periodic function in L°°(T™). Also, since {w* 1?2, ... 9971} are the

wavelets associated with a MRA corresponding to the scaling function ¢, there exist

integral-periodic functions hg?, 1<m< M,1<¢<q—1,such that the matrix
(m) (m) ot
M) = [b{7) (€ + )]

£1,£2=0

is unitary for a.e. £ € [0, 27] and

Z W (€)@ (B* ™), (3.3)

m=1

where

W€ =Y compe 2k,

kezn
Hence, by (3.2), we have
) ) M 2 g1 M
p(ag)|” Z b(asg)| =DM ©e(B | + D00 A ©2(B )
=1 m=1 ¢=1|m=1

=St ol (e,
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Since M (™) (£) is unitary for each m,1 < m < M, we have

oo + Z[paro)f = X el

m=1

Thus equality holds for for a.e, £ € R"™. Hence, we have

M qg—1
EGEESY ( (A B[P+ Y |wf(A*B*m£)|2>

m=1 =1

Iterating for any integer N > 1, we get,
M

q—1 N
POF = D [ [e(a™VB™e)[" + 3> v (A7 B™e)

m=1 =1 j=1

qg—1 M N
Since |¢(€)]* < 1, the sequence Z Z Z@Z)e (A¥B*™¢) : N > 1 ¢ of real numbers
=1 m=1j=1

is increasing and is bounded by 1, hence it converges.
M

A*NB*mé){ also exists. Now

m=1

M
/RN n; W(A*NB*mS)‘Zf =q N /Rn 16(€)]2d¢ — 0 as N — .

Hence, by Fatou’s Lemma, we have

M M
fo i 3% lotarrmme)Pas < i [ 57 foaBe) o o
M
This shows that limpy s Z }@(A*NB*mf) ‘2 = 0. Hence, we get
m=1

(=1 m=1 j=1

R . 2

Since {¢(x — k) : k € Z™} is an orthonormal system, we get for a.e. £ € R”,

qg—1 M oo
1= |pE+k)? ZZZZW A*JB*mg—&-k))‘.
kezn t=1m=1j=1 keZn

Definition 3.2. Suppose ¥ = {¢!, 92, ... 9"} is a set of basic wavelets for L2(R").
The dimension function of ¥ is defined as
q—1 M oo

Dy(€) = > ’w (4% B §+k))‘ . (3.4)

=1 m=1 j=1 kezZn

Note that if 7,[11 ¥, .. 9l € L2(R™), then

/ Z Z 2 W ATBE+ ) ‘2d5= i/R’W(S)‘Zdé <oco.  (3.5)
=1

(0,27] 1=1 j=1 kezn
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. _ 2
Then Dy is well defined for a.e. £ € R™. In particular, Z ’wz (A*jB*m &+ k))‘ <

kezn
oo for a.e. £ € R". Thusforall j > 1,1 </< L, 1<m< M, and ae. £ € R", we

can define the vector w, (£) € I>(Z"), where

(&) = {@H(ATB (€ 4 B)) ke T}

Hence, Dy can also be written as

L M o )
=3 3 Ol gzny- (3.6)

£=1m=1 j=1

We have thus proved that if ¥ = {1, 92, ... 1%} is a set of basic wavelets associated
with a MRA of L?(R"), then it is necessary that Dy (£) = 1 a.e. Our aim is to show
that this condition is also sufficient. We will show that if ¥ = {1, 42, ... F} is a
set of basic wavelets of L?(R") and Dy (¢) = 1 a.e., then ¥ is an AB-MRA wavelet.
To prove this we need the following lemma.

