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Some results on statistically convergent triple sequences in an
uncertainty space
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ABSTRACT. The concept of statistical convergence plays a very prominent role in the study
of sequence spaces. In this treatise, we extend the research on different types of statistical
convergence viz., statistical convergence in mean, in measure, in distribution, in almost surely
and with respect to uniformly almost surely of complex uncertain triple sequences in a given
uncertainty space. We emphasize to focus on characterizing statistical convergence of complex
uncertain triple sequence in some extent. Moreover, we initiate the notion of complex uncertain
Cauchy triple sequence and establish the interconnection of it with a statistically convergent
triple sequence.
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1. Introduction

The concept of statistical convergence of real and complex sequence was first intro-
duced by Fast [10], Buck [1], Schohenberg [21] independently. But this research got
momentum once the work of Salat [20] and Fridy [11] came into literature. Some
more significant works in this area may be seen in [17], [22], [23]. The study of statis-
tical convergence in double sequence has been initiated by Tripathy [24], Mursaleen
and Edely [14], Moricz [13] independently. Sahiner et al. [19] studied the statistical
convergence for triple sequence.

Let K C NxNxNand K(p,q,r) = [{(i,5,k) € K 171 <p,j <q,k <r}|, where the
vertical bars stands for cardinality of the set. Then Sahiner et al. [19] defined the
triple natural density as

03(K) = lim Kp.q.r) (Limit taken in Pringsheim’s sense)

p,q,7r—>00 bar

and statistical Convergence of a triple sequence is as follows:
A real triple sequence x = (2,;) is said to be statistically convergent to the number
L if for each € > 0,

I5({(n,k,1) e NX NXN: |xp — L| > e}) =0.
After the introduction of uncertainty theory by Liu [12], many researchers inves-

tigated the nature of convergence of sequences in an uncertain environment. Four
types of convergence (in mean, in measure, in distribution, with respect to almost
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surely) of a real uncertain sequence were studied by Liu [12] and then Chen et al. [2]
extended this work in complex uncertain sequences. You [26] reported a new type of
convergence called convergence with respect to uniformly almost surely of a complex
uncertain sequence. These days, researchers are trying to explore the study of real
sequence spaces in the environment of uncertainty. In this process different forms
of convergence like almost convergence is studied by considering complex uncertain
single, double and triple sequences by Saha et al. [18], Nath et al. [15] and Das
et al. [3],[4], [9] respectively. Tripathy and Nath [25] introduced the notion of sta-
tistically convergent complex uncertain sequence and recently this work is extended
to double sequences by Das et al. [5] and characterized this notion by establishing
some of its properties. Very recently, Das et al. [0, 7, 8] made further progress in
this direction and introduced the same concept by considering triple sequences of
complex uncertain variable and established interrelationships among different type of
statistical convergence to some extent.

In this current treatise, we study the concept of statistical convergence of a complex
uncertain triple sequence via triple natural density operator and boundedness. More-
over, we initiate statistically Cauchy complex uncertain triple sequence and prove
that a complex uncertain triple sequence is statistically convergent if and only if it is
statistically Cauchy.

Before going to the main section we need some basic and preliminary ideas about
the existing definitions and results which will play a major role in this study.

2. Preliminary

Definition 2.1. [12] An uncertain variable ¢ is a measurable function from an un-
certainty space (T, £, M) to the set of real numbers, i.e., for any Borel set B of real
numbers, the set {( € B}={y € I': {(y) € B} is an event.

Definition 2.2. [16] A complex uncertain variable is a measurable function ¢ from
an uncertainty space (I', £, M) to the set of complex numbers, i.e., for any Borel set
B of complex numbers, the set {¢ € B}={y € I': {(v) € B} is an event.

Definition 2.3. [6] The complex uncertain triple sequence {(,m;} is said to be sta-
tistically convergent in measure to ¢ if

lim  —={(i,5,k) i <n,j <m,k <L, M{||Gjx — || > €} =6} =0,

n,m,l—oo
for every €,§ > 0.
The set of all complex uncertain triple sequences which are statistically convergent in
measure is denoted by st3(I'u).

