
Annals of the University of Craiova, Mathematics and Computer Science Series
Volume 49(1), 2022, Pages 120–134, DOI:
ISSN: 1223-6934

Some results on statistically convergent triple sequences in an
uncertainty space

Birojit Das, Binod Chandra Tripathy, and Piyali Debnath

Abstract. The concept of statistical convergence plays a very prominent role in the study
of sequence spaces. In this treatise, we extend the research on different types of statistical

convergence viz., statistical convergence in mean, in measure, in distribution, in almost surely

and with respect to uniformly almost surely of complex uncertain triple sequences in a given
uncertainty space. We emphasize to focus on characterizing statistical convergence of complex

uncertain triple sequence in some extent. Moreover, we initiate the notion of complex uncertain

Cauchy triple sequence and establish the interconnection of it with a statistically convergent
triple sequence.
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1. Introduction

The concept of statistical convergence of real and complex sequence was first intro-
duced by Fast [10], Buck [1], Schohenberg [21] independently. But this research got
momentum once the work of Salat [20] and Fridy [11] came into literature. Some
more significant works in this area may be seen in [17], [22], [23]. The study of statis-
tical convergence in double sequence has been initiated by Tripathy [24], Mursaleen
and Edely [14], Moricz [13] independently. Sahiner et al. [19] studied the statistical
convergence for triple sequence.

Let K ⊆ N × N × N and K(p, q, r) = |{(i, j, k) ∈ K : i ≤ p, j ≤ q, k ≤ r}|, where the
vertical bars stands for cardinality of the set. Then Sahiner et al. [19] defined the
triple natural density as

δ3(K) = lim
p,q,r→∞

K(p,q,r)
pqr (Limit taken in Pringsheim’s sense)

and statistical Convergence of a triple sequence is as follows:
A real triple sequence x = (xnkl) is said to be statistically convergent to the number
L if for each ε > 0,

δ3({(n, k, l) ∈ N× N× N : |xnkl − L| ≥ ε}) = 0.

After the introduction of uncertainty theory by Liu [12], many researchers inves-
tigated the nature of convergence of sequences in an uncertain environment. Four
types of convergence (in mean, in measure, in distribution, with respect to almost
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surely) of a real uncertain sequence were studied by Liu [12] and then Chen et al. [2]
extended this work in complex uncertain sequences. You [26] reported a new type of
convergence called convergence with respect to uniformly almost surely of a complex
uncertain sequence. These days, researchers are trying to explore the study of real
sequence spaces in the environment of uncertainty. In this process different forms
of convergence like almost convergence is studied by considering complex uncertain
single, double and triple sequences by Saha et al. [18], Nath et al. [15] and Das
et al. [3],[4], [9] respectively. Tripathy and Nath [25] introduced the notion of sta-
tistically convergent complex uncertain sequence and recently this work is extended
to double sequences by Das et al. [5] and characterized this notion by establishing
some of its properties. Very recently, Das et al. [6, 7, 8] made further progress in
this direction and introduced the same concept by considering triple sequences of
complex uncertain variable and established interrelationships among different type of
statistical convergence to some extent.

In this current treatise, we study the concept of statistical convergence of a complex
uncertain triple sequence via triple natural density operator and boundedness. More-
over, we initiate statistically Cauchy complex uncertain triple sequence and prove
that a complex uncertain triple sequence is statistically convergent if and only if it is
statistically Cauchy.

Before going to the main section we need some basic and preliminary ideas about
the existing definitions and results which will play a major role in this study.

2. Preliminary

Definition 2.1. [12] An uncertain variable ζ is a measurable function from an un-
certainty space (Γ,L,M) to the set of real numbers, i.e., for any Borel set B of real
numbers, the set {ζ ∈ B}={γ ∈ Γ : ζ(γ) ∈ B} is an event.

Definition 2.2. [16] A complex uncertain variable is a measurable function ζ from
an uncertainty space (Γ,L,M) to the set of complex numbers, i.e., for any Borel set
B of complex numbers, the set {ζ ∈ B}={γ ∈ Γ : ζ(γ) ∈ B} is an event.

Definition 2.3. [6] The complex uncertain triple sequence {ζnml} is said to be sta-
tistically convergent in measure to ζ if

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l,M{||ζijk − ζ|| ≥ ε} ≥ δ}| = 0,

for every ε, δ > 0.
The set of all complex uncertain triple sequences which are statistically convergent in
measure is denoted by st3(ΓM).

Definition 2.4. [6] A complex uncertain triple sequence {ζnml} is statistically con-
vergent to ζ in mean if

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l, E[||ζijk − ζ||] ≥ ε}| = 0,

for every ε > 0.
The collection of all complex uncertain triple sequences which are statistically con-
vergent in mean is denoted by st3(ΓE).

Definition 2.5. [6] A triple sequence {ζnml} of complex uncertain variable is said to
be statistically convergent to ζ with respect to almost surely if for any preassigned
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positive number ε there exists some event Λ having uncertain measure M(Λ) = 1
such that

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l, ||ζijk(γ)− ζ(γ)|| ≥ ε}| = 0,

for every γ ∈ Λ.
The class of all such triple sequences is denoted by st3(Γa.s).

Definition 2.6. [6] Let {ζnml} be a complex uncertain triple sequence and Φ,Φnml
be the distribution functions for each complex uncertain variable ζ, ζnml, n,m, l =
1, 2, 3, ..... respectively. Then {ζnml} is said to be statistically convergent in distribu-
tion to ζ if

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l, ||Φijk(z)− Φ(z)|| ≥ ε}| = 0,

for all z at which Φ is continuous.
The family of all such complex uncertain triple sequences is denoted by st3(ΓD).

