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Derivatives with respect to the perturbations of a domain

DANIELA INOAN

ABSTRACT. The paper studies the existence of derivatives (of Gateaux and Hadamard type)
with respect to the perturbations of the domain, for the solutions of a variational problem.
Such derivatives appear in shape sensitivity analysis. The method that we use is the mapping
method.
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1. Introduction

Variational problems which depend on a parameter have been studied in many

papers (see W. Alt and J. Kolumbén, [1], G. Kassay and J. Kolumbén, [4]). The
case studied in this paper is special: the parameter is the underlying domain of the
variational problem in discution. More precisely, we are interested in the behaviour
of the solutions at small perturbations of the domain. This is in fact the subject
of shape sensitivity analysis (see F. Murat and J. Simon [7], M.C. Delfour and J.-P.
Zolésio, [2] , J. Sokolowski and J.P. Zolesio, [9]).
In the first section, after a brief presentation of the mapping method (used in shape
optimization), we give a result (Theorem 2.1) concerning the stability of a variational
problem at small perturbations of the domain. The next section contains the main
results (Theorems 3.2 and 3.3) about the existence of Gateaux and Hadamard deriva-
tives of the solutions, with respect to the perturbations of the domain. Finally, we
give some conditions in which the above results can be applied.

2. Stability with respect to the perturbations of the domain

Consider a family of variational problems, depending on the parameter {2:
Find ug € H'() such that

/ Az, Vug(z))Vou(z)dx —|—/ a(z, ug(x))v(r)de =0, ¥V v € H(Q), (1)
Q Q

with © ¢ RY a bounded, open set, where A and a are functions with properties to
be mentioned later.

When the behavior of the solutions to (1) with respect to the perturbations of the
domain €2 is studied, one of the difficulties is that the space in which the solutions lie
(H'(9)), depends on the variable domain.

To overcome this, the mapping method, initiated in the 70’s by A-M. Micheletti, and,
in a different approach, by F. Murat and J. Simon [7], defines the admissible domains
as images of a fixed set through a class of transformations. We present some notions
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and properties of the mapping method following [7] (see also [8], [2]).
Let C be a fixed, bounded, open set in RY, with the boundary 0C of class W%,
1 > 1 and such that intC' = C. The following spaces are defined:

WESRMY = {¢| D% € L*(RM)Y,V a, 0< | < k}
Fhoo —{T: RN — RN | T is bijective and T — I, T~ — I € WE:(RM)N}
OF> = {Q|Q=T(C),T € F*>}
Ok consists of a set of bounded open sets. The norm on W (RM)¥ is:

I ko0 = ess sup (Y [D*T(2)[%)

o~ N
TERY o<lal<k

1/2

It can be proved (see [7]) that there exists a metric on O%> such that the space is
complete and ,, — Q in OF iff there exist T}, and T in F**° such that T,.(C) = Qy,
T(C)=Qand T, = T, T;! - T~!in Wk RNV,
Some important properties are given in the following:

Lemma 2.1. (a) If T € F*> and Q = T(C) then: u € L*(Q) (H*(Q)) if and only
ifuoT € L*(C) (HY(C)).

(b) Let k > 1, u € L2 RY) (oru e HY(RYN)). The mapping T +— uoT is continuous
from FF> to L2(RN) (or HY(RN)).

(c) Let k > 1. The mappings T — JT =t and T — detJT from F%>° to WE=1°(RN)
are continuous. (JT denotes the Jacobian matriz of T ).

(e) If Q, — Q in OF> then 1o, — lq in L*(RY) (1q is the characteristic function
for Q).

Using the notations above, let T € F*> such that Q = T(C). Making the trans-
form z = T(X) in (1), we get an equivalent problem on the fixed set C:

ur € H'(C) such that / A(T(X), JT™HX)Vur(X))JTHX)Vo(X)detJT(X)dX
C

+ / (T(X), ur (X))o(X)detJT(X)dX =0, ¥ v € H'(C),
C

(2)
with Uur = uq © T.
Defining the operator A : F*> x H(C) — (H'(C))* by
(A(T,u),v) = / A(T(X), JTHX)Vu(X))(JT HX)Vo(X))detJT(X)dX
c
+ / a(T(X),u(X))v(X)detJT(X)dX, ¥V v € H(CO) (3)
c

the variational problem can be written:
ur € H'(C) such that (A(T,ur),v) =0, Yo € H'(C), (4)

In this formulation, we can consider the family of variational problems (4) as depend-
ing on the parameter T'.
Consider the following hypotheses on the functions A and a:

(H1) A= (a1,...,an) witha; : RN xRN — R, a: RY xR — R having the properties:
(P1) a;(-,-), s =1,...,N and a(-, -) are measurable with respect to the first variable
and continuous with respect to the second one,

(P2) |a;(z,&)| < c(k(x)+|€[|n) ae. € RN, for all € € RN and |a(x,n)| < ¢ (k1 (x)+
In|) for all n € R, with ¢, c; positive constants and k, k1 functions in L?(D) (for any
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D a bounded and open set),

N
(P3) Zaj(x,f)fj > ll€]|3 — c3 and a(x,n)n > culn| — cs5, a.e. x € RN, for all
j=1
§eRY, neR,
N ~. ~ ~ ~
(P4) Z(aj(m>§) - aj(x7£))(£j - 5]) 2 71”5 - fH%\/? a.e. T € RN? for all £, € € RY
j=1

and (a(x,n) — a(z,7))(n —7) > y2|n — 7%, ae. z € RN, for all 7 € R.
(Hz) |a;(x, &) — a;(2,§)| < ¥(z, 2)([|¢llx + [I€lln) + o(x, 2)[[§ — &llv + o(x,2), for all
j=1,...,N, z,%,£ ¢ € RY; where ¥(-,-), ¢(-,-), o(-,-) are nonnegative functions
belonglng to C(R NXR YNL® (RN xRN) and o (z, &) = ¥(%, x), ¥(z,2) = o(z,r) =0
(Hs) |a(z,n) — a(@,0)| < x(x,2)(In| + |9]) + pu(z,Z)ln — 7|, where x has the same
properties like 1 and p has the same properties like ¢.

The hypotheses above inssure that, for each parameter T € F*°°, the problem (4)
has a unique solution.
Fix Ty € F*°° an initial parameter.
We proved in [5], in a more general setting, using some results about parametric
variational inequalities of G. Kassay and J. Kolumbén [4]:

Theorem 2.1. Suppose that (Hy)-(Hg) are satisfied. Let Ty € F*>° and ug € H'(C)
fized. If ug is a solution of the variational problem (4) for Ty, then this problem is
stable under perturbations, that is: there exists a neighborhood Wy of Ty and a mapping
u: Wy — HY(C) such that for each T € Wy, uw(T) = ur is a solution of (4) for T,
u(Ty) = uo and u is continuous at Tp.

3
£ e

In the following section we will also study the existence of Gateaux and Hadamard
derivatives for the function w(7). To this end, we will use some ideas from W. Alt
and J. Kolumban, [1].

3. Existence of derivatives with respect to the domain

Consider a variational problem of the type (4), with an arbitrary operator A :
Fhoo x HY(C) — (HY(C))*.

Tt — A(T{
For u € H'(C), we denote dA,(Ty,uo)(u) = 11{1}) AT, uo + ev) = ATo, uo)
€ 3
Gateaux derivative at the point ug, in the direction u, of the application u — A(Tp, u).

It takes place, similar to W. Alt and J. Kolumbén [1]:

Lemma 3.1. Let ug € H(C), Ty € F** and suppose that there exists a neighbor-
hood Uy of ug such that the application uw— A(Ty,u) is strongly monotone on Uy and
Gateauxr differentiable at ug. Then the operator d€ Ay, (Ty, ug) is invertible.

Proof. Let u € H*(C) be fixed. For ¢ > 0, sufficiently small, we have, from the defi-
nition of the Gateaux derivative in the direction u and from the strong monotonicity
.A(To, Ug + Eu) - .A(To, uo) U>

6 )

the

(dGAu(TO,uO)(u),u) = (dG.Au(TO,uo)(u) -

1
+ 6—2<A(T0,u0 + eu) — A(To, up), eu) > o(e) + alul|?,
with 1i<r(1J o(¢) =0 and o > 0. We get in this way that (d% A, (T, uo)(u),u) > alul?,
€

for every u € H*(C), and so u — d°A,(Tp,uo)(u) is invertible.
U
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As defined in the first section, F*> is the set of essentially bounded, with essen-
tially bounded derivatives, perturbations of the identity. According to F. Murat and
J. Simon [7], it takes place:

Theorem 3.1. If [|0]lyx. @y~ is sufficiently small, then I 4 6 belongs to F*°.