Definition 2.4. [6] A complex uncertain triple sequence {(,.;} is statistically con-
vergent to ¢ in mean if

n,m,l—oo
for every € > 0.
The collection of all complex uncertain triple sequences which are statistically con-
vergent in mean is denoted by st3(I'g).

Definition 2.5. [6] A triple sequence {(,mi} of complex uncertain variable is said to
be statistically convergent to ¢ with respect to almost surely if for any preassigned
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positive number & there exists some event A having uncertain measure M(A) = 1
such that

lim o {(i,5,k) ti <n.j <mk <1 ||Gir(y) — I > e} =0,

n,m,l—oo
for every v € A.
The class of all such triple sequences is denoted by st5(Tq.s)-

Definition 2.6. [6] Let {(,mi} be a complex uncertain triple sequence and @, ®,,,,,;
be the distribution functions for each complex uncertain variable (, Cumi, n, m,l =
1,2,3,..... respectively. Then {(,,;} is said to be statistically convergent in distribu-
tion to ( if

lim {0, 5,k) i < j <myk <1 ||@4k(2) — @(2)]| > €}] =0,

n,m,l—oo
for all z at which ® is continuous.
The family of all such complex uncertain triple sequences is denoted by st3(I'p).

3. Statistical convergence of triple sequence of complex uncertain variables

In this section, at first we introduce the fifth type of statistical convergence of complex
uncertain triple sequence with repect to uniformly almost surely. This work is an
extension of Das et al. [0] in a unique way. We characterize statistical convergence
of a complex uncertain triple sequence to some extent via boundedness and triple
density operator.

Definition 3.1. A complex uncertain triple sequence {(,.m; } is said to be statistically
convergent with respect to uniformly almost surely to ¢ if for any preassigned € > 0,
there exist events E; with M(E;) — 0 such that

lim {6, 5,k) v < g <myk <1 |IGr(y) = ¢ = €} =0,

n,m,l—oo
for all events v € I' — Ej.
The set of all complex uncertain triple sequences which are statistically convergent
with respect to uniformly almost surely is denoted by st3(Ty.q.s)-

Theorem 3.1. A complex uncertain triple sequence {(pmi} is statistically convergent
in measure to ¢ if and only if there exists K C N x N x N such that d35(K) =1 and

hHl M{HCUk*CH 26}:0, (Zajvk) GK

i,5,k—00

Proof. Let {Cnmi} be a statistically convergent complex uncertain triple sequence in
measure to (.
Define two sets S, and L, as follows:

STZ{(i,j,k)ENXNXNZM{HCUJC—CH25}2%}

and
L. ={(i,j,k) € Nx N x N: M{[|¢;jr — ¢|| = 0} < 1}
Then
53(Sr) =0, L1 DLy D..eee. DL;DLiy1D.... (1)
and
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We now show that for any (7,7, k) € L,, the complex uncertain triple sequence {(;;x}
is convergent in measure to (.

Let {{;jx} is not convergent in measure to ¢.

Then, there exists €, > 0 such that

M{|[Cijr — C|| = 0} > €.

Suppose L. = {(i,j, k) : M{||Cije —¢|| > 6} <e} and e > 1 (r=1,2,3,....).
Then

d3(Le) =0 3)
and by equation 1, L, C L.
Hence, 03(L.) = 0, which contradicts the condition 2.

Thus {(;;,} is convergent in measure to ¢.
Conversely, let there exists subset K C N x N x N such that d5(K) =1 and

i,j,k—00
which implies there exists ng € N such that for every e > 0

Now, Se = {(z,, k) : M{||Gijr — (|| = 0} = €}

CNXNXN—{(ing+1,Jno+1 kno+1); (ing+25 Jno+2, Eng+2)s e}

that is, d3(5:) <1—-1=0.

Hence, {(;;i} is statistically convergent in measure to (. O

Theorem 3.2. The triple sequence {Comi} is statistically convergent in distribution
to C if and only if there exists K C N x N x N with triple density 1 and

lim (Dmk(z) = (b(z)v (i7j7 k) € Ka

i,7,k—00
where ®, ®;;1. are the distribution functions of the complex uncertain variables ¢, Cijx
respectively and ® is continuous at z.

