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ABSTRACT. Caputo fractional differential equations with impulses are a very useful apparatus
for adequate modeling of the dynamics of many real world problems. It requires developments
of good and consistent theoretical proofs and the results for various problems. In this note we
point out and correct the statement of the boundary value problem with Riemann—Liouville
fractional integral for impulsive Caputo fractional differential equation studied in the paper
? A. Zada, B. Dayyan, Stability analysis for a class of implicit fractional differential equa-
tions with instantaneous impulses and Riemann-Liouville boundary conditions, Ann. Univ.
Craiova, Math. Comput. Sci. Ser., 47 (2020), 88-110.”
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1. Introduction

Recently, fractional differential equations with various types of fractional derivatives
are intensively applied for theoretical study as well as more adequate modeling of
dynamical processes. Contrary to the classical derivative, fractional derivative is
nonlocal and it depends significantly on its lower limit. As it is mentioned in the
remarkable paper [2], this leads to some obstacles for studying impulsive fractional
differential equations (IFDE).

Recently, the paper[l] studied the implicit fractional differential equations with
instantaneous impulses and Riemann—Liouville boundary conditions of the form

“Df ju(t) = y(t, ult), “DPu(t)) for t #t, €1,

Au(ty) = Jn(u(tm)), m=1,2,...,q—1

mu(0) + &1 1Pu(t) 1= = 11,

nou(T) + EIPu(t) |i=r = 1o, (1)
<

where 7;,v;,&, i = 1,2 are given constants, I = [0,T], tg =0 < t; < tg < -
tq < T are given points, I, = (tm—1,tm], m =1,2,...,q, Io11 = [tg,T], Au(ty) =
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w(ty +0) — u(t, —0), CDgtu(t) is a Caputo fractional derivative of order 8 € (0, 1),
defined by (see, for example [3])

DG ult) = ﬁ /O (t —5)79%/(s)ds (2)

and Ig Lu(t) is the Riemann-Liouville fractional integral of order 8 > 0 defined by
(see, for example, [3])

Igtu(t) = F(lﬂ)/o (t — )P Yu(s)ds, t > 0. (3)

Initially we will comment the statement of the problem (1) to make and write more
precisely and then we will discuss and correct the obtained in [1] results.

First, since in the paper [1] it is written ” implicit fractional differential equation”it
could be guessed that in the first equation of (1) the derivative ©DPu(t) means
CDgtu(t)7 i.e. the lower limit of the Caputo fractional derivative is 0.

Additionally, it could be guessed that the Riemann—Liouville fractional integral
I8u(t)|4=o, written in the third equation of (1) means the Riemann-Liouville frac-
tional integral with a lower limit 0, i.e. Igtu(t) and TPu(t)];=¢ = lim; o4 Igtu(t) =
15 u(t) =0+

Similarly, if the lower limit of the Riemann-Liouville fractional integral I°u(t)|i=r
is 0, then IPu(t)|i=r = limy_,7_o Igtu(t) = Igtu(t)h:;p_o because the function w is
considered only on the interval [0, T7.

2. Some auxiliary remarks

The main results in [1] are based on the following auxiliary result:

Lemma 1. [3] The general solution of the Caputo fractional differential equation
CDgtg(t) = 01is ¢(t) = ag, t > 0 and the general solution of the Caputo fractional
differential equation CDg’tc(t) =g(t) is ¢(t) = co + ﬁ fg(t — 5)f1g(s)ds, t > 0
where ag, cg are arbitrary constants.

If the lower limit of Caputo fractional derivative is an arbitrary point ¢ then Lemma
1 is changed to the following well known in the literature result:

Lemma 2. [3] The general solution of the Caputo fractional differential equation
CDg,ﬁ(t) =g(t)isc(t) = co+ % fi(t— s)3~1g(s)ds, t > a, where cg is an arbitrary
constant.

Let us discuss the proof of Lemma 3.1 [1] which is done inductively with respect to
the interval. On the interval [0,¢1] everything is fine and formula (3.4)[1] is correct.
But, for t € (t1,ts] since the equation is cngtu(t) = y(t), i.e. the lower limit of
Caputo fractional derivative is zero, then Lemma 2 has to be applied for a = 0 and
formula (3.5)[1] is not correct. The lower limit of the integral has to be 0. Instead of

. . t _
(3.5)[1] it has to be written u(t) = ﬁ Jo (t = 8)P7ty(s)ds. Then u(ty +0) # dy and
the rest of the proof of Lemma 3.1[1] is mistaken and the relation (3.4)[1] is not true.

Additionally, in the proof of Lemma 3.1[1] it is used incorrectly Lemma 2.5[1] to be

written that u(t) = Igty(t) +d+ct (see Eq. (3.8)[1] and the line above it). Actually,
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if Lemma 2.5[1] is applied then it has to be written u(t) = Igty(t) +d. This does not
allow the authors to use the boundary condition which is presented by the last line
of (1).