Lemma 3.1. Forall j >1,1<{<qg—1, and a.e. £ € R™, we have

qg—1 M o

=33 S W (), (€)) o (€. (3.7)

h=1m=1 i=1

Proof. The series appearing in the lemma converges absolutely by (3.5) for a.e. £ €
R"™. We first show that

q—1 M oo
GAYB™E) =D NN S (A B (E+R)) PR (A% B (€ + k)" (A BE).

h=1m=1 j=1 keZ"

(3.8)
Let us denote the series on the right of (3.8) by Gﬁm(f) Then by using Lemma 2.3
and equation (2.6), we have

1

q—1 oo
=Y Z GAYB™E+E)) Y Y (AT B (E + k)P (AY BTE)
h

keZ™ m=1 =11:=1

qg—1 oo
=y Zw ATB™(E+ k) S t(€ N (€ + k) (6)}
keZr m=1 h=11i=1

Yo D HATBTE ) (6

ke ABZ™ m=1

Z Z D (AT B¢ 4 BT ATR)) ) (A* B (& + B A*k))i" (A B*E)

ezZ™ m=1 i=0

Z Z ZW(A*ﬁlB*’"“(A*_lB*_lg + k‘))
[SYAL

=11:=1

i MQ “MQ

X Ph (A5 B (ATLB A + K))Y (A BT AT B )
= G§+1,m+1(A*_lB*_1£)'
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This is equivalent to Gl (€) = G5y, 1(A*B*€). Tterating this equation, we obtain,
G (€) = GY (A1 B*™~1¢). We now calculate Gf ,(£). We have

qg—1 M oo
Gl m(g) = Z Z[;K(A*B*(f + k Z Z Z A*zB*m §+ k))d;h(A*zB*mﬁ)

keznr h=1m=11
qg—1 Z\/ oo

= Y HABE+ A B Z Z S Gh(AT B (A BrE + A*B*k))

keZn h=1m=1 i=1

~ qg—1 M o

= > YA'BE+k) Z > Z (A*iB*m(A*B*€ + k))

ke ABZ™ h=1m=1 i=1 _

th(A*zB*mA*B*g)

qg—1 M oo )

= DD D> MATBTATB)Si00m,000 0

Thus Gf({) = @Z(A**jB**mf) a.e. £ € R™. Since <w§(§),w?(§)> is integral periodic,
(3.7) follows. This completes the proof. O

Lemma 3.2. Let {v; : j > 1} be a family of vectors in a Hilbert space H such that

[eS)
> [l =€ < o,
n=1

(i) v, = Z(Vn,ym>ym for alln > 1. Let F = —span{v; : j > 1}. Then

n=1

= 2
dimF =3 [los" =
j=1

Theorem 3.3. A wavelet ¥ = {wl,w2,...,wL} C L*(R") is an AB-MRA wavelet
if only if Dg (&) =1 for almost every & € R™.

Proof. We have already observed that Dg(§) = 1 for almost every £ € R™ when ¥
is an AB-MRA wavelet. We now prove the converse. Assume that Dg(€) = 1 for
almost every £ € R™. Let E be the subset of T™ on which Dy () is finite and (3.7) is
satisfied. Then wf,m are well-defined on E. For £ € E, we define the space

F(&) = span{wf,m(g) 1<0<q—-1,1<m<M,j>1}.

Then, by Lemmas 3.1 and 3.2, we have

qg—1 M oo

dimF(E) =333 [l (@]l = Du(€) = 1. (3.9)

(=1m=1j=1

That is, for each £ € E, F(§) is generated by a single unit vector U(£). We now
choose a suitable vector. For j > 1, let us define

:{fEE:wf’m(f);éOandwfn’m(ﬁ):0,Vm<jand1§€§q—1,1§m§M}
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and
on{feT”:wﬁ,m(g);«éO,ijl, andlgzgq—1,1gmgM}.