Proof. Let {Cnmi} be a statistically convergent complex uncertain triple sequence in
distribution to ¢ and S, and L, be two sets defined as follows:

Sr = {0, 5, k) : [|®ijr — @ > 7}
and
L, = {(lvjvk) : ||<I)ijk - (I)H < %}7

uniformly for all » € N.
Then
LiD>LyD ... DL;D>Lit1 D.... and 03(S;) = 0. (4)
The triple density of each of the sets L;(i = 1,2, ....) being 1.
We now claim that {(;;x} is convergent in distribution to ¢.
If possible let this assumption is wrong.
Therefore, there are € > 0 such that

[|®ijk(2) — ®(2)|| > €, for infinitely many terms.
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Let L. = {(i,4, k) : ||®iji(z) — ®(2)|| = e} and e > L, (r =1,2,3,.....).
Then,
3 (LE) =0 (5)

and by equation 4, L, C L.
Therefore, d5(L.) = 0, which contradicts the hypothesis that the triple sequence is
statistically convergent in distribution.
Hence {(;;} is convergent in distribution to ¢.
Conversely, let there exists K C N x N x N such that d3(K) = 1 and

] hm ‘I)ij(z) = (I)(Z), (i,j, k’) S K,

i,j,k—00
where ® is continuous at the point z. This implies that there exists ng € N such that
for every € > 0,

[|[®ik(2) — @(2)|] <e, Vi, j, k > no.

Now T. = {(i,j, k) : [|®ijr(2) — @(2)|| > &}

CNXNXxN- {(i"0+1vj7bo+17 k7l0+1)7 (in0+27jn0+27 k7bo+2)7 ------ h

that is, 63(7.) <1 —-1=0.

Hence, {G;jr} € st3-(I'p) and it converges to . O

Theorem 3.3. A complex uncertain triple sequence {(pmi} is statistically convergent
in mean to C if and only if there exists a set K C N x N x N with triple natural density
unity such that

lim  Elf|¢y. — ¢l =0, (2,9,2) € K.
z,Yy,2—>00
Proof. This can be established by following the technique adopted to prove the the-
orem 3.1. In this case, we consider the expected value operator, in place of uncertain
measure. O

Theorem 3.4. The triple sequence {Cnmi} of complex uncertain variable converges
statistically to ¢ with respect to almost surely if there exists a subset K of N x N x N
with unit triple density and an event A with unit uncertain measure such that

Hm  Cope(r) =C()s ¥ (2,y,2) € K and v € A

xT,Y,z—00

Proof. Let {(nmi} be a statistically convergent complex uncertain triple sequence in
almost surely to ¢ in an uncertainty space (I', £, M) and A C T be a set of uncertain
events with unit uncertain measure.

Now, construct the following two sets S, and L, as below:

ST = {(l‘,y,Z) € N X N X N: HCZL”HZ(’Y) _C(7)|| 2 %}7 Y € A

and
L, ={(z,y,2) e Nx NxN: ||Czy2(7) -l < %}, v EA,
where r € N.
Then
03(Sy) =0, L1 D La D e DL;DLit1D (6)
and
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The target is to show that for any (z,y, 2) € L,, the complex uncertain triple sequence
{Czy-} is convergent in almost surely to (.

If possible let the complex uncertain triple sequence {(;, } is not convergent in almost
surely to (.

Then there exists € > 0 such that

[|Coy= () — C(7)|| > €, for infinitely many points (z,y,2) € Nx N x N

and V v € A.
Suppose L. = {(z,y,2) : ||Gay- — (|| <e}and e > 1 (r=1,2,3,.....).
That is,
63(Le) =0 (8)

and by equation 6, L, C L.
Consequently, d3(L.) = 0, which contradicts the condition 7.
Hence, the triple sequence {(;,.} is convergent in almost surely to ¢.
Conversely, let there exists subset K C N x N x N such that d3(K) =1 and

lim ||nyz_C||:Ov (x,y,z)GK.