3. Statistical convergence of triple sequence of complex uncertain variables

In this section, at first we introduce the fifth type of statistical convergence of complex
uncertain triple sequence with repect to uniformly almost surely. This work is an
extension of Das et al. [6] in a unique way. We characterize statistical convergence
of a complex uncertain triple sequence to some extent via boundedness and triple
density operator.

Definition 3.1. A complex uncertain triple sequence {ζnml} is said to be statistically
convergent with respect to uniformly almost surely to ζ if for any preassigned ε > 0,
there exist events Et with M(Et)→ 0 such that

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l, ||ζijk(γ)− ζ(γ)|| ≥ ε} = 0,

for all events γ ∈ Γ− Et.
The set of all complex uncertain triple sequences which are statistically convergent
with respect to uniformly almost surely is denoted by st3(Γu.a.s).

Theorem 3.1. A complex uncertain triple sequence {ζnml} is statistically convergent
in measure to ζ if and only if there exists K ⊆ N× N× N such that δ3(K) = 1 and

lim
i,j,k→∞

M{||ζijk − ζ|| ≥ ε} = 0, (i, j, k) ∈ K.

Proof. Let {ζnml} be a statistically convergent complex uncertain triple sequence in
measure to ζ.
Define two sets Sr and Lr as follows:

Sr = {(i, j, k) ∈ N× N× N :M{||ζijk − ζ|| ≥ δ} ≥ 1
r}

and

Lr = {(i, j, k) ∈ N× N× N :M{||ζijk − ζ|| ≥ δ} < 1
r}.

Then
δ3(Sr) = 0, L1 ⊃ L2 ⊃ ......... ⊃ Li ⊃ Li+1 ⊃ .... (1)

and
δ3(Lr) = 1, r = 1, 2, ..... (2)
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We now show that for any (i, j, k) ∈ Lr, the complex uncertain triple sequence {ζijk}
is convergent in measure to ζ.
Let {ζijk} is not convergent in measure to ζ.
Then, there exists ε, δ > 0 such that

M{||ζijk − ζ|| ≥ δ} ≥ ε.

Suppose Lε = {(i, j, k) :M{||ζijk − ζ|| ≥ δ} < ε} and ε > 1
r (r = 1, 2, 3, .....).

Then

δ3(Lε) = 0 (3)

and by equation 1, Lr ⊂ Lε.
Hence, δ3(Lε) = 0, which contradicts the condition 2.
Thus {ζijk} is convergent in measure to ζ.
Conversely, let there exists subset K ⊆ N× N× N such that δ3(K) = 1 and

lim
i,j,k→∞

M{||ζijk − ζ|| ≥ δ} = 0, (i, j, k) ∈ K,

which implies there exists n0 ∈ N such that for every ε > 0

M{||ζijk − ζ|| ≥ δ} < ε, ∀ i, j, k ≥ n0.

Now, Sε = {(i, j, k) :M{||ζijk − ζ|| ≥ δ} ≥ ε}
⊆ N× N× N− {(in0+1, jn0+1, kn0+1), (in0+2, jn0+2, kn0+2), ......},
that is, δ3(Sε) ≤ 1− 1 = 0.
Hence, {ζijk} is statistically convergent in measure to ζ. �

Theorem 3.2. The triple sequence {ζnml} is statistically convergent in distribution
to ζ if and only if there exists K ⊆ N× N× N with triple density 1 and

lim
i,j,k→∞

Φijk(z) = Φ(z), (i, j, k) ∈ K,

where Φ,Φijk are the distribution functions of the complex uncertain variables ζ, ζijk
respectively and Φ is continuous at z.

Proof. Let {ζnml} be a statistically convergent complex uncertain triple sequence in
distribution to ζ and Sr and Lr be two sets defined as follows:

Sr = {(i, j, k) : ||Φijk − Φ|| ≥ 1
r}

and

Lr = {(i, j, k) : ||Φijk − Φ|| < 1
r},

uniformly for all r ∈ N.
Then

L1 ⊃ L2 ⊃ ......... ⊃ Li ⊃ Li+1 ⊃ .... and δ3(Sr) = 0. (4)

The triple density of each of the sets Li(i = 1, 2, ....) being 1.
We now claim that {ζijk} is convergent in distribution to ζ.
If possible let this assumption is wrong.
Therefore, there are ε > 0 such that

||Φijk(z)− Φ(z)|| ≥ ε, for infinitely many terms.
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Let Lε = {(i, j, k) : ||Φijk(z)− Φ(z)|| ≥ ε} and ε > 1
r , (r = 1, 2, 3, .....).

Then,
δ3(Lε) = 0 (5)

and by equation 4, Lr ⊂ Lε.
Therefore, δ3(Lε) = 0, which contradicts the hypothesis that the triple sequence is
statistically convergent in distribution.
Hence {ζijk} is convergent in distribution to ζ.
Conversely, let there exists K ⊆ N× N× N such that δ3(K) = 1 and

lim
i,j,k→∞

Φijk(z) = Φ(z), (i, j, k) ∈ K,

where Φ is continuous at the point z. This implies that there exists n0 ∈ N such that
for every ε > 0,

||Φijk(z)− Φ(z)|| < ε, ∀ i, j, k ≥ n0.

