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Weigthed elliptic equation of Kirchhoff type with exponential
non linear growth

RACHED JAIDANE

ABSTRACT. This work is concerned with the existence of a positive ground state solution for
the following non local weighted problem

Liovyy = f(z,u) inB
u > 0 in B
u = 0 on 0B,

where

Lo, vyu:= g(L (U(I)\Vu|N + V(m)\u|N)da:) [ - div(a(x)|Vu|N_2Vu) + V(:L")|u|N_2u},

. . ¢ RN _ e \\BV-1) .
B is the unit ball of RN, N > 2, o(z) = (log(m)> , B € [0,1) the singular log-
arithm weight , V(x) is a positif continuous potential. The Kirchhoff function g is positive
and continuous on (0,+o00). The nonlinearities are critical or subcritical growth in view of
Trudinger-Moser inequalities of exponential type. We prove the existence of a positive ground
state solution by using Mountain Pass theorem . In the critical case, the Euler-Lagrange func-

tion loses compactness except for a certain level. We dodge this problem by using adapted
test functions to identify this level of compactness.
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1. Introduction

In this paper we study the following non local weighted problem

L(O’,V) = f(I,U) in B
u > 0 in B (1)
u = 0 on 0B,

where
Livy = g(/B(U(x)|Vu|N + V() |uN)dz) [- div(o(z)|Vu|N 72Vu) + V(ac)|u|N_2u]7

B is the unit ball of RY, N > 2 . f(x;t) is continuous in B x R and behaves like

N
N-—1)(1-8 . .. .
eat™ V0 a5t — 400, for some o > 0 and V : B —» R is a positive continuous

function satisfying some conditions. The weight o(x) is given by

e \B(N-1)
)L Bel) (2)

o(z) = (log()
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The Kirchhoff function g is a continuous positive on (0, +00), satisfying some mild
conditions.
We give an historical survey of Kirchhoff’s work. In 1883 Kirchhoff [24] studied the
following parabolic problem

321& PO

82u
e 2
nom — 2L ‘ |

The last equation is an extension of the Dalembert wave equation, by including the
effects of changes in string length during vibration. The parameters in equation (3)
have the following meanings: L is the length of the string, h is the area of cross-
section, E is the Young modulus of the material, ;1 is the mass density and P, is the
initial tension.

These kinds of problems have physical motivations. Indeed, the Kirchhoff operator
m(( [ |Vu|?dz))Au (m is a kirchhoff function) also appears in the nonlinear vibration
equation namely

%ifj —m( [ |Vul?dz)div(Vu) f(z,u) in  Bx(0,T)

u > 0 in Bx(0,7)

u = 0 on OB (4)
u(z,0) = wg(x) in B
(2,00 = ui(z) in B,

which have focused the attention of several researchers, mainly as a result of the
work of Lions [27]. We mention that non-local problems also arise in other areas,
e.g. biological systems where the function u describes a process that depends on the
average of itself ( for example, population density), see e.g. [3, 4] and its references.
In the non weighted case ie when o(z) = 1,V (z) = 0 and when N = 2, problem (1)
can be seen as a stationary version of the evolution problem (4). For instance, in
(1) if we set o(z) = 1,N = 2 and g(¢) = 1, then we find the classical Schrodinger
equation —Au+ V(x)u = f(z,u).

Also, if we take o(x) = 1, N = 2, V(z) = 0 and g(t) = a + bt, with a,b > 0, we
find Kirchhoff’s classical equation which has been extensively studied. We refer to
the work of Chipot [17, 18], Corréa et al [24] and their references.

We point out that recently, in the case g(t) = 1, V(z) =0, N = 2 and § = 1 the
following problem

—div(w(x)Vu) = g(z,u) in B
u > 0 in B;
u = 0 on OBi,

where Bj is the unit disk of R?, w(x) = log(ﬁ) and the nonlinearity g behaves like

exp{eo‘t2} as t — 400, for some o > 0, was studied in [13].

In order to motivate our study, we begin by giving a brief survey on Trudinger-Moser
inequalities. Since 1970, when Moser gave the famous result on the Trudinger-Moser
inequality, many applications have taken place such as in the theory of conformal
deformation on collectors, the study of the prescribed Gauss curvature and the mean
field equations. After that, a logarithmic Trudinger-Moser inequality was used in
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crucial way in [20] to study the Liouville equation of the form
—Au = /\W in Q (5)
u = 0 on 0,

where  is an open domain of RV, N > 2 and ) a positive parameter.

The equation (5) has a long history and has been derived in the study of multiple
condensate solution in the Chern-Simons-Higgs theory [29, 30] and also, it appeared
in the study of Euler Flow [8, 9, 15, 23].

Later, the Trudinger-Moser inequality was improved to a weighted inequalities
[1, 10, 11, 14]. The influence of the weight in the Sobolev norm was studied as the
compact embedding in [25].

When the weight is of logarithmic type, Calanchi and Ruf [12] extend the Trudinger-
Moser inequality and give some applications when N = 2 and for prescribed nonlin-

earities. After that, Calanchi et al. [13] consider a more general nonlinearities and
prove the existence of radial solutions.
We should also refer to the interesting work of Figueiredo and Severo [22] which they

studied the following problem

—m( [5|Vu]?dz)Au = f(z,u) in Q
u > 0 in Q
u = 0 on 0L,

where () is a smooth bounded domain in R?, the nonlinearity f behaves like exp(at?)
as t — 400, for some a > 0. m : (0,400) — (0,400) is a continuous function satis-
fying some conditions. The authors proved that this problem has a positive ground
state solution. The existence result was proved by combining minimax techniques
and Trudinger-Moser inequality.

It should be noted that recently , the following nonhomogeneous Kirchhoff-Schrédinger
equation

{ —M(fgz [Vul? + V(j2))u?dz)(—Lu+ V(jz)u) = Qx)g(u) + eh(w),
u(z) = 0 as || = +o0,

has been studied in [2], where ¢ is a positive parameter, M : RT — R* V,Q :
(0, +00) — R, are continuous functions satisfying some mild conditions. The nonlin-
earity g : R — R is continuous and behaves like exp(at?) as t — +oo, for some a > 0.
The authors proved the existence of at least two weak solutions for this equation by
combining the Mountain Pass Theorem and Ekeland’s Variational Principle.
Inspired by the works cited above, we investigate our problem in adapted weighted
Sobolev space setting. We use Trudinger-Moser inequality to study and prove the
existence of solutions to (1).
In literature, more attention has been accorded to the subspace of radial functions

WEN (Bo) = cl{u € C550a(Q); / o ()| V¥ de < oo},
Q

endowed with the norm

2|~

lul|v,o = (/Qa(fr)\Vu|N dgc)
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So, we are motivated by the following double exponential inequality proved in [11],
which is an improvement of the Trudinger-Moser inequality in a weighted Sobolev
space.