Then {X; :j=0,1,2,...} forms a partition of E. Note that Xo = {{ € T" : Dy (¢§) =
0}. So for a.e. £ € E'\ Xy, there exists j > 1 such that £ € X;. Hence, there exists
at least one £,1 < ¢ < g—1, and one m,1 < m < M such that wf’m(f) # 0. Choose
the smallest such ¢ and m define

wé
0o =

Ol

Thus, U(&) is well defined and ||U Hl2 =1 for a.e. £ € T". We write U(§) =
{ur(&) : £ € Z}. Now, define ¢(§) = ui(§ — k), where k is the unique integer in Z"
such that £ € T™ + k. This defines ¢ on R™. We first show that ¢ € L?(R") and
{p(x — k) : k € Z"} is an orthonormal system in L?(R"). We have

) /R|¢<£>|2ds :/ 37 Ip(€ + k)P de

lell; =
keznr
= un(©)2de = | |U©)|ade
z R JRLEGI
Thus ¢ € L2(R™). Also,
S e+ kP =3 @) = [U©]h = 1. (3.10)
kez™ kezm

This is equivalent to the fact that {p(x — k) : k € Z™} is an orthonormal system.
We now define V" = span{p(z — k) : k € Z"}. Let W; = span{wm] pil1 <<
¢g—1,1<m< M, keZ"} and Vy = &,<0W; . If we can show that V0 = Vp, then
it will follow that {V} : j € Z} is the required MRA.

We first show that VO# C V. It is sufficient to verify that wfn,j,k € VO#, keZ" j<
0,1<£<q—1,1<m < M. For each j > 1, there exists a measurable function Vf,m
on T" such that w, (&) = v}, ()U () for a.e. £ € T". That is,

7,m
PHAB™(E+ k) = vi, (@€ +k) forallé e T ke Z"

Therefore, by (3.10), for a.e. £ € T™, we have
3 W AY B (E 4 k) ] ST O] [2(€ + B)P = | (6)

kezn kezn

. 31
This shows that V € L?(T™) so that we can write its Fourier series expansion.
Thus, for j > 1, there exists {a’ . k € Z"} € I2(Z") such that v¢, (&) =

m,j,k j,m
Z amwj’k —2mkS  with convergence in L?(T™). Extending 1/j7m integer periodically,

kezm
we have

DAY BE) = vh (€)@(E), fora. e £eZj> 1. (3.12)
Taking inverse Fourier transform, we get

M—j,—m,o(x) =q¢'/? Z afn,j,k@(f -k), j>1

kezn
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Hence, 1" ji—m,0 € Vo# for 7 > 1. Moreover, since Vo# is invariant under translations
by k,k € Z", we have ¢t ., € Vi j<0keZr1<<q—1,1<m<M.

To show the reverse inclusion, it suffices to show that Vo# L Wj , for 5 > 0. For
7>20,keZ™1<t<q—1,1<m < M, we have

<<p7 wfn,j,k> = <¢7 %,j,k>

o ey

R”

_ qj/Q/ A(B*—mA*—jg)m —27rik§d§

— ¢ f ST BT AT+ ) (E + m)e T RdE. (3.12)

nezn
Using Equation (3.11), we get

qg—1 M o~ qg—1 M oo

Z| ZZZZWZ A*jB*mf-i-k))‘ =1 fora.e €Z™

=1 m=1 (=1 m=1j=1kezZn

Hence, for such £ and for all j > 0, there exists jo > 1 such that ém(A*jB*mf) #+
0. Thus, (3.12) implies that 1/32(A*j+j0B*m§) B*mA*TIg)p(B* A TIE).
Therefore, for k € Z™, we get

1[/ (A*jJrjoB*m(f + k))

jom (

(B A (E+ k) (B AT (€ + k)
Using integral periodicity of Vjo, we get

Jom

1
Jo m(B* AT Jg)

Therefore, using Lemma 2.3, for any h with 1 < h < g—1 and for 1 < m < M, we
have

PGB MATI(E+K)) = YL (AT B (E + k).