Now Tε = {(i, j, k) : ||Φijk(z)− Φ(z)|| ≥ ε}
⊆ N× N× N− {(in0+1, jn0+1, kn0+1), (in0+2, jn0+2, kn0+2), ......},
that is, δ3(Tε) ≤ 1− 1 = 0.
Hence, {ζijk} ∈ st3-(ΓD) and it converges to ζ. �

Theorem 3.3. A complex uncertain triple sequence {ζnml} is statistically convergent
in mean to ζ if and only if there exists a set K ⊆ N×N×N with triple natural density
unity such that

lim
x,y,z→∞

E[||ζxyz − ζ||] = 0, (x, y, z) ∈ K.

Proof. This can be established by following the technique adopted to prove the the-
orem 3.1. In this case, we consider the expected value operator, in place of uncertain
measure. �

Theorem 3.4. The triple sequence {ζnml} of complex uncertain variable converges
statistically to ζ with respect to almost surely if there exists a subset K of N×N×N
with unit triple density and an event Λ with unit uncertain measure such that

lim
x,y,z→∞

ζxyz(γ) = ζ(γ), ∀ (x, y, z) ∈ K and γ ∈ Λ.

Proof. Let {ζnml} be a statistically convergent complex uncertain triple sequence in
almost surely to ζ in an uncertainty space (Γ,L,M) and Λ ⊆ Γ be a set of uncertain
events with unit uncertain measure.
Now, construct the following two sets Sr and Lr as below:

Sr = {(x, y, z) ∈ N× N× N : ||ζxyz(γ)− ζ(γ)|| ≥ 1
r}, γ ∈ Λ

and

Lr = {(x, y, z) ∈ N× N× N : ||ζxyz(γ)− ζ(γ)|| < 1
r}, γ ∈ Λ,

where r ∈ N.
Then

δ3(Sr) = 0, L1 ⊃ L2 ⊃ ......... ⊃ Li ⊃ Li+1 ⊃ .... (6)

and
δ3(Lr) = 1, r = 1, 2, ..... (7)
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The target is to show that for any (x, y, z) ∈ Lr, the complex uncertain triple sequence
{ζxyz} is convergent in almost surely to ζ.
If possible let the complex uncertain triple sequence {ζxyz} is not convergent in almost
surely to ζ.
Then there exists ε > 0 such that

||ζxyz(γ)− ζ(γ)|| ≥ ε, for infinitely many points (x, y, z) ∈ N× N× N

and ∀ γ ∈ Λ.
Suppose Lε = {(x, y, z) : ||ζxyz − ζ|| < ε} and ε > 1

r (r = 1, 2, 3, .....).
That is,

δ3(Lε) = 0 (8)

and by equation 6, Lr ⊂ Lε.
Consequently, δ3(Lε) = 0, which contradicts the condition 7.
Hence, the triple sequence {ζxyz} is convergent in almost surely to ζ.
Conversely, let there exists subset K ⊆ N× N× N such that δ3(K) = 1 and

lim
x,y,z→∞

||ζxyz − ζ|| = 0, (x, y, z) ∈ K.

This implies that there exists n0 ∈ N such that for every ε > 0

||ζxyz − ζ|| < ε, ∀ x, y, z ≥ n0.

Now, Sε = {(x, y, z) : ||ζxyz − ζ|| ≥ ε}
⊆ N× N× N− {(xn0+1, yn0+1, zn0+1), (xn0+2, yn0+2, zn0+2), ......},
that is, δ3(Sε) ≤ 1− 1 = 0.
Hence, {ζxyz} is statistically convergent in almost surely to ζ. �

Theorem 3.5. The triple sequence {ζnml} of complex uncertain variable converges
statistically to ζ with respect to uniformly almost surely if there exists a subset K of
N × N × N with δ3(K) = 1 and a sequence of events {Et} having uncertain measure
of each events approaching zero such that

lim
x,y,z→∞

ζxyz(γ) = ζ(γ), ∀ (x, y, z) ∈ K, γ ∈ Γ− Et.

Proof. Replacing the subset Λ of Γ by the sub-collection Γ−Et, where Et are uncertain
events with uncertain measure tending to zero, the theorem can be verified using
similar technique as above theorem 3.4. �

Definition 3.2. A complex uncertain triple sequence {ζnml} is said to be bounded
in measure if there exists a positive number δ such that

M{||ζnml|| ≥ δ} = 0.

The collection of all bounded complex uncertain triple sequences in measure is denoted
by 3`∞(ΓM).

All other types of boundedness are defined as follows:

Definition 3.3. A complex uncertain triple sequence {ζnml} is said to be bounded
in mean if there exists a positive number M such that

sup
n,m,l

E[||ζnml||] < M.

The collection of such triple sequences is denoted by 3`∞(ΓE).
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Definition 3.4. Let Φnml be the complex uncertainty distribution function for the
complex uncertain variable ζnml. Then the triple sequence {ζnml} is said to be
bounded in distribution if sup

n,m,l
||Φnml(z)|| is finite, for any complex point z.

The collection of all triple sequences of such type is denoted by 3`∞(ΓD).

Definition 3.5. A complex uncertain triple sequence {ζnml} is said to be bounded
in almost surely if for every ε > 0, there exists some event Λ with unit uncertain
measure such that sup

n,m,l
||ζnml(γ)|| <∞, ∀ γ ∈ Λ.

The class of all bounded complex uncertain triple sequences is denoted by 3`∞(Γa.s).