Theorem 1.1. [11] Let 8 €[0,1) and let o given by (2), then
s N N’
| d 1,N . . - -
e z < +oo, Vue€ Wy, .(B,o), if and only if s <ynpg = =
/B oraa(:0) MO NS - ) 18

and

1
swp [ < oo a Zayy = NRID -8 (1)
(B,o)”B

1,N
ueWy' o a

llulln,o <1

where wy_1 is the area of the unit sphere SV =1 in RN and N’ is the Holder conjugate
of N.

The major difficulty in this problem lies in the concurrence between the growths
of g and f. To avoid this difficulty, many authors usually assume that g is increasing
or bounded.(see[3, 4, 22]).

Let us now state our results.
We impose the following conditions for the Kirchhoff function g. So, we define the
function

G(t) = / o(s)ds,

where the function g is continuous on R and verifies :
(G1): There exists go > 0 sucht that g(t) > go for all ¢ > 0 and

G(t+s)>G(t)+G(s) Vs, t>0;
(G2): There exists constants a1, as > 0 and ¢; > 0 such that for some 6 € R,
g(t) < a1+ ast®, Vt > ty;

g(t)

(G3): == is nonincreasing for ¢ > 0.

As a consequence of (G3), a simple calculation shows that
1 1
NG(t) - ﬁg(t)t is nondecreasing for t > 0.

Consequently, one has

1 1

—G((t) — =——=g(t)t >0, vVt > 0. 8

SO~ o)t > 0, Vi > 0
A typical example of a function g fulfilling the conditions (G1), (G2) and (Gs) is given
by

g(t) =90 + at 9o, a > 0.

Another example is given by g(¢t) =1+ In(1 + t).
Let v :=7yng = m = % In view of inequalities (5) and (6), we say that f
has subcritical growth at 4o0 if

L @)

s—+oo  eas?

=0, for all a such that ang > a >0 (9)
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and f has critical growth at +oo if there exists some 0 < ag < an g,

lim |f(;5)] =0, Vasuch that ap < o < aygand lim |/, 5)]

s—+oo  exs? s—+oo eos?

= +o00, Va < ag.

(10)

For this paper, we hypothesize that the nonlinearity f(x,t) verifies the following

assumptions.

(A1) The non-linearity f : BxR — R is positive, continuous, radial in z, and f(z,t) =
0 for t < 0.

(A2) There exist tp > 0 and My > 0 such that for all ¢ > ¢ and for all z € B we have

0< F(x,t) < Myf(z,t),

where

F(x,t):/o f(x, s)ds.

t
(As3) For each z € B, {2(1?_1) is increasing for t > 0.
(As)
an.s VY (1 — BYN-1 N(N=1)(1-8)
lim flz,t)t > o uniformly in x, with 9 > i( o) )A=5)

0 eaot! AN D)

The condition (Az) implies that for any € > 0, there exists a real t. > 0 such that
F(z,t) <etf(z,t), V|t| > te, uniformly in z € B. (11)

Also, we have that the condition (A43) leads to

IR

t—0 tf

=0foral 0 <6 <2N —1. (12)

The asymptotic condition (A4) would be crucial to identify the minimax level of the
energy associated to the problem (1).

An example of such non-linearity, is given by f(t) = F'(t), with F'(t) = t;]i,viz et

where 7 > 2N. A simple calculation shows that f verifies the conditions (A1), (As2),
(A3) and (A4y).
The potential V' is continuous on B and verifies

(Vi): V(z) > Vo > 0 in B for some Vi > 0. As a consequence we have that the

function v belongs to L~ (B).
To study the solvability of the problem (1), consider the space

W={uce W&md | / V(x)|u|Ndac < 400},
B

endowed with the norm

1

| = (/Ba(xwuwdx+/BV(x)|u|Ndx)N.

We say that u is a solution to the problem (1), if u is a weak solution in the following
sense.
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Definition 1.1. A function u is called a solution to (1) if u € W and

g(Jlull™) [/ (o(2)|VulN 2 Vu Ve+V[ulN 2up) dz] = / f(z,u) pdz, for all p € W.
B B

It is clear that finding weak solutions of the problem (1) is equivalent to finding
nonzero critical points of the following functional on W:

£ = 5 6llul) = [ F.ude. (13)

u

where F(z,u) :/ Sz, t)dt.

0
In order to find critical points of the functional £ associated with (1), one generally
applies the mountain pass given by Ambrosetti and Robinowitz, see [5].

Definition 1.2. A solution u is a ground state solution of the problem (1), if u is a
solution and

E(u) =r, with r = 1225(11) where S = {u € W : &'(u) =0,u # 0},  (14)

and
E'(u)p = g(||un|\N)/ (w(x) |Vu|N*2Vu Vgo) dx —/ flz,u) pde, p € W-
B B

We start by the first result. In the subcritical exponential growth, we have the
following result.

Theorem 1.2. Let f(x,t) a funtion satisfying (11), (A1), (A2) and (Asz). In ad-
dition, suppose that (G1), (G2), (Gs) and (V1) hold, then problem (1) has a positive
ground state solution.

In the context of the critical exponential growth, the study of the problem (1)
becomes more difficult than in the subcritical case. Our Euler-Lagrange function is
losing compactness at a certain level. To overcame this lack of compactness, we choose
test functions, which are extremal for the Trudinger-Moser inequality (7). Our result
is as follows :

Theorem 1.3. Assume that f(z,t) satisfies (12) and the conditions (A1), (Az), (As)
and (Ag). If in addition(G1), (G2), (G3) and (V1) are satisfied, then the problem (1)
has a positive ground state solution.

To the best of our knowledge, the present papers results have not been covered yet
in the literature.

This paper is organized as follows. In Section 2, we present some necessary pre-
liminary knowledge about functional space. In section 3, we give some useful lemmas
for the compactness analysis. In section 4, we prove that the energy £ satisfies the
two geometric properties. Section 5 is devoted to estimate the minimax level of the
energy. Finally, we conclude with the proofs of the main results in section 6.
Through this paper, the constant C' may change from line to another and we some-
times index the constants in order to show how they change.
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2. Weighted Lebesgue and Sobolev spaces setting

Let Q C RNV, N > 2, be a bounded domain in RY and let 0 € L'(£2) be a nonnegative
function. Following Drabek et al. and Kufner in [19, 25], the weighted Lebesgue space
LP(§2,0) is defined as follows:

LP(Q,0) = {u: Q — R measurable; / o(z)|ul? dz < oo},
)

for any real number 1 < p < co.
This is a normed vector space equipped with the norm

o= ([ ol ar)”

and for o(z) = 1, we find the standard Lebesgue space LP(f2) and its norm

[ u

foll = [ Iul )"

In [19], the corresponding weighted Sobolev space was defined as
WLP(Q,0) = {u € LP(Q); Vu € LP(Q,0)}
and equipped with the norm defined on W1?(Q) by

1

[ullwe@.0y = (lullp + 1Vulp ;) (15)

LP(Q,0) and W1P(Q, o) are separable, reflexive Banach spaces provided that o (z) T e
Llloc (Q) *

Furthemore, if o(z) € L}, (), then C§°(2) is a subset of W1P(Q, o) and we can

loc

introduce the space W, *(§2, o) as the closure of C§°(2) in W'(Q, o).
The space WyP(,0) is equipped with the following norm,

1
ooty = (/ o(@)|Vul dr)” (16)
Q
which is equivalent to the one given by (15).