Z,Y,z—>00

This implies that there exists ng € N such that for every ¢ > 0
||<:ryz_CH<€7 vxvyvzzno'

Now, Se = {(xvyvz) : HC:Eyz - C” 2 8}

C NXNXN = {(Zno+1,Yno+1: Zno+1); (Tng+2; Yng+25 Zno+2)s -1

that is, 63(S:) <1—-1=0.

Hence, {(,y.} is statistically convergent in almost surely to . O

Theorem 3.5. The triple sequence {Cnmi} of complex uncertain variable converges
statistically to ¢ with respect to uniformly almost surely if there exists a subset K of
N x N x N with §3(K) = 1 and a sequence of events {E;} having uncertain measure
of each events approaching zero such that

hm C.a:yZ(’Y) = C(fy)a v (x’llaz) € Ka v € I - Et-

Z,Y,z—>00

Proof. Replacing the subset A of I" by the sub-collection I'— E;, where E; are uncertain
events with uncertain measure tending to zero, the theorem can be verified using
similar technique as above theorem 3.4. O

Definition 3.2. A complex uncertain triple sequence {(nmi} is said to be bounded
in measure if there exists a positive number ¢ such that

MGl = 6} = 0.
The collection of all bounded complex uncertain triple sequences in measure is denoted
by 3leo (FM)

All other types of boundedness are defined as follows:

Definition 3.3. A complex uncertain triple sequence {(nm;} is said to be bounded
in mean if there exists a positive number M such that

sup E{||Gamill] < M.

n,m,l

The collection of such triple sequences is denoted by 3¢ (I'g).
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Definition 3.4. Let ®,,,; be the complex uncertainty distribution function for the
complex uncertain variable (nmi. Then the triple sequence {(pmi} is said to be
bounded in distribution if sup ||®,.m,(2)|| is finite, for any complex point z.

n,m,

The collection of all triple sequences of such type is denoted by 345, (T'p).

Definition 3.5. A complex uncertain triple sequence {(nm} is said to be bounded
in almost surely if for every ¢ > 0, there exists some event A with unit uncertain
measure such that sup ||Cmi(Y)|| < 00, ¥V v € A.

n,m,l

The class of all bounded complex uncertain triple sequences is denoted by 3¢ (T'q.s).

Definition 3.6. A complex uncertain triple sequence {(nm;} is said to be bounded
with respect to uniformly almost surely if for any € > 0, there exists events F, with

uncertain measure of each of the events tending to zero and sup ||Cumi(7)|] < oo, for
n,m,l

ally el — E,.
The set of all such types of triple sequences is denoted by 3000 (Ty.a.s)-

Theorem 3.6. The class st3(Ta) N 3loo(Taq) is a closed linear subspace of the
bounded complex uncertain sequence space 3loo(Laq).

Proof. Let ¢"™ = {0} € st3(Tag) N 3000 (Taq) and ("™ — ¢ € 3000 (T a)-

Yz
Since ¢"™ € st3(T'aq) N 3€00(T'Aq), then there exists complex number s,,,,,; such that

Stg(FM)—z ylizrgoo it = Spmi (n,m,1=1,2,....).

As ¢"™ — (, then for each £ > 0, there exists ng € N such that
M{|¢Par — ¢vm| = 6}

< M{|¢Pam — || > 6} + M{||¢V™ — (]| > §'}, for some positive &' < &
< ¢+ ¢ (say) =g, forallp>n>mng,g>m>ngandr>12>ng.

By 3.1, there exists K1, Ko C N x N x N with triple natural density of both sets
being 1 and

(1) z yhzrgoo ;I;j;l = Snml, (x,y,z) € Ky
(2) N ylizrgoo 552 = Spqr» (z,y,2) € K2

Now, let (kl,k’g,kg,) e KiNK,.
Then, from (1) and (2), we have

w| ™

and -
M {||<]€f£2k3 — Spgrl| > 5} < 3 (10)

Then for each p > n > ng, ¢ > m > ng,v > 1 > ng and § > 0, there exists a

positive number 6”7 < % such that

M{Hspm" — Snmil| > 6}
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< M{lspar—CEh 2 8 3+ M G, — Gty |1 2 67 f+MIIGERL, = snmall 2 87}

<E+E+E=c¢
3 T3T3
Therefore, the triple sequence {s,,;} is a Cauchy triple sequence of complex numbers
and hence convergent.
Let lim s, = s € C, and then there exists n; € N such that
n,m,l—o0o

M{'lsl’yz - S|| 2 6} = 07 v xr,Y,z 2 ny.