Definition 3.6. A complex uncertain triple sequence {ζnml} is said to be bounded
with respect to uniformly almost surely if for any ε > 0, there exists events Ex with
uncertain measure of each of the events tending to zero and sup

n,m,l
||ζnml(γ)|| <∞, for

all γ ∈ Γ− Ex.
The set of all such types of triple sequences is denoted by 3`∞(Γu.a.s).

Theorem 3.6. The class st3(ΓM) ∩ 3`∞(ΓM) is a closed linear subspace of the
bounded complex uncertain sequence space 3`∞(ΓM).

Proof. Let ζnml = {ζnmlxyz } ∈ st3(ΓM) ∩ 3`∞(ΓM) and ζnml → ζ ∈ 3`∞(ΓM).

Since ζnml ∈ st3(ΓM)∩ 3`∞(ΓM), then there exists complex number snml such that

st3(ΓM)- lim
x,y,z→∞

ζnmlxyz = snml (n,m, l = 1, 2, .....).

As ζnml → ζ, then for each ε > 0, there exists n0 ∈ N such that
M{||ζpqr − ζnml|| ≥ δ}

≤ M{||ζpqr − ζ|| ≥ δ′}+M{||ζnml − ζ|| ≥ δ′}, for some positive δ′ ≤ δ
2

< ε
6 + ε

6 (say) = ε
3 , for all p ≥ n ≥ n0, q ≥ m ≥ n0 and r ≥ l ≥ n0.

By 3.1, there exists K1,K2 ⊂ N × N × N with triple natural density of both sets
being 1 and
(1) lim

x,y,z→∞
ζnmlxyz = snml, (x, y, z) ∈ K1

(2) lim
x,y,z→∞

ζpqrxyz = spqr, (x, y, z) ∈ K2

with δ3(K1 ∩K2) = 1.
Now, let (k1, k2, k3) ∈ K1 ∩K2.
Then, from (1) and (2), we have

M
{
||ζnmlk1k2k3 − snml|| ≥ δ

}
≤ ε

3
(9)

and

M
{
||ζpqrk1k2k3

− spqr|| ≥ δ
}
<
ε

3
(10)

Then for each p ≥ n ≥ n0, q ≥ m ≥ n0, r ≥ l ≥ n0 and δ > 0, there exists a
positive number δ′′ ≤ δ

3 such that
M{||spqr − snml|| ≥ δ}
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≤M{||spqr−ζpqrk1k2k3
|| ≥ δ′′}+M

{
||ζpqrk1k2k3

− ζnmlk1k2k3
|| ≥ δ′′

}
+M

{
||ζnmlk1k2k3

− snml|| ≥ δ
′′
}

< ε
3 + ε

3 + ε
3 = ε.

Therefore, the triple sequence {snml} is a Cauchy triple sequence of complex numbers
and hence convergent.
Let lim

n,m,l→∞
snml = s ∈ C, and then there exists n1 ∈ N such that

M{||sxyz − s|| ≥ δ} = 0, ∀ x, y, z ≥ n1.

Now, we have to show that {ζxyz} is statistically convergent in measure to s.
Since {ζnmlxyz } is convergent in measure to ζxyz, then for each ε > 0 and δ > 0 there

exists n2 ∈ N satisfying

M{||ζnmlxyz − ζxyz|| ≥ δ} < ε
2 , ∀ x, y, z ≥ n2.

Also, {ζnmlxyz } is statistically convergent in measure to snml. Then there exists K ⊆
N × N × N such that δ3(k) = 1 and for every ε > 0, δ > 0 there exists n3 ∈ N such
that

M
{
||ζnmlxyz − sxyz|| ≥ δ

}
< ε

2 , ∀ x, y, z ≥ n3.

Let n4 = max{n1, n2, n3}. Then for any preassigned ε > 0, δ > 0 and (x, y, z) ∈ K
with x, y, z ≥ n4, we have
M{||ζxyz − sxyz|| > δ}

=M{||(ζxyz − ζnmlxyz ) + (ζnmlxyz − sxyz) + (sxyz − s)|| > δ}

≤ M{||ζxyz − ζnmlxyz || > δ1}+M{||ζnmlxyz − sxyz|| > δ1}+M{||sxyz − s|| > δ1},

for some δ1 ≤ δ
3

< ε
2 + ε

2 + 0 = ε, .
Therefore, the triple sequence {ζxyz} is a convergent complex uncertain triple se-
quence in measure to s and consequently, it statistically converges in measure to
s ∈ st3(ΓM) ∩ 3`∞(ΓM).
Hence, the space is a closed linear subspace. �

Theorem 3.7. The set of all statistically convergent and bounded complex uncertain
triple sequence in mean is a closed linear subspace of the bounded complex uncertain
sequence space 3`∞(ΓE).

Proof. The claim may be verified by the similar argument as of the theorem 3.6. By
considering the expected value operator of complex uncertain variable, the result can
be achieved easily. �

Theorem 3.8. The space st3(Γu.a.s)∩ 3`∞(Γu.a.s) of all statistically convergent and
statistically bounded complex uncertain triple sequences is a closed linear subspace of

3`∞(Γu.a.s).

Proof. Let ζnml = {ζnmlxyz } ∈ st3(Γu.a.s) ∩ 3`∞(Γu.a.s) and ζnml → ζ ∈ 3`∞(Γu.a.s).

Since {ζnml} is statistically convergent with respect to uniformly almost surely, then
there exists a sequence of events {Et} with M{Et} → 0 and a complex number snml
such that
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st3(Γu.a.s)- lim
x,y,z→∞

ζnmlxyz (γ) = snml, (n,m, l = 1, 2, .....), where γ ∈ Γ− Et.