Also, we will use the space W™ (2, o), which is the closure of C§°(2) in WV (Q, 0),
equipped with the norm

g @) = ([ o@Ivul® ao)

Let s the real such that

2|~

s € (1,400) and 0% € L}(Q). (17)

The last condition gives important embedding of the space W1V (€, o) into usual
Lebesgue spaces without weight. More precisely, following [19] we have

WhN(Q, o) — LY (Q) with compact injection (18)

and

WEN(Q, ) — LNT1(Q) with compact injection for 0 <n < N(s — 1),
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provided
o~% € L'(Q) with s € (1, +00).
Let the subspace

Woka(B,0) = cl{u € syl [ o@)Val di < o),
Q

. L\ AW-1)
with o(z) = <log( B )) . Then the space

W= {ue W (B |/ (@)u[Vdz < +oo},

is a Banach and reflexive space provided (V1) is satisfied. W is endowed with the
norm

|ﬂ(LﬂMWﬂM+LV@MWO§,

which is equivalent to the following norm
%
— N
lullwyx (5.o) = (/Qa(x)\vm dx) .
3. Preliminary for the compactness analysis

In this section, we will present a number of technical lemmas for our future use. We
begin by the radial lemma.

Lemma 3.1. Assume that V is continuous and verifies (V1 ).
(i) [11] Let u be a radially symmetric C§ function on the unit ball B. Then we have

1-8
|log(|=[)| 5
u(@)] € ——————llullyp~
wi_q (1= B)» ’

where wy_1 1s the area of the unit sphere Sy_1 € RY.
(ii) There exists a positive contant C' such that for all w € W

[ Vial¥ao < ¥
B

1
and then the norms ||.|| and ||. ||W1 Q) = (fQ z)|V.|¥ dm) ™ are equivalents.
(iii) The following embedding is continuous
E — LY(B) for all ¢ > 1.
(iv) W is compactly embedded in L1(B) for all ¢ > 1.
Proof. See [11] for the proof.
(#9) From (i) we have for all u € W,
m
ViaVde < s [ g ol 7Y Vg
/ whNH(1 - B)N- Wo, B
<

- IIUHN < Clull™

m
N1 =N
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where m = max V(x), then (i7) follows.
z€B
(#i1) From (¢) and (i¢), we have that the following embedding are continuous

W < W 0q(B) < LY(B) Vg > N.
We have by the Holder inequality

1 N-1 1 1 N-1
d g/ —dz) /V Nd Ng/ —dx)
[tudde < ([ —ao)™ ([ vigant < ([ —an)

For any 1 < 8 < N, there holds
dz) 7 | + — Y.
1 Vo

1
[ o< [ (ul+ e < ([ —
B B B V¥~-1

Thus we get the continuous embedding W — L%(B) for all ¢ > 1.

(iv) The above embedding is also compact. Indeed, let ux, C W be a sequence such
that ||ug|| < C for all k. Then ||uk||W017md < C for all k. On the other hand, we have
the following compact embedding[19] W&md — L9 for all g such that 1 < ¢ < Ns,
with s > 1, then up to a subsequence, there exists some u € W&md, such that wuyg
convergent to u strongly in L%(B) for all ¢ such that 1 < ¢ < Ns. Without loss of
generality, we may assume that

Uk —u  weakly in W
ur ~—u  strongly in L'(B) (19)
ug(z) — u(z) almost everywhere in B.

For ¢ > 1, it follows from (19) and the continuous embedding W — LP(B) (p > 1)

that
/ lug — ulfdz = / |ug — u|%|uk - u|q7%d:r
B B ) )
< (/ lug, — u|da:)§(/ lug, — u|*? dz)®
B B
< C(/ lur, — uldz)? — 0.
B
This concludes the lemma. O

Next, an important lemma.

Lemma 3.2. [21] Let Q@ C RY be a bounded domain and f : Q x R a continuous

function. Let {u,}, be a sequence in L*(Q)) converging to u in L*()). Assume that
f(x,u,) and f(z,u) are also in L*(Q). If

/ (s un)unlda < C,
Q

where C' is a positive constant, then
fz,un) = f(x,u) in LY(Q).
In an attempt to prove a compactness condition for the energy £, we need a lions

type result [28] about an improved Trudinger-Moser inequality when we deal with
weakly convergent sequences and double exponential case.
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Lemma 3.3. Let {uy}r be a sequence in W. Suppose that ||ug| =1, up, — u weakly
in W, ug(x) = u(z) a.e x € B, Vug(z) = Vu(z) a.e z € B and u 0. Then

sup/ el onaluel” do < 4 oo
k JB

for all 1 < p < U where U is given by:

1
v={ Gopmr TS
too | iffuf =1
Proof. For a, b € R, ¢ > 1. If ¢’ its conjugate i.e. % + % = 1 we have, by young
inequality, that
ea+b S leqa + l/eq'b.
q q
Also, we have
1
14+a)¥<(1I+e)a?+(1—-—)"9 Va>0,Ve>0Vg>1.  (20)
(1+¢e)aTt

So, we get
lug —u+ ul?
(luk — ul + [u])?

1—
(1+€)|Uk —U|’Y+ (1— ﬁ) ’Y|U,"Y.

|ug |7

ININ I

which implies that

/ op anshul? gy < }/ P x5 (14e)|ux—ul” g,
B q9.J/B

1 pd" ang(lm——tg—)' " u|”
+ =/ e (a+e)7 -1 dx,
4 /B

for any p > 1.
From (6), the last integral is finite. To complete the proof we have to prove that for
every p such that 1 <p < U,

sup/ P o (Felue—ul" gy o 4 oo, (21)
k JB
for some € > 0 and ¢ > 1.
In the following, we suppose that |lu|| < 1, and in the case of |Ju| = 1, the proof is
similar.
When
lJull <1
and
1
p<

(1= ful™)~
So, there exists v > 0 such that

p(1 = [[ull™)¥ (1 +v) < 1.
On the other hand, by Brezis-Lieb’s lemma [7] we have

Nup — || = [Jur]|¥ — [|Jul|N 4+ o(1) where o(1) — 0 as k — 4oo0.
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Then,
g = u| ¥ =1~ [ul|Y + o(1),
hence,
li —ul” =1 = |u|M)¥.
Jim =l = (1= [Ju]¥)
Therefore, for every € > 0, there exists k. > 1 such that
= ull” < (L+e)(1 = [lu| )™, V k> k..
If we take ¢ =1+ ¢ with e = v/1 + v — 1, then Vk > k., we have
pq(l + &) |lug —ul]” < 1.

