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ABSTRACT. The main objective of this study is to introduce a new class of hyperideals called
pseudosymmetric and semipseudosymmetric hyperideals in ternary semihypergroups. We try
to investigate the properties of these hyperideals by giving some suitable examples for the
same. In particular we prove that every pseudosymmetric hyperideal of a ternary semihy-
pergroups is a semipseudosymmetric hyperideal. We study the fundamental relations among
these hyperideals and provide few results.
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1. Introduction

Ternary semigroups are universal algebras with one associative operation. The theory
of ternary algebraic system was introduced by D. H. Lehmer [13] in 1932. He inves-
tigated certain algebraic systems called triplexes which turn out to be commutative
ternary groups. The notion of ternary semigroups was introduced by S. Banach (cf.
[15]). He showed by an example that a ternary semigroup does not necessary reduce
to an ordinary semigroup. In 1965, Sioson [28] studied ideal theory in ternary semi-
groups. He also introduced the notion of regular ternary semigroups and characterized
them by using the notion of quasi-ideals. In [8, 9] Dudek et. al. studied the ideals in
n-ary semigroups. In 1995, Dixit and Dewan [7] introduced and studied some prop-
erties of ideals and quasi-(bi-)ideals in ternary semigroups and in [27, 29, 30], some
other results on ternary semigroups are provided.

Anjaneyulu [1, 2] was the first who examined the theory of pseudosymmetric ideals
and pseudosymmetric semigroups. In [25, 26] the authors studied the pseudosymmet-
ric ideals in semigroups. In [16, 17, 18] Sarala studied the pseudosymmetric ideals in
ternary semigroups.

Hyperstructure theory was introduced in 1934, when F. Marty [20] defined hyper-
groups based on the notion of hyperoperation, began to analyze their properties and
applied them to groups. Algebraic hyperstructures are a suitable generalization of
classical algebraic structures. In the following decades and nowadays, a number of
different hyperstructures are widely studied from the theoretical point of view and
for their applications to many subjects of pure and applied mathematics by many
mathematicians. In a classical algebraic structure, the composition of two elements
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is an element, while in an algebraic hyperstructure, the composition of two elements
is a set.

n-ary generalizations of algebraic structures is the most natural way for further de-
velopment and deeper understanding of their fundamental properties. In [3], Davvaz
and Vougiouklis introduced the concept of n-ary hypergroups as a generalization of
hypergroups in the sense of Marty. Also, we can consider n-ary hypergroups as a nice
generalization of n-ary groups. Davvaz and et. al. in [4] considered a class of alge-
braic hypersystems which represent a generalization of semigroups, hypersemigroups
and n-ary semigroups. Ternary semihypergroups are algebraic structures with one
associative ternary hyperoperation and they are a particular case of an n-ary semi-
hypergroup (n-semihypergroup) for n = 3 (cf. [3, 4, 5, 6, 14]). Recently, Hila et al.
[10, 11], Naka et al. [21, 22, 23, 24] and Mani et al. [19] have studied the ternary
semihypergroups in terms of hyperideals and quasi(bi)-hyperideals.

In this article, the notions of pseudosymmetric and semipseudosymmetric hyper-
ideals in ternary semihypergroups are introduced and studied. Some basic properties
of them are investigated. Also, some characterizations of semipseudosymmetric hy-
perideals in ternary semihypergroup are provided. The interrelation between them is
examined in ternary semihypergroups extending the related results for semigroups.

2. Preliminaries

Recall first the basic terms and definitions from the hyperstructure theory.

Definition 2.1. A map o : H x H — P*(H) is termed as hyperoperation or join
operation on the set H, where H is a non-empty set and P*(H) = P(H)\{0} denotes
the set of all non-empty subsets of H. A hypergroupoid is a pair (H,o) where o is a
binary hyperoperation on the set H.

Let # : p*(H) x p*(H) — " (H)|(A,B) — A% B = U (aob), for every
(a,b)eAXB
A, B € p*(H). This operation is well defined [12].

Definition 2.2. [12] A hypergroupoid (H,o) is called a semihypergroup if for all x,
y, z of H, we have (z o y) * {z} = {«} * (y o z), which means that

U woz= | xow

uETroy vEYOoZ

It is clear that {«} * {y} =z oy, for every z,y € H.