As ζnml(γ)→ ζ(γ), for γ ∈ Γ−Et, then for each ε > 0 there exists n0 ∈ N such that
||ζpqr(γ)− ζnml(γ)||

≤ ||ζpqr(γ)− ζ(γ)||+ ||ζnml(γ)− ζ(γ)||

< ε
6 + ε

6 (say) = ε
3 , for all p ≥ n ≥ n0, q ≥ m ≥ n0 and r ≥ l ≥ n0.

Then there exists K1,K2 ⊂ N× N× N with δ3(K1) = δ3(K2) = 1 and
(1) lim

x,y,z→∞
ζnmlxyz (γ) = snml, (x, y, z) ∈ K1

(2) lim
x,y,z→∞

ζpqrxyz(γ) = spqr, (x, y, z) ∈ K2

where γ ∈ Γ− Et and δ3(K1 ∩K2) = 1.
Now let (k1, k2, k3) ∈ K1 ∩K2.
Then

||ζnmlk1k2k3(γ)− snml|| ≤
ε

3
, γ ∈ Γ− Et (11)

and
||ζpqrk1k2k3

(γ)− spqr|| <
ε

3
, γ ∈ Γ− Et (12)

Thus, for each p ≥ n ≥ n0, q ≥ m ≥ m0 and r ≥ l ≥ n0,
||spqr − snml||

≤ ||spqr − ζpqrk1k2k3
(γ)||+ ||ζpqrk1k2k3

(γ)− ζnmlk1k2k3
(γ)||+ ||ζnmlk1k2k3

(γ)− snml||

< ε
3 + ε

3 + ε
3 = ε.

Therefore, the triple sequence {snml} is a Cauchy triple sequence.
Let lim

n,m,l→∞
snml = s, that is for every ε > 0 there exists a n1(ε) ∈ N, such that

||sxyz − s|| < ε
3 , ∀ x, y, z ≥ n1.

We are to show that {ζxyz} is statistically convergent with respect to uniformly almost
surely to s.
Since, {ζnmlxyz } is convergent with respect to uniformly almost surely to ζxyz for each
ε > 0, then there exist uncertain events Eu with uncertain measure of each events
approaching zero and n2 ∈ N so that

||ζnmlxyz (γ)− ζxyz(γ)|| < ε
3 , ∀ x, y, z ≥ n2 where γ ∈ Γ− Eu.

Also, {ζnmlxyz } is statistically convergent with respect to uniformly almost surely to
snml. Then there exists K = {(x, y, z) ∈ N × N × N} such that δ3(K) = 1 and for
every ε > 0 there exists n3 ∈ N such that

||ζnmlxyz (γ)− snml|| < ε
3 , ∀ x, y, z ≥ n3.

Let n4 = max{n1, n2, n3}. Then for any given positive number ε and (x, y, z) ∈ K
with x, y, z ≥ n4, we have
||ζxyz(γ)− zxyz||

= ||(ζxyz(γ)− ζnmlxyz (γ)) + (ζnmlxyz (γ)− sxyz) + (sxyz − s)||
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≤ ||ζxyz(γ)− ζnmlxyz (γ)||+ ||ζnmlxyz (γ)− sxyz||+ ||sxyz − s||,

< ε
3 + ε

3 + ε
3 = ε.

Thus, {ζxyz} statistically converges with respect to uniformly almost surely to s and
hence the space st3(Γu.a.s) ∩ 3`∞(Γu.a.s) is a closed linear subspace. �

Theorem 3.9. The space st3(Γa.s) ∩ 3`∞(Γa.s) is a closed linear subspace of the
bounded complex uncertain sequence space 3`∞(Γa.s).

Proof. The proof can be derived by following the above theorem 3.8. For this, we just
need to consider such event Λ whose uncertain measure is 1, instead of the uncertain
events excluding Et mentioned in the theorem. �

Theorem 3.10. The set of all statistically convergent and bounded complex uncer-
tain triple sequence in distribution is a closed linear subspace of the bounded complex
uncertain sequence space 3`∞(ΓD).

Proof. By taking the complex uncertainty distribution functions of the complex un-
certain variable instead of considering expected value operator in the theorem 3.7,
this claim can be justified easily. �

4. Statistically complex uncertain Cauchy triple sequences

In this section, we present the notion of statistically complex uncertain Cauchy triple
sequence and establish the interrelationships with statistically convergent complex
uncertain triple sequence.

Definition 4.1. The complex uncertain triple sequence {ζnml} is said to be statisti-
cally Cauchy in measure if for every ε, δ > 0, there exists n1,m1, l1 ∈ N such that for
all i, p ≥ n1, j, q ≥ m1 and k, r ≥ l1, we have

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l :M{||ζijk − ζpqr|| ≥ δ} > ε}| = 0.

Definition 4.2. The complex uncertain triple sequence {ζnml} is said to be statisti-
cally Cauchy in mean if for every ε > 0, there exists n1,m1, l1 ∈ N such that for all
i, p ≥ n1, j, q ≥ m1 and k, r ≥ l1,

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l : E[||ζijk − ζpqr||] ≥ ε}| = 0.

Definition 4.3. The complex uncertain triple sequence {ζnml} called statistically
Cauchy in distribution if for every positive ε, there exists n1,m1, l1 ∈ N such that for
all i, p ≥ n1, j, q ≥ m1 and k, r ≥ l1,

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l : ||Φijk(z)− Φpqr(z)|| ≥ ε}| = 0,

where z is the point at which Φ is continuous and Φ,Φijk are uncertain distribution
function for ζ, ζijk.