Consequently,

Up—u

\ |
/ eP4 QN,B(1+5)‘uk_u|wd$ < /e(1+5)pq aN'B(m)WHuk_uHde
B

el
< /Bew’ﬁ('“:u)wdx
B

< sup /eo‘Nvﬁlu‘wdx<+oo.
lull<1J/B

Therefore, (21) hold and the lemma is proved. O

4. The mountain pass geometry of the energy

Since the nonlinearity f is critical or subcritical at +oo, there exist a, C' > 0 positive
constants and there exists to > 1 such for that

|flz,t)] < Ce® ) Y |t] > ty. (22)

So the functional £ given by (13) is well defined and of class C*.

In order to prove the existence of a ground state solution to the problem (1), we will
prove the existence of nonzero critical point of the functional £ by using the theorem
introduced by Ambrosetti and Rabionowitz in [5] (Mountain Pass Theorem) without
the Palais-Smale condition.

Theorem 4.1. [5] Let E be a Banach space and J: E — R a C! functional satisfying
J(0) = 0. Suppose that there ezist p, Bo > 0 and e € E with |le|| > p such that

inf J(u) > Bo and J(e) < 0.

luli=p
Then there is a sequence (uyp) C E such
J(un) — ¢ and J' (u,) — 0,

where

¢:= inf t)) > B
¢ ;relrtgl[gﬁ]J(v( )) = Bo

and
I':={y e C([0,1], E) such that v(0) =0 and ~(1) =e}.

The number ¢ is called mountain pass level or minimax level of the functional J.
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Before starting the proof of the geometric properties for the functional £, it follows
from the continuous embedding W — L?(B) for all ¢ > 1, that there exists a constant
C > 0 such that ||u||ng < cflu|, for all u € W.

In the next Lemmas, we prove that the functional £ has the mountain pass geom-
etry of the theorem 4.1.

Lemma 4.2. Suppose that f has critical growth at +00. In addition if (A1), (As) (G1)
and (V1) hold, then, there exist p, o > 0 such that J(u) > Bo for all u € W with

[[ull = p.
Proof. Tt follows from (9) that there exists dg > 0

F(x,t) < elt|N, for |t| < d. (23)
From (As) and (22), for all ¢ > N , there exist a positive constant C' > 0 such that
F(z,t) < Clt|%e* T, ¥ [t| > 0;. (24)

Using (23), (24) and the continuity of F, we get for all ¢ > N ,
F(z,t) < et|N +CJt|7er ¥, for all t € R. (25)

Since
L N
£w) = = G(u™) ~ [ Pla,uydz,
B
we get from (G7) and (25)
Eu) > L ul¥ —e/ uNdx — c/ luf2ee 1 g
N B B

From the Hélder inequality, we obtain

1

£w) = Rull¥ — ¢ [ ful¥de = ([ N dn) ul,
N B B a
From the Theorem 1.1, if we choose u € W such that
allul < axs. (20

/ e v dg = / e’ H“”W(H)W)dm < +00.
B B

On the other hand |u||n/q < Cillu| , so

we get

g g _
E(u) 2 NOHUIIN = eCul|ul|¥ = Cllul|? = IIUHN(N0 — €0y = Cllu] ™),

2=
o

=]
(oW

for all u € W satisfying (26). Since N < g, we can choose p = [ul < (252)
for fixed € such that QNO — eC7 > 0, there exists

By = pN(gT\(; —€Cy — Cp?™N) >0 with E(u) > By > 0.
O

By the following Lemma, we prove the second geometric property for the functional
E.
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Lemma 4.3. Suppose that (A1), (A2), (V1) and (G2) hold. Then there exists e € W
with E(e) < 0 and |le]| = p.

Proof. From the condition (Gsg), for all ¢ > ¢, we have that

ag + a1t + 22 ot f 6# -1
< 0+1
G(t) - { bo +ait +agInt if §=-1, (27)
t1 t6+1 t1
where a¢ = fo g(t)dt — arty — a2t and by = [," g(t)dt — a1t — az Inty.
It follows from the condition (Asz), that
F(z,t) _ : :
Jm —— = 400 uniformly in z € B.
In particular, for p > max(N, N(6 + 1)) there exists Cy and Cs such that
F($,t)201|t|p—02201‘t|p—02, VteR, x € B. (28)

Next, one arbitrarily picks 4 € W such that ||@| = 1. Thus from (27) and (28) for
all t >ty

a1,N a2 N(5+1) Zip 4p _ WN-1 ;
L N, 92 -c et el VN T S
2_%N '+N®+1) il N G2 i 0#L

E(ta) < b w
20 4 AN W™t —Cyllalp - Loy, it §=-1
N+N +N 1llalh > i ;
Therefore,
lim &(ta) = —oc0.
t—+o0
We take e = tu, for some ¢ > 0 large enough. So, the Lemma 4.3 follows. O
5. The minimax estimate of the energy
According to Lemmas 4.2 and 4.3, let
d := inf max E(y(t)) > 0 (29)

YEALE[0,1]

and
A = {v € C([0,1], W) such that v(0) =0 and E(v(1)) < 0}.

We are going to estimate the minimax value of the functional £. The idea is to
construct a sequence of functions (v,) € W and estimate max{&(tv,) : t > 0}. For
this goal, let consider the following Moser function

(log j7)* 7 .
A8 % if emv <|z| <1
n -~
un(®) = —1 (30)
O[’Y 1 1 n
N.6 W nv if 0 S |1'| S e N.

Let vy (2) = 1|1|} n(@ ||> Then v, € W and ||v,|| = 1.
W,
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5.1. Helpful lemmas. We need two technical lemmas who will help us to reach our
aims and objectives.

Lemma 5.1. Assume that V is continuous and (V1) is satisfied. Then there holds
(1)

mN(l_B)N

— (H+2) +0,(1),
(N-1(1 - »3)0413/,5

[[on[|” <1+

1 WN -1 n(Nfl)(lfﬁ)efn

_ 1-B)(N-1) y=n(25) (] _ o= %) 7 —
H=wy_nIAWN-Denlz= (1—ev),Z= NA-AN N

and where m = max V(z).
z€B

In addition,

>1— E(N;n;m),
l[onll?

mN(l_ﬂ)N

N
(N -1 - Blay s
(i) V @ such that |x| < e W,

E :=E(N;n;m) = (H—I—Z)—l—on(l).