Now, we have to show that {(,,.} is statistically convergent in measure to s.
Since {(g’};’;l} is convergent in measure to (s, then for each € > 0 and § > 0 there
exists ny € N satisfying

M{Hcggyzﬂ - nyZH 2 6} < %a v x, Y,z Z na.

Also, {C%f‘zl} is statistically convergent in measure to S,,,;. Then there exists K C

N x N x N such that d5(k) = 1 and for every € > 0,6 > 0 there exists ng € N such
that

M{HC%’Z” — Sayzl| > 5} <5, Va,9,2>n3.

Let ny = max{ny,na,n3}. Then for any preassigned ¢ > 0,0 > 0 and (z,y,2) € K
with z,y, 2 > ny4, we have

M{[|Cayz — Say:l| > 0}
= M{[|(Cay= = C22) + (G2t = 5ayz) + (Szy= — 5)|| > 6}
< MGy — Gy Il > 01} + MG = sayell > 01} + M{|[s2y2 — s]] > 1},

for some 6; < %

<5+5+0=c¢,

Therefore, the triple sequence {(,y,} is a convergent complex uncertain triple se-
quence in measure to s and consequently, it statistically converges in measure to
s € st3(Cag) N 3loo(T ).

Hence, the space is a closed linear subspace. O

Theorem 3.7. The set of all statistically convergent and bounded complex uncertain
triple sequence in mean is a closed linear subspace of the bounded complex uncertain
sequence space 3o (TE).

Proof. The claim may be verified by the similar argument as of the theorem 3.6. By
considering the expected value operator of complex uncertain variable, the result can
be achieved easily. O

Theorem 3.8. The space st3(Ty.a.5)N 38oo(Du.a.s) of all statistically convergent and
statistically bounded complex uncertain triple sequences is a closed linear subspace of
3‘€OO(Fu.a.S)'

PT’OOf. Let Cnml = {Cnml} S StS(Fu.a.s) N 3£00(Fu.a.s) and Cnml — C S 3600 (Fuae)

TYz
Since {¢™™!} is statistically convergent with respect to uniformly almost surely, then
there exists a sequence of events {F;} with M{E;} — 0 and a complex number 8,
such that
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sts(Tuas)- Hm ¢ (y) = Spmi, (n,m, 1 =1,2,.....), where y € I — E.

xT,Y,z2—>00 TY=

As ("™ (y) — ((v), for v € T — Ej, then for each ¢ > 0 there exists ny € N such that
[I¢Pam(7) = ¢ ()]

< ICP"(y) = SOOI+ 11C™™ () = ¢
<&+ ¢ (say) =5, forallp>n>mng,g>m>ngand r>12>ng.

Then there exists K1, Ko C N x N x N with §5(K;) = §3(K3) =1 and

(1) z’yhm ,?;;Ll(")/) = Snml, (‘Ta Y, Z) € Ky
(2) R thIl ,ZE;Z;("Y) = Spqr (x,y, Z) € Ky

where v € ' — E; and §5(K; N K») = 1.
Now let (kl, kg,kg) e K1 N K.
Then

Gk () = Snmil| < 55 Y €T — By (11)

Wl M

and
Hszszzks( ) — Spqu < 37 yel' - L (12)
Thus, for each p > n > ng, ¢ > m > mgy and r > | > ny,

||5pqr - SnmlH

< llpar = Chrkaks DI+ 1 kaks (V) = CERL e, DI+ 11CE R, (V) — Sramt ]

<tt+s+5=e
Therefore, the triple sequence {s,m;} is a Cauchy triple sequence.

Let li{n Snmi = 8, that is for every € > 0 there exists a ny(e) € N, such that
n,m,l—oo

|[S2y= — sl| < 5, VY 2,9,2 > ny.

We are to show that {(;, } is statistically convergent with respect to uniformly almost
surely to s.