Definition 4.4. The complex uncertain triple sequence {ζnml} is said to be statisti-
cally Cauchy with respect to almost surely if for any positive ε > 0, there exist events
Λ with unit uncertain measure and n1,m1, l1 ∈ N such that

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l : ||ζijk(γ)− ζpqr(γ)|| ≥ ε)| = 0,
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for all i, p ≥ n1, j, q ≥ m1, k, r ≥ l1 and γ ∈ Λ.

Definition 4.5. A complex uncertain triple sequence {ζnml} is called statistically
Cauchy with respect to uniformly almost surely if for any positive ε > 0, there exists
sequence of events {Et} approaching to uncertain measure zero and natural numbers
n1,m1, l1 with i, p ≥ n1, j, q ≥ m1, k, r ≥ l1 such that

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l : ||ζijk(γ)− ζpqr(γ)|| ≥ ε}| = 0,

for all γ ∈ Γ− Et.

Theorem 4.1. A complex uncertain triple sequence {ζnml} is statistically convergent
in measure if and only if {ζnml} is statistically Cauchy in measure.

Proof. Let {ζnml} be statistically convergent in measure to ζ. Then for each ε, δ > 0,
there exists n0,m0, l0 ∈ N such that

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l :M{||ζijk − ζ|| ≥ δ} ≥ ε}| = 0,

where i, p ≥ n0, j, q ≥ m0, k, r ≥ l0.
Let us choose two natural numbers n1, n2, n3 such that

M{||ζn1n2n3
− ζ|| ≥ δ} ≥ ε.

Let us take three sets

Aε = {(i, j, k) : i ≤ n, j ≤ m, k ≤ l :M{||ζijk − ζn1n2n3 || ≥ δ} ≥ ε}

Bε = {(i, j, k) : i ≤ n, j ≤ m, k ≤ l :M{||ζijk − ζ|| ≥ δ} ≥ ε}

Cε = {(i, j, k) : i = n1 ≤ n, j = n2 ≤ m, k = n3 ≤ l :M{||ζn1n2n3
− ζ|| ≥ δ} ≥ ε}

Obviously, Aε ⊆ Bε ∪ Cε. Therefore δ3(Aε) ≤ δ3(Bε) + δ3(Cε) = 0, since {ζnml} is
statistically convergent in measure to ζ.
Hence {ζnml} is statistically Cauchy in measure.
Conversely, let the complex uncertain triple sequence {ζnml} be statistically Cauchy
in measure. Then δ3(Aε) = 0. Hence for the set

Eε = {(i, j, k) : i ≤ n, j ≤ m, k ≤ l :M{||ζijk − ζn1n2n3
|| ≥ δ} < ε},

we have δ3(Eε) = 1.

Now for each δ > 0, there exists some 0 < δ
′ ≤ δ

2 , such that

M{||ζijk − ζn1n2n3 || ≥ δ} ≤ 2M{||ζijk − ζ|| ≥ δ
′
} < ε. (13)

Now if {ζnml} is not statistically convergent in measure, then δ3(Bε) = 1.
Then for the set

Fε = {(i, j, k) : i ≤ n, j ≤ m, k ≤ l :M{||ζijk − ζ|| ≥ δ} < ε},

we have δ3(Fε) = 0.
Thus from the equation 13, for the set

Gk = {(i, j, k) : i ≤ n, j ≤ m, k ≤ l :M{||ζijk − ζn1n2n3
|| ≥ δ} < ε},
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we have δ3(Gk) = 0, which implies that δ3(Aε) = 1 and thus it arises a contradiction
that {ζnml} is a statistically Cauchy sequence in measure.

Hence the complex uncertain triple sequence {ζnml} is statistically convergent in
measure to ζ. �

Theorem 4.2. A complex uncertain triple sequence {ζnml} is statistically convergent
almost surely if and only if {ζnml} is statistically Cauchy with respect to almost sure.

Proof. Let {ζnml} be a statistically convergent triple sequence with respect to almost
surely to ζ. Therefore for every ε > 0 there exists n0,m0, l0 ∈ N with i, p ≥ n0, j, q ≥
m0, k, r ≥ l0 and events Λ with unit uncertain measure such that

lim
n,m,l→∞

1
nml |{(i, j, k) : i ≤ n, j ≤ m, k ≤ l : ||ζijk(γ)− ζ(γ)|| ≥ ε}| = 0,

for all γ ∈ Λ.

Take n1, n2, n3 ∈ N such that ||ζn1n2n3
(γ) − ζ(γ)|| ≥ ε, γ ∈ Λ and consider three

sets

Aε = {(i, j, k) : i ≤ n, j ≤ m, k ≤ l : ||ζijk(γ)− ζn1n2n3
(γ)|| ≥ ε},

Bε = {(i, j, k) : i ≤ n, j ≤ m, k ≤ l : ||ζijk(γ)− ζ(γ)|| ≥ ε},

Cε = {(i, j, k) : i = n1 ≤ n, j = n2 ≤ m, k = n3 ≥ l : ||ζn1n2n3(γ)− ζ(γ)|| ≥ ε},

where γ ∈ Λ.
Here Aε ⊆ Bε∪Cε and hence δ3(Aε) ≤ δ3(Bε)+δ3(Cε) = 0, since {ζnml} is statistically
convergent with respect to almost surely.