Proof. (i) We have,

onl¥ = 1 +/ V() on|Ndz < 1 +m/ (o [N da,
B B

then,
N1-B)N (log £ )(=AIN 1
oa ¥ < 14— / L —dat / gL
OLEB e N <|z|<1 n 0<|z|<e N N( —8)
We have
(log ‘il)(lfﬁ)N wn_1 [ 1
- doy =—2= N=1(]pe 2YA-BIN g4
e = M R
1
WN—-1  —n(x5), (1—B)N
Sn(l—ﬁ)e T R dr
—wy_nI=AN=1) —n(xghy (1—e %) =o,(1).
Also,

1 1 ¢
. aWNDAB) g L (N=1)(A-B) N-14
/O§m|§eZT\L’ N(l—ﬁ)Nn X N(l—,@)NwN 1n /0 T T

1 wN—l n(Nfl)(lfﬁ)efn
~NO-AN N

2

Hence,
mN(l_ﬁ)N
[oal ¥ <14+ —5—(H + 2).

N
AN
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Therefore,
ol < (4 "N 0 4 2)) e
ozgw
So,
ol <1+ — N 4 2) 4 ou(1).
(N =11 =Bay g
Consequently,
1 1-F.

[on ™

(i1) We have for all x such that |z| < e~

Y = 1nl

Y
S
=

|
5
O

Now, we present the second elementary lemma.

Lemma 5.2. For the sequence w,, induced by (50), we have
. WN-1
1 NS g > N +1). 1
) e dz 2 ——(N+1) (31)
Proof. Let,
NN (logﬁ)]\lﬂ
I :/ eON B —/ e vl V=T gy
e N <lz|<1 e N <|z[<1
and
I = / XN .,
0<|z|<e™ N
Then,
lim eNalwnl gy = lim I + lim Io.
n——+0oo n—-+oo

n—+oo |/ p
On one hand, from lemma 5.1 (i) and ussing the fact that nE ~ nN=#+8e—n,
WN— WN—
eON B g > / "B gy > %e‘"E — % asn — +oo.

L= /
0<|z|<e” ¥ 0<|z|<e™ N

On the other hand,

’
(log 2N
N 2B (1-E)

N
Il > " € nN-1 dCU,
e” N <z|<1
SO,
’
7 (log 1)N
1 N1 NN 2222l (1-F)
e nN-1 7.
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For any n > 1, let

tN(1-F
on(t) == # —t, t>0.
nN—l

The interval [0, n| is then divided as follows:
[O,n] = [O,n%} U [n%,n—n%} U {n—n%,n]
First, we consider the interval [0, n%] Using the fact that 1 — E' < 1, we get

o] ST L4,

X[ . ] (t)e? D 5 et forae t € [0,4+00),a8 n — 400,
0,nN

then, using the Lebesgue dominated convergence theorem, we get

2

n n

lim e#»Mdt = lim X )
0 |:0,n7

n——+oo 0 n——+o0o ~

}e“""(t)dt =1.

Now, we are going to study the limit of this integral on [n% , nfn%] and {nfn
So, we compute

g0n<n%) =1—-F—n~ < 1771%, for n large enough

2|~

and

2|

N-—-1
—(N' = 1)n~ forallnz(N_2

1 1 1
() 5 -5 |

Also, for n large enough,

1 N/
%(n_n%) = =MV A-B) 4k
nN-1

S\ S

1
nnN’ nn’ nnN’

= NRE o o(—0) < (N — D+ o(—)).

n nnN

2

Therefore, for every € € (0,1) there exists n. > 1 such that

On (n — n%) < —(N'— 1)n% (1 — 5) for every n > ne..

1
N,n|.

(33)
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Let n fixed and large enough. A qualitative study conducted on ¢, in [0,400),
shows that there exists a unique s, € (0,n) such that the derivative ¢/, (s,) = 0 and

consequently
Jon (o)

e
2~

1

N

n—n% [ (
/ e () gt < (n — 2n%>emax o\

In addition, from (31) and (32) with € < 1, we obtain

1 1 1 1
ma [ (0 ) n (n =t )] < — g

provided that n is large enough. Hence, there exists @ > 1 such that

n—n¥ 1 1A
/ e?r Mgt < (n — QnW)e_ﬁ"N for all n > 7.
n%
Therefore,
'
et (L)
lim , e nN-1 dt = 0.

n—+oo nn

Finally, we will study the limit on the interval {n — n%m]. We mention that for a

fixed n > 1 large enough, ¢, is a convex function on [n — n%,—l—oo). Also, @, (n) =

n(l — E) —n < 0. Then, we can get the following estimate

on(t) < on(t) — @n(n) < njtwn(n—n%), te [n—nin}.

nN

On the another hand, in view of (32), if € € (0,1) and n > n., we have
en(t) < (N =1)(1—¢)(t—n), te [n—n%,n] (34)
Furtheremore, using the fact that ¢, is convex on [n — n%,—i—oo) and ¢, (n) =
N'(1-F)—-1, we get
pn(t) = @n(n) + ¢, ()t —n) = (N'(1 = E) =1)(t = n), t € [n—n~,n]- (35

Then by bringing together (34) and (35), we deduce

1 1

1— e—nW n 1— e_nﬁ
li — < 1 engr < 1 —"
n-rtoo (N1 — E) —1) — nrtoo 4 € = e (N - 1)(1— o)
Using the fact that lirf E =0 and since ¢ is arbitrary , we get
n—-+0oo
im [ g — 1 N1,
n—+oo [ & N —1

The lemma follows. O
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5.2. The minimax value of the energy £. Finally, we give the desired estimate.

