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The complex-type Fibonacci p-Sequences

OMUR DEVECI, ANTHONY G. SHANNON, AND ERDAL KARADUMAN

ABSTRACT. In this paper, we define a new sequence which is called the complex-type Fibonacci
p-sequence and we obtain the generating matrix of this complex-type Fibonacci p-sequence.
‘We also derive the determinantal and the permanental representations. Then, using the roots
of the characteristic polynomial of the complex-type Fibonacci p-sequence, we produce the
Binet formula for this defined sequence. In addition, we give the combinatorial representations,
the generating function, the exponential representation and the sums of the complex-type
Fibonacci p-numbers.
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1. Introduction

In [20], Stakhov and Rozin gave a generalization of the Fibonacci numbers. The
generalization is called the Fibonacci p-numbers F), (n) that are given for any positive
integer p by the following relation

F,(n)=F,(n—1)+F,(n—p—1) forn>p

with the initial values F, (0) = 0, F, (1) = --- F, (p) = 1. If we take p = 1, then
F1 (n) = F,, which are the classical Fibonacci numbers.

The complex Fibonacci sequence {F} is defined [9] by a two-order recurrence
equation:

Ff=F,+iF,

for n > 0, where /—1 =i and F}, is the n** Fibonacci number (cf. [I, 10]).
Kalman [12] derived a number of closed-form formulas for the generalized sequence
and he used the companion matrix method as follows:
0 1 0 -~ 0 0
o o 1 - 0 0
o 0o 0 --- 0 0
Ay =
0o 0 0 -~ 0 1
L Co €1 C2 -+ Ckp—2 Cg—1 |
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Also, he showed that

ago G,
n aq Ap+1
Ak =
ag—1 Antk—1

The study of linear and recurrent sequences has been known for a long time and
miscellaneous properties of these sequences have been studied by some authors; see,
for example [0, 7, 8, 11, 13, 14, 15,16, 17, 18, 19, 21, 22, 23, 24]. Further, in [4] and [5],
the authors defined the new sequences using the quaternions and complex numbers
and then they gave miscellaneous properties. In this paper, we define the complex-
type Fibonacci p-sequence and we obtain the generating matrix of the complex-type
Fibonacci p-sequence. Also, we derive the determinantal and the permanental repre-
sentations by using certain matrices which are obtained from the generating matrix of
these numbers. Then, we produce the Binet formula for this defined sequence. Finally,
we give the combinatorial representations, the generating function, the exponential
representation and the sums of the complex-type Fibonacci p-numbers.

2. The complex-type Fibonacci p-sequences

Now, we define a new sequence called the complex-type Fibonacci p-sequence. The
recurrence relation of the complex-type Fibonacci p-sequence is

Fpi(ntp+1) =" F;(n+p)+i-Fy;(n) (1)

for any given p(p=2,3,...) and n > 0, with the initial conditions F, (0) = --- =
Fri(p—1)=0,F;,(p) =1and y~1=i.

By equation (1), we obtain the companion matrix of the complex-type Fibonacci
p-sequence as:

Pt o0 0 =
1 0o --- 0 0
oF | 0 1 0 0
p
00 L0 J sy,
and the nth power of the matrix C’f is
Fnitp)  iFpn) ikl e iF(nbp- 1)
Fyiln+p—1) iF;;(n—1) ik, (n) ce By (n4p—2)
(Cp ) = : : : :
F;,i*(n+1) ZF;,z‘*(”—p‘FU ZF;;z (n—p+2) - ' Z*F;,i (n)
Fp,i (’Il) ’LFp,i (n_p) ZFp,i (n_p+1) ZFp,i (n_ 1)

2)
for n > p. This companion matrix C’; is said to be the complex-type Fibonacci
p-matrix.