Hence the triple sequence {ζnml} is a statistically Cauchy sequence with respect
to almost surely.

Conversely, let {ζnml} be statistically Cauchy with respect to almost surely. Then
δ3(Aε) = 0.

Therefore, for the set

Eε = {(i, j, k) : i ≤ n, j ≤ m, k ≤ l : ||ζijk(γ)− ζn1n2n3
(γ)|| < ε}, γ ∈ Λ

for some event Λ such that M(Λ) = 1, we have δ3(Eε) = 1.
In particular we can write

||ζijk(γ)− ζn1n2n3(γ)|| ≤ 2||ζijk(γ)− ζ(γ)|| < ε, if ||ζijk(γ)− ζ(γ)|| < ε

2
. (14)

If possible let {ζnml} is not statistically convergent triple sequence with respect to
almost surely. Then δ3(Bε) = 1.
Hence for the set

Fε = {(i, j, k) : i ≤ n, j ≤ m, k ≤ l : ||ζijk(γ)− ζ(γ)|| < ε},

we have δ3(Fε) = 0.
Hence from equation 14, for the set

Gk = {(i, j, k) : i ≤ n, j ≤ m, k ≤ l : ||ζijk(γ)− ζn1n2n3
(γ)|| < ε},
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we have δ3(Gk) = 0, which implies that δ3(Aε) = 1 and so it is not a statistically
Cauchy triple sequence with respect to almost surely. This is a contradiction to our
assumption. Hence, {ζnml} is statistically convergent with respect to almost surely
to ζ. �

The above results are true for mean, distribution and uniformly almost surely
also and the proofs are also easy as they can be established by following the above
techniques. So, we only put the statements only.

Theorem 4.3. A complex uncertain triple sequence {ζnml} is statistically convergent
in mean if and only if {ζnml} is statistically Cauchy in mean.

Theorem 4.4. A complex uncertain triple sequence {ζnml} is statistically convergent
with respect to uniformly almost surely if and only if {ζnml} is statistically Cauchy
with respect to uniformly almost surely.

Theorem 4.5. A complex uncertain triple sequence {ζnml} is statistically convergent
in distribution if and only if {ζnml} is statistically Cauchy in distribution.

Finally, a necessary and sufficient condition for a complex uncertain triple sequence
to be statistically Cauchy is obtained by observing the results established earlier (with
respect to mean, measure, distribution, almost surely and uniformly almost surely).

Theorem 4.6. Let {ζijk} be a triple sequence of complex uncertain variables. Then
{ζijk} is statistically Cauchy in measure if and only if there exists a subsequence
{ξpqr} of {ζijk} such that

lim
n,m,l→∞

1
nml |{p ≤ n, q ≤ m, r ≤ l :M{||ξpqr − ζ|| ≥ ε} ≥ δ}| = 0,

for every ε, δ > 0, where ζ is the limit to which the sequence {ζijk} statistically
converges in measure.

Proof. Combining the theorem 3.1 and theorem 4.1, the proof can be established. �

Theorem 4.7. A complex uncertain triple sequence {ζijk} is statistically Cauchy in
mean if and only if there exists a subsequence {ξpqr} of {ζijk} converging statistically
in mean to the same limit ζ that of {ζijk}, that is

lim
n,m,l→∞

1
nml |{p ≤ n, q ≤ m, r ≤ l : E[||ξpqr − ζ||] ≥ ε}| = 0, for every ε > 0.

Proof. Straightforward from theorem 3.3 and theorem 4.3 and hence omitted. �

Theorem 4.8. The triple sequence {ζijk} of complex uncertain variables is statisti-
cally Cauchy in distribution if and only if there exists a subsequence {ξpqr} of {ζijk}
such that

lim
n,m,l→∞

1
nml |{i ≤ n, j ≤ m, k ≤ l : ||Φpqr(z)− Φ(z)|| ≥ ε}| = 0,

where z is the point at which Φ is continuous.

Proof. The proof is straightforward from theorem 3.2 and theorem 4.5. �

Theorem 4.9. A complex uncertain triple sequence {ζijk} is statistically Cauchy
with respect to almost surely if and only if there exists a subsequence {ξpqr} of {ζijk}
converging statistically with respect to almost surely to the same limit as that of {ζijk}.

Proof. Observing theorem 3.4 and theorem 4.2, one can prove the result easily. �
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Theorem 4.10. A complex uncertain triple sequence {ζijk} is statistically Cauchy
with respect to uniformly almost surely if and only if there exists a subsequence {ξpqr}
of {ζijk} converging statistically with respect to uniformly almost surely to the same
limit as that of {ζijk}.

Proof. Obvious from theorem 3.5 and theorem 4.4. �

5. Conclusions

In this paper, we have characterized the concept of statistically convergent complex
uncertain triple sequence through mean, measure, distribution, almost surely and
uniformly almost surely. Several characterization of such sequences have been made.
We also initiate statistical Cauchy triple sequence of complex uncertain variables
and established interrelationship of it with statistically convergent complex uncertain
triple sequence.

References

[1] R.C. Buck, Generalized asymptotic density, Amer. J. Math. 75 (1953), 335–346.

[2] X. Chen, Y. Ning, and X. Wang, Convergence of complex uncertain sequences, J. Int.Fuzzy Syst.

30 (2016), 357–336.
[3] B. Das, B.C. Tripathy, P. Debnath, and B. Bhattcharya, Almost convergence of complex uncertain

double sequences, Filomat 35 (2021), no. 1, 61–78.
[4] B. Das, B.C. Tripathy, P. Debnath, J. Nath, and B. Bhattacharya, Almost convergence of complex

uncertain triple sequences, Proc. Nat. Aca. Sci. Ind. Sec. A Phy. Sci. 91 (2020), no. 2, 245–256.