Lemma 5.3. Assume that (G1), (G2), (V1) and (A4) holds, then the minimaz d
defined by (29) verifies
1 aN,g\ N
d< NG((TB) ")
Proof. We have v, > 0 and ||v,|| = 1. Then from Lemma 4.3 £(tv,) — —oc0 as t —
+0o. As a consequence,

d < max & (tvy,)-
t>0

We argue by contradiction and suppose that for all n > 1,
1 aN,g\ N
E(tvy) > =G(—=)7)-
max &(tvn) 2 FG((=25)7)
Since £ possesses the mountain pass geometry, for any n > 1, there exists ¢,, > 0 such

that 1
QN g\ N
= > — )7 )
I{lggcg(tvn) E(tnvn) 2 HG(( o )7)

Using the fact that F(x,t) > 0 for all (z,t) € B x R we get
Qan, N
G(ty) > G((—5)7).
Qo

On one hand, the condition (G1) implies that G : [0, +00) — [0, +00) is an increasing
bijection. So

i = (T (36)
o
On the other hand,
d
%Jtvnht —g(tN /fxtvnvndx—o
that is
gt = / f(z, thvn ) trude. (37)
B
Now, we claim that the sequence (¢,) is bounded in (0, +00).
Indeed, it follows from (A4) that for all € > 0, there exists t. > 0 such that
flx, )t > (70 —€)e®t” V|t| > t., uniformly in 2 € B. (38)
By Lemma 5.1, if |2| < e™ ¥, then ay gw)(z) > n(l — E)
s > o=e) [ e
<|m|<e‘*'
=z (w-—¢) ™" gy (39)
0<|z|<e™ ¥
_ ('YO . E)wz}rv WN_1 Otnm n(1—E)—n.
Using the condition (Gz), we obtain
@it 4 agth TN 2 DL (g — gt (40)

N

From (40), we obtain for n large enough

tN+Na

WN -1 —L _n(1-E)—n—logat) —logaz

N

1> (ho — €)™
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Therefore (t,,) is bounded in R. Also, we have

aN g\ N
tN > (22PN T
N

Now, suppose that

lim tN (LN’B )%
n—-+oo Q)
For n large enough, t& > (—6) v and in this case, the right hand side of the inequal-
oY

0
ity (40) will gives the unboundedness of the sequence (t,). Since (¢,) is bounded, we
get

2|z

lim tY = (aN’B )
n—-+oo (o7}

(41)

We claim that the last equality leads to a contradiction with (A4). For this purpose,
the following sets should be used

A, ={z € Bltpv, >t} and C,, = B\ A,,

where t. is given in (38). We have

gty = /f(a:,tnvn)tnvndzzf f(a:,t”vn)tnvndx%—/ [z, tpop)tnv,
B Cn

2 (’70 - 5)/ aOt wndx + / f(xatnvn)tn’undm
A, Cn
= (’YO — 5)/ eaot w"d.’lf _ ( Yo — 8) Dtot w"dl'
B Cn
+ / fz, tyo,)tpu,de.
Cn

Since v, = 0 a.e in B, x¢, — 1 a.e in B, therefore using the dominated convergence
theorem, we get

lim (e} =g((Z22)7)(ZE2) 5

n—-+00 (o 7)) (670}
WN—
209t [ e o955

By using (36) and the result of lemma 5.2, we obtain

WN—
N

« N, O N . [ w
R e N A R
B

(7)) (67} n—+oo

Since, ¢ is arbitrary, we reach a contradiction with (A4). The lemma is proved. O

6. Proof of main results

First we begin by some crucial lemmas.
Now, we introduce the Nehari manifold associated to the functional £, namely,
N ={ueW:&uu=0,u+#0},

and the number ¢ = inﬁf E(u). We have the following lemmas.
ue
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Lemma 6.1. Assume that the condition (As) hold, then for each x € B,
tf(z,t) — 2N F(x,t) is increasing for ¢t > 0.

In particular, tf(x,t) —2NF(x,t) > 0 for all (z,t) € B x [0, +00).

Proof. Assume that 0 < t < s. For each x € B, we have

tf(x,t) — 2NF(z,t) = {Q(fol) t2N —2NF(x,s) + 2N / f(z,v)dv

]802(13\2[,7151) t2N —2NF(z,s) + J;é]xv’j) (82N — ¢2N)
= sf(x,8) —2NF(x,s)-

O
Lemma 6.2. Let d the real defined by (29) and ¢ = injf\/é’(u). If (G3), (V1) and (As)
s

are satisfied then d < c.

Proof : Let @ € N, 4 > 0 and consider the function 1 : (0, +0c0) — R defined by
P(t) = E(tu). ¢ is differentiable and we have

Y'(t) = E (ta)a = g(t™ || al| M)tV Ha| N - / f(z,tu)adz, for all t > 0.
B

Since @ € N, we have £ (u)u = 0 and therefore g(||a|™)|ul|¥ = [; f(z, w)udz.
Hence,

NN ZIIN = =
W (t) = t2N—1|u||2N(9(iN|:Z”N)|| _9(||:”||N ))+t2N—1/ ({2(23;;7?1)_({5527;@1)”21\1 de.

We have that ¢'(1) = 0. We have also by the conditions (G3) and (As) that ¢'(t) > 0
forall 0 <t <1,4¢'(t) <0 for all ¢t > 1. It follows that
E(u) = max E(ta).

>0

We define the function A : [0,1] — & such that A(¢) = ¢ta, with E(tu) < 0. We have
A € A, and hence

< < u) =&(u).
d< tren[aa’)i] E(A)) < max E(tu) = &(a)

Since u € N is arbitrary then d < c.

Proof of Theorem 1.2 and Theorem 1.3.
Proof. Proof of Theorem 1.3 .

Since £ possesses the mountain pass geometry, there exists u,, € W such that
1
E(un) = 3 Cllunl™) = [ Floiua)ds > d, n 400 (42)
B
and

el =[oun M) | oo Vun 290, T+ V@) Y]

- [ e u)pds| < el (13)
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for all ¢ € W, where ¢, — 0, when n — +oc.
By (42), for all € > 0 there exists a constant C' > 0

1
*QWNMSC+/meMm
N B

From (11), for all € > 0, It follows that,

FOUuwl <o |

‘unlgtﬁ

F(z,up)dx + e/ fz,up)unde-
B
From (43) and (8) we get
1

S 9l M unll¥ < G (llunll™) < Cr + eenllunll + eg(llunl|¥) Junl™,

2N N
for some constant C; > 0. Using the condition (Gy), for all € such that 0 < € < 5%,
we get

1
9057 — Ml ¥ < C1 + eenlunl]

We deduce that the sequence (u,) is bounded in W. As consequence, there exists
u € W such that, up to subsequence, u, — u weakly in W, u,, — u strongly in
Li(B), for all ¢ > 1.

In order to obtain a ground state solution for problem (1), it is enough to show that
there is uw € A such that £(u) = d. We have from (42) and (43), that

0< / fz,up)u, < C,
B
and
0< / F(x,u,) <C.
B
Since by Lemma 3.2, we have
f(z,u,) = f(z,u) in L*(B) as n — +oo, (44)

then, it follows from (As) and the generalized Lebesgue dominated convergence the-
orem that

F(z,u,) — F(x,u) in L'(B) as n — 4o0. (45)
So,
lim G(|un]|N) = N(d+/ Fla, u)dz). (46)
n—-4o0o B
Also,

(|Vun\N*2Vun) is bounded in (L1 (B, 0))".