All results in the paper [1] are based on the mistaken relation (3.4)[1].

3. Correction of the statement of the problem (1).

To discuss the boundary value conditions in (1), we will use the following result:

Proposition 1. ([3]) Let ¢ € (0,1) and b > 0, m : [0,b] — R be a Lebesgue
measurable function.
(a) If there exists a.e. a limit limy o, [t'~9m(t)] = ¢ € R, then there also exists a
limit
t

m(s)

B mOlen = Jim g [ ey = D) = Ta) Jim [# (o)
0

(b) If there exists a.e. a limit lim; o+ Iol’;qm(t) = c € R, and if there exists the
limit lim;_, o4 [t'~9m(t)], then

c

1
1 1_q = = — 1 l_q
t£%1+[t m(®)] T'(q) T(q) tLH& ofe m(t).

According to Proposition 1 with ¢ = 1—8 € (0, 1) we get I%u(t)|i=o = lim; 04 Ioﬁ’tu(t) =
Igtu(t)|t:0+ =T(1 — B)limy 0+ [tPu(t)]. Note that in Caputo fractional differential
equations, similarly to ordinary differential equations, the initial value u(0) < oo.
Then IPu(t)|;=o = 0 and the term I®u(t)|;—o is useless in the boundary conditions of

(1)
According to the above remarks, the problem (1) will be written precisely in the
form

D] u(t) =y(t,ult), D) u(t)) fort € I, m=0,1,...,q¢+1,

Au(tm) = Jm(u(tm))v m = 1,27"',(]7 (4)
with Riemann-Liouvlle integral boundary condition
nu(0) + flgtu(t)h:q«,o =v (5)

where 7, &, v are real constants.

4. Correction of the integral presentation of the solution

Consider the following impulsive Caputo fractional differential equation
CDfm’tu(t) =y(t) fortel,, m=0,1,2,...,qg+1,
with a boundary condition (5).
Note problem (6), (5) is totally different then the studied (3.1) [1] because the
Caputo fractional derivative changes its lower limit at each impulsive time ¢;. It
changes totally the behavior of the solution.
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Lemma 3. Let y : I — R be a continuous function on each interval I,,, m =
0,1,2,...,q. Then the solution of (6), (5) satisfies

co+ 57 Jo (= )7 Ty(s )ds te (0,
co+ ey Ju(u (tk» + r(g) PRy t:ﬂ (ter — 5)7y(s)ds
u(t) = i fi (t—9)7" ( )ds t € (tms tms1]
co+ 2d 1 Im(u(t )) + ¥ 5) . ft’:”rl tm+1 — 8)P " Ly(s)ds
+ 15 ftq Ly(s)ds te (ty,T).
where
4 _ B
o = W{rw €y b, )
- Z s [ =0 oo
—éz /t+ s)ﬁfl/t (s — o) y(o)dods
— — )P s — )P y(o)dods b.
S / [ - o atoinis) @

P r oo f: We will use induction w.r.t. to the interval to prove Lemma 3.
For t € (0,¢1] we get

=c i t — 5)P Ly (s)ds
ut) = o+ gy [ (=9 (s Q

For t € (t1,t2] by Lemma 2 with a = ¢t;we get

w(t) = u(tr+) + ﬁ/t (t — )P~ 1y(s)ds

= () + e+ 755 |t = ytsas+ 5 / (¢ (s)ds. 9

Similarly, for ¢t € I, by Lemma 2 with a = t, we get

u(t) = u(ty+) + /t (t —s)PLy(s)ds

q

1 =1 it )
=Co+n;J7,L(U(tm))+m7;) /tm (bms1 — 5)P Ly (s)ds
+ﬁ/t (t — 5)PLy(s)ds. (10)



332 S. HRISTOVA AND A. ZADA

Therefore,

t—=>T-0 Jo

m=0 m \
g—1 B P B .
= 3 (e s L)
m=0 —
m—1 et
F(lﬁ) Z/ (tiv1 —0)° y(U)da}
i=0 Yt
+ ﬁ/t ”L+1(T_S),3_1 /ts (s o) 1y(0)dods}
—_t.\B q o1
(T th> [cO + Z I (u(tm)) + %ﬁ) / (tms1 — 8)P~Ly(o)do
m=1 m=0"tm
T ps
+ﬁ/t /t (T =)' (s — 0)"'y(0)dods
TP K (T —ty)? J
g m(u(tm )
e mz_:l 8 )
“ — B fltmt1
+ Z (Tr(ltrg)) / (tmit — o) Ly(o)do
m=0 tom
+ S [ @ [ moruorieas
m=0 tm t
1@ ), tS(T —5)"7 (s — 0)""'y(o)dods.

From Eq. (11) and the boundary condition (5) we get Eq. (7). O

5. Conclusions

(11)

The formula in Lemma 3 for the solution of (6), (5) could be applied to prove the
existence, uniqueness as well as stability properties of the boundary value problem

(4), (5) following the ideas of the proofs in [1].
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