Since, {C;‘;’;l} is convergent with respect to uniformly almost surely to (. for each
€ > 0, then there exist uncertain events F, with uncertain measure of each events
approaching zero and ns € N so that

G2 (V) = Cay=(NII < 5, ¥ 2,9, 2 > np where y €T — E,.

TYz

Also, {g;;;{;l} is statistically convergent with respect to uniformly almost surely to

Snmi- Then there exists K = {(z,y,2) € N x N x N} such that d3(K) = 1 and for
every € > 0 there exists ng € N such that

|| nml( )_SnmlH < %7 vx7y722n3-

TYz

Let ny = max{ni,na,ng}. Then for any given positive number ¢ and (z,y,z) € K
with z,y, 2 > ny4, we have

|[Coy= (V) = 2ay:||

= |[(Cay=(v) — Qgﬁl(’Y)) +( g;;l(’Y) — Sayz) + (Szyz — 5)||
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< Gey=(7) = G I+ G2 (V) = Sayell + (522 — s,
<s+s5+5=¢

Thus, {(zy-} statistically converges with respect to uniformly almost surely to s and
hence the space st3(Ty.q.5) N 3800 (Tu.a.s) 18 & closed linear subspace. O

Theorem 3.9. The space st3(Lq.s) N 3loo(La.s) is a closed linear subspace of the
bounded complex uncertain sequence space 3loo(Ly s).

Proof. The proof can be derived by following the above theorem 3.8. For this, we just
need to consider such event A whose uncertain measure is 1, instead of the uncertain
events excluding F; mentioned in the theorem. O

Theorem 3.10. The set of all statistically convergent and bounded complex uncer-
tain triple sequence in distribution is a closed linear subspace of the bounded complex
uncertain sequence space 3loo(I'p).

Proof. By taking the complex uncertainty distribution functions of the complex un-
certain variable instead of considering expected value operator in the theorem 3.7,
this claim can be justified easily. O

4. Statistically complex uncertain Cauchy triple sequences

In this section, we present the notion of statistically complex uncertain Cauchy triple
sequence and establish the interrelationships with statistically convergent complex
uncertain triple sequence.

Definition 4.1. The complex uncertain triple sequence {,;} is said to be statisti-
cally Cauchy in measure if for every €, > 0, there exists ni,mq,l; € N such that for
all i,p > nq, j,q > mq and k,r > [y, we have

lim {0, 5,k) i < j <mok <1 MGk — Gparl| > 6} > €} = 0.
n,m,l— oo
Definition 4.2. The complex uncertain triple sequence {(,.1} is said to be statisti-
cally Cauchy in mean if for every € > 0, there exists ny,m1,l; € N such that for all
i,p>n1, 5,9 >mq and k,r > 1y,

: LG k) - - . _
im0 <k <3 ElGie — Gl > € = 0.
Definition 4.3. The complex uncertain triple sequence {(,mi} called statistically
Cauchy in distribution if for every positive €, there exists ni,m1,l; € N such that for

all i,p > nq, j,¢ > mq and k,r > Iy,
lim (k) i <, g < mok <1 @i (2) — Ppgr(2)]] 2 €} =0,

n,m,l—o0o
where z is the point at which ® is continuous and ®, ®;;; are uncertain distribution
function for ¢, (-

Definition 4.4. The complex uncertain triple sequence {,;} is said to be statisti-
cally Cauchy with respect to almost surely if for any positive € > 0, there exist events
A with unit uncertain measure and ny,m1,l; € N such that

lim L [{(4,5, k) i <mn, 5 <m,k <1:[Gir(y) = Gpar (V] > €)[ =0,

n,m,l—oo
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for all i,p > ny,5,q > my, k,r >1; and v € A.

Definition 4.5. A complex uncertain triple sequence {(nmi} is called statistically
Cauchy with respect to uniformly almost surely if for any positive € > 0, there exists
sequence of events { £} } approaching to uncertain measure zero and natural numbers
ny, mi,l; with éi,p > nq,5,q > mq, k,r >l such that

im0 k) < g < mk <1 IGak() — (DI 2 eH =0,

forall y e I' — E;.