Then, up to subsequence, we can assume that

N

|V, N "2Vu, — |Vu|¥ 2Vu weakly in (L¥-1(B,0))V- (47)

Next, we are going to make some claims.
Claim 1. Vu,(x) = Vu(x) a.e z € B.
Indeed, for any n > 0, let A, = {z € B,|u, —u| > n}. For all t € R, for all positive
¢ > 0, we have
ct <el 4+ 2.



330 R. JAIDANE

It follows that for ¢ = ay 5(”‘2”:?“)77 = oy llun — ul|7, we get

—al \Y
|un — ’u,"y < eaN*B(H‘Z::f'ZlH)

— u||2'y
. ONg

an ( |un —ul )N
< NP\ Tupn—ul + C1(N),
where C1(N) is a constant depending only on N and the upper bound of ||u,]|. So
if we denote by L(A,) the Lebesgue measure of the set A, we obtain

[’(Aﬁ):/ |un—u\7|un—u|*7dm < 67777/ (eaN,ﬂ(%) +C’1(N)>d1‘
Ay Ay | |
e_"wecl(N)/ exp |« 1n — Ulyy dx
) B (”<|| —uu))
< e Cy(N) — 0asn— +oo,

where C3(N) is a positive constant depending only on N and the upper bound of
|lurn |- It follows that

IN

/ |Vu, — Vuldz < Ce 3" (/ |V, — Vu|20(a:)dm) ® 5 0as n— +oo-  (48)
A, B

We define for n > 0, the truncation function used in [6]

o s st |s] <n
T,(s) = { 77@ si |s| >n.
We take ¢ = T))(u, —u) € W in (43) and since Vi = x4, V(u,, — u), we obtain
(| o(z) (|Vun [N 2 Vu, — [VulN"2Vau).(Vu, — Vu)dx
B\A,
[ V@l P~ [l ) - )
B\A,

<| o (2)|[VulN V. (Vu, — Vu) + V() (JulY ~2u) (u,

— u)dz|
B\A,

+ / [z, un) Ty (uy — w)de + 5| un — ul|
<| / (2)|Vu|N 2 Vu.(Vu, — Vu) + V(@) (Ju¥ ~%u) (u, — u))dz|

+ / fla, un) Ty (un — w)dz + 5 ||un — ul|-
B
Since u,, — u weakly , then
/ (0(2) [ Vu¥ 2V (Vi — V) + V(@) (Jul¥~20) (u, — w))d — 0-
B

Moreover using (44) and the Lebesgue dominated convergence Theorem, we get

/fa:un (up, —u)dz — 0 as n — +oo.

Using the well known inequality,

(2|22 — [y N Py, e —y) > 22 Nz —yN Va,y e RN, N> 2, (49)
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(-,-) is the inner product in RV, one has
/ (o(2)|Vun — Vu|N + V(2)|u, —ulN)dz — 0-
B\A,
Since V(z) > 0, then fB\A,, o(x)|Vu, — Vu|Ndxr — 0. Therefore,

/ |Vu, —Vu|dx < (/ U(m)\Vun—Vu|Ndx)%ﬁﬁ(B\An) — 0asn — 4o00.
B\A, B\A,
(50)
From (48) and (50), we deduce that
/ |Vu, — Vulde — 0 as n — +o0.
B

Therefore, Vu,(x) = Vu(z) a.e € B and claim 1 is proved.
Claim 2. uw # 0. Indeed, suppose that v = 0. Then, / F(z,uy)dx — 0 and
B

consequently we get

1 N 1 (6% B
NOUlunll™) = d < FG(22)7). (51)

2|z

By (43), we have

o) ¥ = | FGo 0] < O,

First we claim that there exists ¢ > 1 such that

/ |f(z,un)|?dz < C. (52)
B
So

N N 3 "N
o) ¥ < Cen ([ 1) ([ )
where ¢’ is the conjugate of ¢. Since (u,) converge to u = 0 in L (B)

| comverse to
tim () fun ¥ = 0.

From the condition (G;), we obtain

lim [Ju,|Y = 0.
n—-+oo

By Brezis-Lieb’s Lemma [7], u, — 0 in W. Therefore, £(u,) — 0 which is in
contradiction with d > 0.

For the proof of the claim (52), since f has critical growth, for every ¢ > 0 and ¢ > 1
there exists t. > 0 and C' > 0 such that for all |[¢t| > t., we have

F (@, 0] < Ceonle 1,

Consequently,

/ @y un)'de = / 1y un) |z + / 1y un) | da
B {lun|<te {lun|>te}

+1 n v

IN
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1
N-T
Since (G'*I(Nd))ﬁ < wﬁ;i;l, there exists 7 61 (0,2) such that (G’l(Nal))ﬁ =
(1 —2n)an,g. From (51), ||u,|” — (G=Y(Nd))~¥T , so there exist n, € N such that
aollun I[N < (1 = n)an.s, for all n > n,. Therefore,
gl g
ol (220 Tual” < (190 = () o

We choose € > 0 small enough to get
14+e¢)(1—n) <1,

hence the second integral is uniformly bounded in view of (7).

Claim 3. g(||ul|™)||u||™Y 2/ f(z,w)udz. Suppose that g(||ul|™)|u||™ </ [z, w)udz.

B B
Hence, &' (u)u < 0. The function ¢ : t — ¥(t) = &'(tu)u is positive for ¢ small enough.
Indeed, from (10) and the critical (resp subcritical) growth of the nonlinearity f, for
every € > 0, for every ¢ > N + 1, there exist positive constants C' and c¢ such that
|flz,t)] < et Ct9ec V' W, (t,2) € R x B.

Then using the condition (G1), the last inequality and the Holder inequality, we obtain
0(t) = gl ")l = [ fatwyude

ZgothlHUHNfetN*l/ uNfldxfC’(/
B B

6cN t'yu"’)d‘r)%(‘/ uN/quL')%.

B
In view of (7) the integral

. v_uw v
/ 6cN tTu dr S / BCN t TullY el )de S Ca
B B

1
provided ¢ < ~ex.p)7
(Ne) 7 ul]

»(t) > got™ Y = Cret™ T ul| T — Coflul?
= [l NV [(gollull = Cre) — Cot ™ N7 [l 4= (VHDT.
We chose € > 0, such that go|lu|| — Cie > 0 and since ¢ > N + 1, for small ¢, we get
Pt — P(t) = E (tu)u > 0. So there exists n € (0,1) such that 1(nu) = 0. Therefore

nu € N. Using (10), the result of Lemma 6.1, the semicontinuity of norm and Fatou’s
Lemma, we get

. Using the radial Lemma 3.1 we get ||u||n7q < C”||ul|9. Then,

4 < Em) = Elp) — 5 (nu)mu

7i Ny 1 N N 1 _
= O™ = gl ™)l + 55 [ (£ — 2N F )
L Ny My el + = _
< U™ = gl + 55 | (wu = 2N F G, )
1 1 1
< liminf | — Ny L N N, _
< timinf [5Gl |1™) = 500l uall + 535 [ (£ v — 2N F (2, )]

< lim [E(u,) — %5’@")@%] =d

n—-+oo
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which is absurd and the claim is well established.