In view of this, consider 6y € W*>(RN)N and § € Wk >(RN)V  sufficiently small
such that Ty = I + 6y belongs to F¥>°. For a function f defined on F*> we define
the Gateaux derivative at Ty, in the direction 6:

J(To +€0) — f(To)

d% f(To)(0) = gl\f% 5 :

Theorem 3.2. Consider the variational problem (4). Suppose that the following
conditions take place:
(i) ug is a solution of the problem corresponding to the initial parameter Ty,
(i) A is consistent in T at (To,ugp),
(iii) the applications A(T,-) are uniformly strongly monotone, continuous from the
line segments of H(C) to (H(C))* with the weak topology, for every T € F*>° and
every u € H(O),
(iv) the application u — A(Ty, ) is Gateaux differentiable at the point ug, there exists
a ball B((Ty,uo),r) such that for every (T,u) from that ball there exists the Gateaux
derivative d% A, (T, u)(w), for every w € H*(C),
(v) for every w € H'(C), the application (T,u) — d°A,(T,u)(w) is continuous at
(TOa ’LL()), N
(vi) for a direction € W (RN)N there erxists the Gateauz derivative

A(TO + 80, UO) — .A(To, ’LLO)

d% Ar(To, uo) (0) = ;1{% . :

Then, the variational problem (4) is stable with respect to the perturbations of the
domain and there exists the Gateauzr derivative dSu(Ty)(0) of the function u (as a
function of the parameter T, see Theorem 2.1 ), and is given by:

d%u(Ty)(0) = —d€ Au(To, uo) ™ H(dC Ar(To, uo ) (0)).

Proof. We use the ideea of the proof from [1]. Lemma 3.1 assures the inversability of
the application w — d% A, (Tp, ug)(w), so we can define

i = —d® Ay (T, uo) " (d Ar (T, uo) ().

We will show that this is the Gateaux derivative of u at Tp, in the direction 6.
From the strong monotonicity we have:

allu(Ty + €6) — u(Ty) — <@l
< (A(Tp + €0, w(Ty + 0)) — A(To + €0, ug + eit), u(Ty + €0) — ug — £it).
From (A(Tp + 6, u(Ty + £6)),v) = 0 for every v € H'(C) we get
|u(To + €6) — u(Ty) — eit]| < o Y| A(Ty + 6, u(Tp) + )|
The proof will be complete if we show that:
| A(To + €0, u(Ty) + )| = o(e),

for € sufficiently small.
From (vi) we have

A(TO + 8@, UO) — A(To,’do) — dGAT(To,uO)(Eé) = 01(8)6,
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where lim ||o1(¢)|| = 0.
eN\.0
Define the function g : [0,¢] — (H'(C))* by
9(s) = A(To + €0, ug + s) = A(To + &0, uo) — d“ Au (T, up) ().
From (iv), g is differentiable at the right, with
gy (s) = d€ A (T + €0, ug + si)(@) — d% Ay, (Ty, uo) ().
By (v), /. (5)] < 02(5). with lin oa() = .
€
Further on, from the Mean value Theorem, this implies:

gl = llg(e) = g(O)II < sup |Igi(s)]le < o2(e)e.

s€0,¢e]

From d% A, (Ty,uo)(ett) = —dGAT(TO,uO)(Eé) and from (A(Tp,ug),v) = 0, for every
v € HY(C), follows

JA(To + €0, u(Ty) + )| (1 (cy- = sup  (A(To + 6, ug + £ii), v)

veHY(C)
lloll<1
= sup {(A(Tp+ 0, ug + et) — A(To + €6, ug) — d€ Ay (T, uo) (eit), v)
veH(C)
lloll<1

+ <A(T0 + Eé, UO) — A(To, UO) — dG.AT(To, Uo)(&'é), 11)}
< (02(e) + [lov(e)[))e = ofe).
which concludes the proof. O

A similar result takes place for the Hadamard derivative with respect to the pa-
rameter T

Theorem 3.3. If, for the variational problem (4) the conditions (i)-(v) from Theorem
3.2 are satisfied and moreover:

(vi)r for a direction 6 there exists the Hadamard derivative

A(To + 0, u0) — A(To, uo)

dHAT(T07u0)(§) = 611\% c )

60—6

then there exists the Hadamard derwative d"u(Ty)(0) and is given by the formula

dHU(TQ)(é) = _dGAu(TO, ’u,o)_1 (dH.AT(TQ, 'U/Q)(é)) (5)

3.1. Conditions that assure the existence of the Hadamard derivative. We
state in what follows some supplementary hypotheses on the functions a : R¥ xR — R
and A = (ay,...,ax) : R¥N xRY — RY which will imply the conditions from Theorem
3.3 and will permit applying this theorem to the problem (4), with the operator A
given by (3), that is problem (2):