Theorem 4.1. A complex uncertain triple sequence {Cpmi} 18 statistically convergent
in measure if and only if {Cumi} is statistically Cauchy in measure.

Proof. Let {¢umi} be statistically convergent in measure to ¢. Then for each &,6 > 0,
there exists ng, mg,lop € N such that

lm L, k) i < nyj < mok <1 MGk — ¢l > 8} = e} =0,

n,m,l—oco

where va > n07j7q > mo, k,’l" > lO-
Let us choose two natural numbers nq, ng, ng such that

M{lCninans —Cll 2 0} > e
Let us take three sets
Ae ={(i,5,k) ri <n,j <m,k <1 MGk — Cranansl| = 0} > €}
Be ={(i,5,k) :i <n,j <m,k <1 M{[Gjr — (| 2 6} = }
C.={(,5,k) :i=n1 <n,j=ny <myk=n3 <1: M{||CGrinons —Cl| =0} >}

Obviously, A. C B, U C.. Therefore d3(Ac) < d3(B:) + d3(C:) = 0, since {Cpmi} is
statistically convergent in measure to (.

Hence {(nmi} is statistically Cauchy in measure.

Conversely, let the complex uncertain triple sequence {(,m;} be statistically Cauchy
in measure. Then d3(A.) = 0. Hence for the set

E. = {(Z’]’k) 1<n,j < mvk <l: M{HCZ?/C - Cmnzns” > 5} < 5}7

we have d3(F;) = 1.
Now for each § > 0, there exists some 0 < § < g, such that

MAIGigk = Guinans || = 8} < 2M{|IGign = ¢l 2 6} <& (13)

Now if {¢nmi} is not statistically convergent in measure, then d5(B.) = 1.
Then for the set

FE :{(27]7k)2§n7j Sm,kSZM{HCUk_CH 26} <8}7

we have J3(F;) = 0.
Thus from the equation 13, for the set

Gk = {(Zajak) 1 S n’j S mak S l: M{Hcljk *Cnlngn;;” Z 5} < 5}7
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we have 03(Gy) = 0, which implies that d3(A:) = 1 and thus it arises a contradiction
that {Cumi} is a statistically Cauchy sequence in measure.

Hence the complex uncertain triple sequence {(nmi} is statistically convergent in
measure to (. O

Theorem 4.2. A complex uncertain triple sequence {Cpmi} is statistically convergent
almost surely if and only if {Cumi} is statistically Cauchy with respect to almost sure.

Proof. Let {¢umi} be a statistically convergent triple sequence with respect to almost
surely to (. Therefore for every € > 0 there exists ng, mg,lo € N with i,p > ng,j,q >
mo, k,7 > ly and events A with unit uncertain measure such that

lim {0, 5,k) i <y j <myk <32 [Ggr(7) — €N = €} =0,

n,m,l—oo

for all v € A.

Take n1,m2,n3 € N such that ||Cnynang(Y) — C(Y)|] > €, v € A and consider three
sets

A= {(Zaj’k) 2i<n,j < m,k <1: ||Cijk(7) - Cmnzns('y)H > 5}’
Bs = {(Zajak) ) S n7j S mak S l: ||C1]k(7) - C(V)H Z 6}3
Ce = {(i7j7 k) ti=mn1 <n,j=ny < m,k=mng>1: ||Cn17127l3(’7) - C(’Y)H > E}’

where v € A.
Here A. C B.UC, and hence d35(A.) < d3(B.)+35(C.) = 0, since {(nmi } is statistically
convergent with respect to almost surely.

Hence the triple sequence {(n,mi} is a statistically Cauchy sequence with respect
to almost surely.

Conversely, let {(,mi} be statistically Cauchy with respect to almost surely. Then
d3(Ac) = 0.