Claim 4. u > 0. Indeed, since (u,) is bounded, up to a subsequence, ||u,| — p > 0.
In addition, J'(u,) — 0 leads to

g(pN)[/Ba(x)|Vu|N*2Vu.ch+V(x)|u|N’2ucpd:r] :/Bf(:v,u)gadx, Vi € W.

By taking ¢ = u~, with w® = max(+w,0), we get ||u~||¥ = 0and sou = u* > 0. By
taking ¢ = u~, with w* = max(dw,0), we get ||u~||Y =0 and so u = u* > 0. Since
the nonlinearity has critical growth at +o0o and from Trudinger-Moser inequality (7),
f(.,u) € LP(B), for all p > 1. So, by elliptic regularity u € W2P(B, o), for all p > 1.
Therefore, by Sobolev embedding u € C*7(B).

Let define By = {z € B : u(x) = 0}. The set By = (. Indeed, suppose by contra-
diction that By # (). Since f(x,u) > 0, by Harnark inequality we can deduce that
By is an open and closed set of B. In virtue of the connectedness of B, we reach a
contradiction. Hence Claim 4 is proved.

Now, we affirm that £(u) = d. Indeed, on one hand, by claim 2, (8) and Lemma 6.1

we obtain

£ > FG(ul™) = gl + 57 [ [f@wu—2NPlalde > 0. (53)

On the other side, by the semicontinuity of the norm and (45), we get

1. . N
£ < 3 limint G| ) = [ Flaude =

We argue by contradiction and we suppose that

E(u) < d. (54)
Then
[ul ¥ < p™. (55)
In addition,
Loy =L oy Ny /
FOW) = 7 Jm Gl = (d+ | Plaudr), (56)

which means that
Pl :Gfl((N(d—F/ F(z,u)dz)).
B
Set Y Y
vy = —— and v= —-
[[un]|
We have ||v,]| =1, v, = v in W, v # 0 and |[v|| < 1. So, by Lemma ??, we get

n

sup/ eP anglonl g +00,
B

provided 1 <p < ————F—--
(1= lvV)~
From (53), (56) and the following equality

Nd — N&(w) = G(pN) — G(||ul|™),
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we get
N
Y

Glp™) < N+ G(lul|¥) < G(2X2) %)),

Now, using the condition (G7) one has

PN < @HGI(EEE) ) + GlM)) < (BR2)F 4 flu) V. (57)
(&7s] (&7))
Since
v (pN - HuHN)m7
(T —Jo]¥
we deduce from (57) that
aN,B
pv < % (58)

(1= JollV)~

On one hand, we have this estimate / |f(x,up)|9%dx < C. Indeed, For € > 0,
B

/ @y un)|%de = / 1y un) | + / s un)|da
B {lunlgte} {lun >te}

< wy-1 _ max |f(x,t)|q+0/‘e“O(EJ’l)““/W)dx.
BX[ te t] B

< C +c/ o+l vl g < €
B B

provided ap(1+¢€)|un]|” <panpand 1 <p<U(v) = (1 — ||11||N)%W
(s
1— ||UH

From (58), there exists & € (0, ) such that p” = (1 25)(

Since lim |ju,||” = p” then, for n large enough
n—-+o0o

)(N 1)(1 B

1 *
ao(L+€)l|un " < (1 +€)(1 ~ ) aW(W) '

We choose € > 0 small enough such that (1 + ¢€)(1 — ¢) < 1 which implies that

1 ~

So, the sequence (f(z,u,)) is bounded in L4, g > 1. Using the Holder inequality, we

deduce that
| / f(@, un) (un — u)da| |9da) * / |ty — ul?)@

B (59)

dx —0asn— 40

where %Jri, =1.

Since &' (uy,)(un — u) = 0,(1), it follows that

I
m\§

&,‘

&e

S

:

IN
Q
|
e
e,

g(||un||N)/ (U($)|VU7L|N72VU71.(VU7L —Vu) + V(J;)|un|N72un(un —wu)dz) — 0
B
On the other side,

gllual™) / (0(@)| Vun | N 72V (Vuy, = V) + V(@) |un ¥ 2un (un — u)dz)
B
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= g(lun M) unll¥ = g(lunl™) /B(U(x)\VunlN_QVunVu + V(@) a2 unu)da-
Passing to the limit in the last equality, using the result of claim 1 and (59), we get

9(p™)p™ = g(p™)Jull™ = 0-
Therefore ||ul| = p and |Juy,| — |lu||. This is in contradiction with (55). It follows
that £(u) = d. Also, by (44),(47) and claim 1

o(llul™) / (0(2)[VulN2TuVip + V()| Pup)de = / fau)pdz, Vo € W.
B B

So w is a ground state solution of the problem (1). The proof of Theorem 1.3 is
achieved.

Proof of Theorem 1.2. In the sub-critical case, we do not have a problem of compact-
ness. Indeed, Up a subsequence (u,), there exists M > 0, such that ||u,|| < M. By
the subcritical case of f at +o00, there exist a < g‘j\vﬁ and positive constants C)y,

such that

f(z,s) < Cre®®!” V(z,s) € B x (0, +00).
Using the Holder inequality

| /B £ (@14 (1, — 10) ]

VAN
—
=
w®
e
s
=
8

CORYATETTEE

I
\
=
B
e

3
&
S

< (/ 2Q|un|7d$) 3 ||Un o UH2

< Cf 2 finy flun]l” da:)2 ln — ull2
B

< Cllup —ullz2 = 0 as n — +o0.

In (43), we take ¢ = u, — u, then
’ / o(z)(|Vun [N 2 Vu, — [VulN2Vu).(Vu, — Vu)dz
+ [ V(@) (un N2 — [ulN20) (un — u)
< y/ )|vu|N _ (Vi — V)
(x)(|u|N 2u) (uy —u dx| + fB fla,up) (uy — u)de + e ||u, — ul|
’/ o(2)|VulN 2Vu.(Vu,, — Vu)
(x)(|“|N *u)(up — u))dm| + Jp f(@,un)(un — u)dz + en[un — ul.
Using the fact u,, — u weakly , we get
/ o (2)|VulN 2V (Vu, — V) + V(2)(Jul¥ ~2u) (up — u)dz — 0.
B
Therefore, by (49),

22*N||un - uHN < |/ fz,upn)(un, — u)dz| 4+ 0,(1) = 0 as n — +oo.
B

As a consequence, £(u) = d. Also, again passing to the limit in (43), we get that u is
a solution of (1). This completes the proof. O
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