From the above matrix, we can easily obtain the following relationships between
the complex-type Fibonacci p-numbers and the Fibonacci p-numbers for n > 2p — 1
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such that every even p integer:

(¢P+1)"' Fp(n+1) (i"“ o (n—p 1) (1'1)“)"+2 Fp(n—p+2)
(ﬂH»l)"fl Fp (n) (iP+1)7L Fp (n —p) (1P+1)7L+1 Fp(n—p+1)

(e)" = : .

. —pt2 _ —p+3
Fpn-p+2) ()" TR (—2p+2) (#F)" TR (n-2p 4 3)
()" PR -p+n ()T R m—2pr ) (#7) T R (- 2p 1)

) n—p+1
Pl

l-p+12 n+p Fp (n)

(¢P+1)” Pl (n—1)

(ip+1)"“ F-,, (n—p+1)
(ip+1)“ Fp (n — p)

Now, we consider the permanental representations for the complex-type k-Fibonacci
numbers.

Definition 2.1. A u x v real matrix M = [m, ;] is called a contractible matrix in the
kth column (resp. row.) if the k" column (resp. row.) contains exactly two non-zero
entries.

Suppose that z1, xs, ...,z are row vectors of the matrix M. If M is contractible
in the &*® column such that m; x # 0,m;x # 0 and i # j, then the (u—1) x (v —1)
matrix M;;.;; is obtained from M by replacing the i*h row with m, kT + My px; and
deleting the j* row. The k" column is called the contraction in the k' column
relative to the " row and the j** row.

In [2], Brualdi and Gibson obtained that per (M) = per (N) if M is a real matrix
of order @ > 1 and N is a contraction of M. .

Let p > 2 be a positive integer and let G, . = {g,(ff’r)} be the 7 x r super-diagonal

matrix, defined by

p+ 1th
+
[+l 0 o -+ 0 i o -+ 0 0 0
1 Pt 0o --- 0 i 0 0 0
0 1 Pt 0 0 0
0 0 1 Pt 0 0 i 0
G,, = 0 0 0 1 Pt 0 i
0 0 0 0 1 Pt 0
0 0 0 0 0 0 1 Pt 0 0
0 0 0 0 0 0 0 1 Pt 0
| 0 0 0 0 0 0 0 0 1 Pt
for r >p+ 1.

Theorem 2.1. Forr>p+1andp > 2,
perGl, = Fy;(r+p).
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Proof. We prove this by induction on . Suppose that the equation holds for r > p+1.
Now, we consider r + 1. If we expand the perG,,, by the Laplace expansion of a
permanent with respect to the first row, then we obtain

i

perGl | = iptl -perG, . +1i-perG

pyr—p
Since perG, , = Fy,; (r+p) and perG,, ., = Fr, (r), it is clear that perG, ., =
Fy . (r+p+1). Thus the result of the theorem holds. O

Let r > p + 1 such that p > 2. Define the r x r matrix H} , = [h,(fp;i’r)} as shown:

Pl ifk=tand j=tfor1<t<r—-p-1

i ifk=tand j=t+pforl <t<r—p,
pPrior) ifk=t+1land j=tfor 1 <t<r—p-—2
k.j 1 and
ifk=tand j=tforr—p<t<r
0 otherwise.

Suppose that the 7 x r matrix K, = {kf@pj“)} is defined by

(r—p—1)th
1
1 1 0 - 0
1
K;,T = 0 H; r—1
0

Theorem 2.2. Let Fy, (n) be the nth element of a complex-type Fibonacci p-number.
Then
i.Forr>p+1,
perH;r =F,;(r—1).
1. Forr >p+4 2,

r—2
perK, , = Z Ey, (n).
n=0

Proof. We will use the induction method on r.
i. Now assume that perH, . = I, (r — 1) for r > p+1. We examine the case r+1.
If we expand the perHZi,J. by the Laplace expansion of a permanent with respect to

the first row, by the definition of the matrix H;,’T, we obtain
perH;T_,_1 =P+l 'perH;,, +1 'perH;T_p.