Therefore, for the set

EE = {(7”]7k) o < ’ﬂ,j < mak < l: HC?/]k(rY) 7Cn1n2n3(7)|| < 6}3 RS A

for some event A such that M(A) = 1, we have d3(E.) = 1.
In particular we can write

1€e3k (V) = Cnamans (NI < 2[[Cise(v) = SOV <&, if [[Gigr(y) = CONII < % (14)

If possible let {Cnmi} is not statistically convergent triple sequence with respect to
almost surely. Then d3(B;) = 1.
Hence for the set

Fo={(,5,k) :i <nj <mok <1 |Gar(7) — (I < e

we have J3(F;) = 0.
Hence from equation 14, for the set

Gr={(,4.k) 1i<n,j <m,k <1 [1Gn () = Cranans (I < €},



132 B. DAS, B. C. TRIPATHY, AND P. DEBNATH

we have 03(Gy) = 0, which implies that d3(A:) = 1 and so it is not a statistically
Cauchy triple sequence with respect to almost surely. This is a contradiction to our
assumption. Hence, {(,m1} is statistically convergent with respect to almost surely
to (. O

The above results are true for mean, distribution and uniformly almost surely
also and the proofs are also easy as they can be established by following the above
techniques. So, we only put the statements only.

Theorem 4.3. A complex uncertain triple sequence {Cpmi} is statistically convergent
in mean if and only if {Cpmui} is statistically Cauchy in mean.

Theorem 4.4. A complex uncertain triple sequence {Cpmi} is statistically convergent
with respect to uniformly almost surely if and only if {Cumi} is statistically Cauchy
with respect to uniformly almost surely.

Theorem 4.5. A complex uncertain triple sequence {Cpmi} 18 statistically convergent
in distribution if and only if {Cami} is statistically Cauchy in distribution.

Finally, a necessary and sufficient condition for a complex uncertain triple sequence
to be statistically Cauchy is obtained by observing the results established earlier (with
respect to mean, measure, distribution, almost surely and uniformly almost surely).

Theorem 4.6. Let {(;jx} be a triple sequence of complex uncertain variables. Then
{Gijr} is statistically Cauchy in measure if and only if there exists a subsequence

{&pgr} of {Giji} such that
lim L{p <ma<mr <l M{|lger — <l 2 e} 2 8} =0,

n,m,l—oco
for every £,8 > 0, where ¢ is the limit to which the sequence {(;jx} statistically
converges in measure.

Proof. Combining the theorem 3.1 and theorem 4.1, the proof can be established. [

Theorem 4.7. A complex uncertain triple sequence {(;jx} is statistically Cauchy in
mean if and only if there exists a subsequence {&pqr} of {(ijr} converging statistically
in mean to the same limit ¢ that of {(i;r}, that is

lim  Lol{p < mog < mor < L: Blllgper — Clll > £} = 0, for every < > 0.

n,m,l—oo
Proof. Straightforward from theorem 3.3 and theorem 4.3 and hence omitted. (]

Theorem 4.8. The triple sequence {(;jr} of complex uncertain variables is statisti-
cally Cauchy in distribution if and only if there exists a subsequence {€pqr} of {Cijk}
such that
lim
n,m,l—o00

where z is the point at which ® is continuous.

ﬁ“z <n,j <mik <1 |[@pgr(2) — (2)[| > €} =0,
Proof. The proof is straightforward from theorem 3.2 and theorem 4.5. O

Theorem 4.9. A complex uncertain triple sequence {(;;x} is statistically Cauchy
with respect to almost surely if and only if there exists a subsequence {&pqr} of {Ciji}
converging statistically with respect to almost surely to the same limit as that of {jr}-

Proof. Observing theorem 3.4 and theorem 4.2, one can prove the result easily. O
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Theorem 4.10. A complex uncertain triple sequence {(;;i} s statistically Cauchy
with respect to uniformly almost surely if and only if there exists a subsequence {&pqr }
of {Cijr} converging statistically with respect to uniformly almost surely to the same
limit as that of {;ji}-

Proof. Obvious from theorem 3.5 and theorem 4.4. O

5. Conclusions

In this paper, we have characterized the concept of statistically convergent complex
uncertain triple sequence through mean, measure, distribution, almost surely and
uniformly almost surely. Several characterization of such sequences have been made.
We also initiate statistical Cauchy triple sequence of complex uncertain variables
and established interrelationship of it with statistically convergent complex uncertain
triple sequence.
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