(Hy) a(z, ) is differentiable with respect to the second variable and |82a(:v7 n)| < My,
n

for every n € R, z € RY,

(Hs) for every i = 1,..., N, the function a;(z, -) is partially differentiable with respect
to each §; , with continuous partial derivatives and |Vea;(x,&)||n < My, for every
£z eRN,

o d
He) |— — a3, 7)| < Ms||z — M
( e)lana(x,n) ana(x,n)l_ 3| — 2| N + Ma,
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IVeai(z,€) — Veai(#,€)||n < Msil| — 2||x + Ms, for every z,%,6,6 € RN,
7,1 €R,
(H7) a(-,n) and a;(-,&), i = 1,..., N are partially differentiable with respect to each
0
x;, with continuous partial derivatives and: |a—a(337 n)| < My,
Ly

| 3ai
(%zj
(Hg) the functions & and k; from the hypothesis (P2) belong to the space L.

(m,§)| < Ms;j, for every x,& € RN, n e R,

Theorem 3.4. Consider the variational problem (4):
ur € H(C) such that (A(T,ur),v) =0 Yo € H(O)

where A : F&%° x HY(C) — (H*(C))* is given by (3).

If the hypotheses (Hy) — (Hg) are satisfied, then there exists the Hadamard derivative
for the solution w of the variational problem (as a function of the parameter T), at
Ty, in the direction 6.

The proof is technical, it uses the properties of the Gateaux and Hadamard deriva-
tives, the Theorem of dominated convergence and the hypotheses (Hy) — (Hg).

Remark 3.1. The formula (5) can be also written in the form:
—d%Ay(To, uo)(d"u(To) () = d" Az (To, uo)(6). (6)

Remark 3.2. In many applications the initial parameter Ty is the identity 1. We
have then:

N
(dGAu(I,uo)(w),v> = Z/CV5ai(X, Vug(X))Vw(X)(Vu(X))dX

0
+ /c a—na(X, uo(X))w(X)v(X)dX

N
(d™ Ap(I,u0)(0), 0) :Z/Cai(X, Vuo(X))(Vo(X))str(J0(X))dX
. =1 )
+ZlﬂQNWMMJmmwme

N ~
3 [ 190X, Vo (X))
— Veai (X, Vuo(X))(J0'(X)Vuo (X)) (Vu(X))idX
- /C a(X, uo(X))v(X)tr(JO(X))dX + /C Vaa(X, Vu(X))0(X)v(X)dX.

In what follows we will write explicitly the formula (6) for an example of linear
variational problem, also studied in J.Sokolowski and J.P. Zolésio [9].

Example 3.1. Consider the problem

/ BVu(x)Vv(:v)der/ bu(z)v(z)dr =0 Yo e HY(Q), (7)
Q Q
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N N
where B is a matriz with Z Zbikfk& > all€||%, with a > 0 constant and b noneg-
i=1 k=1
N
ative. We identify A(x,&) = BE, so a; = szkfk and a(x,n) = bn, which satisfies
k=1

(H1) — (Hs). _ _
Denoting the Hadamard derivative of u, at I, in the direction 0: @ = d¥u(I)(9), the
formula (6) becomes:

- / BV#(X)Vo(X)dX — / bii(X )o(X)dX
C C

= / BVuy(X)Vo(X)divd(X)dX — / BVuy(X)(JO(X)Vo(X))dX

/bJ9 X)Vuo(X))Vo(X /buo X)dinf(X)dX,

for each v € HY(C).

Taking B = I, and b = 0, we can find the Hadamard derivative of u in a direction
V(0) € WF (RN V(0)(X) being "the initial speed of the particle X 7 (see also [9],
pg.105.):

_ / Vi(X)Vo(X)dX = / Vo (X)Vo(X)dioV (0)dX
C C
_ / IV (0)(X) + JV(0)(X)] Vo (X) V(X )dX
C

Appendix. Let H be a reflexive Banach space, H* its dual, W a topological space.
A map S: W x H— H* is called consistent in w at (wo,xo) if, for each 0 < r < 1,
there exists a neighborhood W, of wq, a function 3 : W,, — R, continuous at wq, with
B(wp) = 0, such that for each w € W,., there exists y,, € H such that ||y, —zo|| < S(w)
and

(S(w,yw), 2 = yu) + Bw)[lz = yul =0,
for each z € H, with r < ||z — yy || < 2.
The maps S(w,-) : H — H* are called uniformly strongly monotone on Wy C W if
there exists a positive constant « such that for all w € Wy and =,y € H, x # y, we
have

(S(w,z) — S(w,y),z —y) > af|z — y||*.
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