By our assumption and the recurrence relation of the complex-type Fibonacci p-
numbers,

perHZ,’T+1 =F,;(r)= PtL. F,r=1)+i-F,(r—p—1).

So the result holds.
it. If we expand the per K, . by the Laplace expansion of a permanent with respect
to the first row, then we write

i i i
perK, . =perK, , + H,,_;.
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Thus, by the results and an inductive argument, the proof is easily seen. O

Let the notation MoK denotes the Hadamard product of M and K. A matrix M is
called convertible if there is an nxn (1, —1)-matrix K such that perM = det (M o K).
Let 7 > p+ 2 and let L be the r x r matrix, defined by

11 1 - 1 1]
-1 1 1 - 1 1
1 -1 1 - 1 1
L= :
1 1 -1 1 1
1 11 -1 1|

Corollary 2.3. Forr > p+ 2,
det (G;’T o L) = F;i (r+p),
det (Hziw oL)=Fy,(r—1)

det Kz Z

Proof. Since perGY, . = det (G;J oL), perH} . = det (H} o
for r > p+ 2,, by Theorem 2.1 and Theorem 2.2, the results are 0bv1ous.

and

Now we give the Binet formulas for the complex-type Fibonacci p-numbers.

Lemma 2.4. The characteristic equation of the complex-type Fibonacci p-numbers
aPtl — P+l gP =0 does not have multiple roots for p > 2.

Proof. Let f (z) = 2P™t —P*1. 2P —i. Suppose that 6 is a multiple root of f (z) = 0.
Note that § # 0 and @ # 1. When 6 is a multiple root, f (6) = §PT1—iPT1.97 —j = 0 and
(@)= (@+1)0P— (! p)-6pP~1 = 0. Then f'(0) =0P"1 ((p+1)0— (" -p)) =
0. Thus, we obtain 0 = iz;:l'p. For p > 2, f(#) # 0, which is a contradiction.

Therefore, the equation f () = 0 does not have multiple roots. (]
Let f (z) be the characteristic polynomial of the matrix Cf . Then by Lemma, 2.4,
21,22, ..., %pt1 are distinct eigenvalues of matrix Cf. Define the (p+1) x (p+1)
Vandermonde matrix V? as follows:
(»’<71)p1 (22)p1 (Zp+1)p1
()" ()" o ()
VP — . . .
z1 V) . Zp+1
1 1 e 1
Let d} be (p+ 1) x (1)matrix
(Z1 )n+p+1—k

—k
(ZQ)TH-;!H—l
& =

()7

o L) and perK' . = det (Kfm o
O

L)



THE COMPLEX-TYPE FIBONACCI p-SEQUENCES 265

and V,f’j be the (p + 1) x (p + 1) matrix obtained from V? by replacing the j* column
of VP by d?.

Theorem 2.5. Let (Cf)n = {Cﬂf'n}, then

p
Fon _ det Vk,j
ki detVp

forn>pandp > 2.

Proof. Since the eigenvalues of the complex-type Fibonacci p-matrix C’f: are distinct,
Cf is diagonalizable. Let D, = diag (21, #2, ..., 2p+1), then we may write Cpr =
VPD,. Since the matrix V? is invertible, we obtain the equation (V7 ) CFve =D,
Then, Cf is similar to DP; so, (C]f)n VP =VP(D,)" . Hence we have the following
linear system of equations:

. ) _ . .
Cg’vfn (Zl)p—i—cgg’n(zl)lﬂ 1+...+c£}5f1 :(Zl)n+p+1 k

. i _1 : .
Cﬁ’fn(zz)p—i—cg}é’n(,zQ)p +..,+C£}IZ)7$1 _ (22)n+p+

F,p.n Fp.n

=8 F.p. -k
Ck,l (ZP+1)p + Ck’z (Zp+1)p + e+ Ck;,£+n1 — (Zp+1)7l D )