DOI: 10.1007/s40010-020-00721-w
[5] B. Das, B.C. Tripathy, P. Debnath, and B. Bhattacharya, Characterization of statistical conver-

gence of complex uncertain double sequence, Anal. Math. Phy. 10 (2020), no. 4, 1–20.

[6] B. Das, B.C. Tripathy, P. Debnath, and B. Bhattacharya, Statistical convergence of complex
uncertain triple sequence, Comm. Stat. Theo. Meth. (2021). DOI: 10.1080/03610926.2020.1871016

[7] B. Das, B.C. Tripathy, and P. Debnath, Characterization of matrix classes transforming between

almost sure convergent sequences of complex uncertain variables, J. Uncer. Sys. 14 (2021), no. 3,
1–12. DOI: 10.1142/S1752890921500197

[8] B. Das, B. C. Tripathy, P. Debnath, and B. Bhattacharya, Study of matrix transformation of
uniformly almost surely convergent complex uncertain sequences, Filomat 34 (2020), no. 14, 4907–
4922. DOI: 10.2298/FIL2014907D

[9] B. Das, B. Bhattacharya, and B.C. Tripathy, Relation between convergence and almost conver-
gence of complex uncertain sequences, Krag. J. Math. 49 (2) (2025), no. 2, 313–326.

[10] H. Fast, Sur La convergence statistique, Coll. Math. 2 (1951), 241–244.

[11] J.A. Fridy, On statistical convergence, Analysis 5 (1985), 301–313.
[12] B. Liu, Uncertainty Theory, Springer-Verlag, Berlin, 2nd edn, 2007.

[13] F. Moricz, Tauberian theorems for Cesaro summable double sequences, Stud. Math. 110 (1994),

83–96.
[14] M. Mursaleen and H.H.O. Edely, Statistical convergence of double sequences, J. Math. Anal.

Appl. 288 (2003), 223–231.

[15] J. Nath, B.C. Tripathy, B. Das, and B. Bhattacharya, On strongly almost λ-convergence and
statistically almost λ-convergence in the environment of uncertainty, Int. J. Gen. Sys. (2021), 1–15.

DOI: 10.1080/03081079.2021.1998032

[16] Z. Peng, Complex Uncertain Variable, PhD, Tsinghua University, 2012.
[17] D. Rath, and B.C. Tripathy, Matrix maps on sequence spaces associated with sets of integers,

Ind. J. Pure Appl. Math. 27 (1996), no. 2, 197–206.
[18] S. Saha, B.C. Tripathy, and S. Roy, On almost convergent of complex uncertain sequences, New

Math. Nat. Comp. 16 (2020), no. 3, 573–580. DOI: 10.1142/S1793005720500349

https://doi.org/10.1007/s40010-020-00721-w
https://doi.org/10.1080/03610926.2020.1871016
https://doi.org/10.1142/S1752890921500197
https://doi.org/10.2298/FIL2014907D
https://doi.org/10.1080/03081079.2021.1998032
https://doi.org/10.1142/S1793005720500349


134 B. DAS, B. C. TRIPATHY, AND P. DEBNATH

[19] A. Sahiner, M. Gurdal, and F.K. Duden, Triple sequences and their statistical convergence, Sel.

J. Appl. Math. 8 (2007), no. 2, 49–55.

[20] T. Salat, On statistically convergent sequences of real numbers, Math. Slov. 30 (1980), 139–150.
[21] I.J. Schoenberg, The integrability of certain functions and related summability methods, Amer.

Math. Month. 66 (1959), 361–375.

[22] B.C. Tripathy and M. Sen, Characterization of some matrix classes involving paranormed se-
quence spaces, Tam. J. Math. 37 (2006), no. 2, 155–162.

[23] B.C. Tripathy, A. Baruah, M. Et, and M. Gungor, On almost statistical convergence of new type

of generalized difference sequence of fuzzy numbers, Ira. J. Sci. Tech. Trans. A: Sci. 36 (2012), no.
2, 147–155.

[24] B.C. Tripathy, Statistically convergent double sequences, Tam. J. Math. 34 (2003), no. 3, 231–
237.

[25] B.C. Tripathy and P.K. Nath, Statistical convergence of complex uncertain sequences, New

Math. Nat. Comp. 13 (2017), no. 3, 359–374. DOI: 10.1142/S1793005717500090
[26] C. You, On the convergence of uncertain sequences, Math. Comp. Mod. 49 (2009), 482–487.

(B. Das) Department of Mathematics, NIT Agartala, Tripura, 799046, India. ORCID ID
0000-0001-7614-1051

E-mail address: dasbirojit@gmail.com

(B. C. Tripathy) Department of Mathematics, Tripura University, Tripura, 799046, India.

ORCID ID 0000-0002-0738-652X

E-mail address: tripathybc@rediffmail.com

(P. Debnath) Department of Mathematics, NIT Agartala, Tripura, 799046, India. ORCID

ID 0000-0003-4683-8426
E-mail address: dpiyalimaths@gmail.com

https://doi.org/10.1142/S1793005717500090

	1. Introduction
	2. Preliminary
	3. Statistical convergence of triple sequence of complex uncertain variables
	4. Statistically complex uncertain Cauchy triple sequences 
	5. Conclusions
	References