3" G(BTTATI(E + k) D(E + k)
kezm
1

B* mA* _75

Z P (AHO B (E 4 R))D(E+ k) = 0,

Jo m( kezn

since j + jo > 1. Substituting this in (3.12), we get <g0,1/)mj k> =0forj >0,k €

7" 1<f<q—1,1 <m < M. From this we conclude that VO C V. This completes
the proof of theorem. O

References

[1] B. Behera and Q. Jahan, Characterization of wavelets and MRA wavelets on local fields of
positive characteristic, Collect. Math. 66 (2015), 33-53.

[2] M. Bownik, On Characterizations of Multiwavelets in L2(R™), Proc. Amer. Math. Soc. 129
(2001), 3265-3274.

[3] M. Bownik and G. Garrigos, Biorthogonal wavelets, MRAs and shift-invariant spaces, Studia
Math. 160 (2004), 231-248.

[4] A. Calogero, A Characterization of Wavelets on General Lattices, J. Geom. Anal. 11 (2000),
597-622.



306

[5]
[6]
[7]
(8]

[9]

(10]
(11]

[12]
(13]

(14]

O. AHMAD, M. YOUNUS BHAT, AND N. A. SHEIKH

A. Calogero and G. Garrigos, A characterization of wavelet families arising from biorthogonal
MRA?s of multiplicity d, J. Geom. Anal. 11 (2001), 187-217.

M. Frazier, G. Garrigos, K. Wang, and G. Weiss, A characterization of functions that generate
wavelet and related expansion, J. Fourier Anal. Appl. 3 (1997), 833-906.

G. Gripenberg, A necessary and sufficient condition for the existence of a father wavelet, Studia
Math. 114 (1995), 207-226.

K. Guo, D. Labate, W. Lim, G. Weiss, and E.N. Wilson, Wavelets with composite dilations,
Electron. Res. Announc. Amer. Math. Soc. 10 (2004), 78-87.

K. Guo, D. Labate, W. Lim, G. Weiss, and E.N. Wilson, The theory of wavelets with composite
dilations, In Harmonic analysis and applications, Appl. Numer. Harmon. Anal., pages 231-250,
Birkhauser Boston, Boston, MA, 2006.

K. Guo, D. Labate, W. Lim, G. Weiss, and E. N. Wilson, Wavelets with composite dilations
and their MRA properties, Appl. Comput. Harmon. Anal. 20 (2006), 202—-236.

Y-H. Ha, H. Kang, J. Lee, and J. Seo, Unimodular wavelets for L? and the Hardy space H? ,
Michigan Math. J. 41 (1994), 345-361.

E. Hernandez and G. Weiss, A First Course on Wawvelets, CRC Press, 1996.

A. Ron and Z. Shen, Affine systems in L2(R%): the analysis of the analysis operator, J. Funct.
Anal. 148 (1997), 408-447.

X. Wang, The study of wavelets from the properties of their Fourier transform, PhD. Thesis,
Washington University, 1995.

(Owais Ahmad) DEPARTMENT OF MATHEMATICS, NATIONAL INSTITUTE OF TECHNOLOGY,
HAZRATBAL, SRINAGAR -190 006, JAMMU AND KASHMIR, INDIA.
E-mail address: siawoahmad@gmail.com

(M. Younus Bhat) DEPARTMENT OF MATHEMATICAL SCIENCES, ISLAMIC UNIVERSITY OF SCIENCE
AND TECHNOLOGY, AWANTIPORA, PULWAMA-192122, JAMMU AND KASHMIR, INDIA.
E-mail address: gyounusg@gmail.com

(Neyaz A. Sheikh) DEPARTMENT OF MATHEMATICS, NATIONAL INSTITUTE OF TECHNOLOGY,
HAZRATBAL, SRINAGAR -190 006, JAMMU AND KASHMIR, INDIA.
E-mail address: neyaznit@yahoo.co.in



	1. Introduction
	2. Characterization of composite wavelets
	3. Characterization of composite MRA wavelets
	References