Then for each k,j =1,2,...,p+ 1, we conclude that

p
P _ det Vk’j
kg 7 detVr '

From this result we immediately deduce:

Corollary 2.6. Let F; (n) be the nth element of a complex-type Fibonacci p-number
for n > p such that p > 2, then

P
. (n) _ det ‘/;94-1,1
Lk det VP
and
det V",
i-det VP
det V3’5
1 -det VP
p
det V;%P-i-l
i-detVp’
Let U (uy,ug,...,Uy,) be a m X m companion matrix as follows:
Up U2 .. U,

1 0 0
U(ul,u2,...,um):
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Theorem 2.7. (Chen and Louck [3]) The (k, j) entry CI(an) (c1,c2,...,¢y) in the matriz
C" (c1,¢2,...,¢y) is given by the following formula:

kj+kj+1+--~+kmx(k1+~-~+km)ukl .

(n) _
Ck)‘(Ul,Ug,...,um)— k1+k2++km kl,...7km 1 Uy

J

(k1,k2,.. km)

where the summation is over nonnegative integers satisfying k1 + 2ks + - - - + mk,, =
n—=k+j, (k}ijzkm) = W is a multinomial coefficient, and the coefficients
in (3) are defined to be 1 if n =k — j.

Here we investigate a combinatorial representations for complex-type Fibonacci
p-numbers.

Corollary 2.8. i.
. R A TN T
rw- ¥ P () (i)t
ki, kpi1
(k1,k2, - kpt1)

where the summation is over nonnegative integers satisfying ki+2ka+- - -+(p + 1) kpy1 =

n—p.

I D D e A I RO

P sy P T R A R b b

1 Z ks +ka+- -+ Ekpa % (kl +"'+kp+1> (ip-&-l)kl (i)kpﬂ
ki + ko4 +kpp ki, .. kpt1

(k1,k2,..kpy1)

1 k ki 4+ 4+ k

= - E p+1 X < 1 + + p+1) (ip+1)k1 (i)kp+1
A ]{71+k2+~-'+k’p+1 kl,...,kp+1

(k1,k2,.. kpy1)

where the summation is over nonnegative integers satisfying t1+2ta+- - -+(p + 1) kpy1 =
n+1.

Proof. 1If we take m=p+1, k=p+1land j=1,forcasei.and k=a—1,j =«
such that 2 < o < p+ 1, for case 7. in Theorem2.7, then the proof is immediately
seen from (2). O

Now we will be concerned the exponential representation of the complex-type Fi-
bonacci p-numbers. Using direct calculation, we obtained the generating function of
Fy;(n) as shows:

Dyt zP
9" @) = Ty e

Theorem 2.9. An exponential representation of complex-type Fibonacci p-numbers
is given as follows:

_ z* k
g7 (z) = 2P exp (Z - (P! +iaP) > .
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Proof. Since
xp
n - -
1 —iptly — ggptl

= Ina? —In (1 — Py —iaPth)

Ingtt(z) = 1

and
1
—In(1—i"te —iPth) = — [—x (P + ixP) — 5952 (P + mp)2 — e
Lon o+l o oo\
——x (z —l—zm) — -,
n
It is clear that
D,t k
D (2 0 i),
Thus we have the conclusion. O

Let the sums of the complex-type Fibonacci p-numbers from 0 to n be denoted by
S, , that is,

k=0

and let M, be the following (p + 2) x (p + 2) matrix:

10 --- 0
1
F

M, = 0 Cp

0
If we use induction on n, then we obtain
1 0 0
Sn+p71

3. Conclusion

This paper has opened up properties of a new sequence, especially those which gen-
eralize well-known identities for the second-order sequences. In the last corollary 2.8,
reference was made to combinatorial representations for these complex-type Fibonacci
p-numbers. By way of conclusion for the interested reader, we note two avenues of
types of further related future development by analogy with ordinary Fibonacci num-
bers extended for the arbitrary order situations.
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