A non-empty subset B of a semihypergroup H is termed as sub-semihypergroup
of H if Bx B C B and H is termed as in this case super-semihypergroup of B. Let
(H,o0) be a semihypergroup. Then H is termed as a hypergroup if it satisfies the
reproduction axiom, for all a € H, {a}« H = H *{a} = H. For the sake of simplicity,
in the following writing a * H we mean {a} * H.

Definition 2.3. Amap f: Hx Hx H — P*(H) is termed as ternary hyperoperation
on the set H, where H is a non-empty set.

A ternary hypergroupoid is a pair (H, f) where f is a ternary hyperoperation on
the set H. Let
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g9 (H)xp"(H) x p"(H) — ¢ (H)
(A’B’C) — g(A,B,C) = U f(a7bac)7
(a,b,c)eAXBxC

for every A, B,C € p*(H). This operation is well defined.

A ternary hypergroupoid (H, f) is termed a ternary semihypergroup if for all
ai,as,...,as € H, we have

9(f(ar,az2,a3),a4,a5) = glax, f(az,as,a4),as) = g(a1, az, f(as, as, as)). (*)

Since the set {«} can be identified with the element z, any ternary semigroup is a
ternary semihypergroup. It is clear that due to associative law in ternary semihyper-
group (H, f), for any elements x1,xa, ..., 2,11 € H and positive integers m,n with
m < n, one may write

f(@1, 25 ooy T2ng1) = 9(T1, oy 9(f (T Tt 15 Tmt2), T35 Timta), oy T2n41)-

Let (H, f) be a ternary semihypergroup. Then H is termed as a ternary hypergroup
if for all a,b,c € H, there exist x,y, z € H such that:

c€ f(z,a,b)N f(a,y,b) N f(a,b, 2).

Let (H, f) be a ternary hypergroupoid. Then
(1) (H,f) is (1,3)-commutative if for all a1, as,as € H, f(a1,az,a3) = f(as,az,a1);
(2) (H,f) is (2, 3)-commutative if for all a1, as,a3 € H, f(a1,a2,a3) = f(a1,as,a2);
(3) (H, f) is (1,2)-commutative if for all a1,as,a3 € H, f(ay,az2,a3) = f(az,a1,a3);
(4) (H,f) is commutative if for all a1, as,a3 € H and for all o € S3, f(a1,a2,a3) =

f(a’a(l)a Qg (2)s ao’(?’))‘

Let (H, f) be a ternary semihypergroup and T' a non-empty subset of H. Then T
is termed a ternary subsemihypergroup of H if and only if (T, 7,T) C T.

Different examples of ternary semihypergroups can be found in [3]-[6], [10, 11, 14],
[16}-{18], [21]-[24].

Let (H, f) be a ternary semihypergroup. An element e € H is termed as left
identity element of H if for all a € H, f(e,a,a) = {a}. An element e € H is termed
an identity element of H if for all a € H, f(a,a,e) = f(e,a,a) = f(a,e,a) = {a}.
It is clear that f(e,e,a) = f(e,a,e) = f(a,e,e) = {a}. A non-empty subset I
of a ternary semihypergroup H is termed a left (right, lateral) hyperideal of H if
g(H,H,I) C I(9(I,H,H) C I,g(H,I,H) C I). A nonempty subset I of a ternary
semihypergroup H is termed a hyperideal of H if it is a left, right and lateral hyperideal
of H. A non-empty subset I of a ternary semihypergroup H is termed two-sided
hyperideal of H if it is a left and right hyperideal of H.

For every element a € H, the left, right, lateral, two-sided and hyperideal generated
by a are, respectively, given by

(@), = {a}Ug(H, H,a)
(@), = {a}Ug(a,H H)
(a),, = {a}Ug(H,a,H)Ug(H,H,a,H,H)
(@), = {a}Ug(H,H,a)Ug(a,H,H)Ug(H,H,a,H,H)
(a) = {a}Ug(H,H,a)Ug(a,H H)Ug(H,a,H)Ug(H,H,a,H, H)
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We shall use the following abbreviated notation: the sequence x;, z;y1,...,z; will
be denoted by z. For j < i, 2] is the empty symbol. In this convention,

f(xlﬂ'"7xi7yi+1w~~7yj72j+17"‘72m)

will be written as f(xﬁ,yf+1,zﬁl), where m = 2n 4+ 1,n € N. In the case when

(i)
Yit1 = ... = y; = ¥, the last expression will be written in the form f(z}, ¥ ,z;’}H).

Similarly, for the subsets Ay, Ao, ..., A, of H we define
g(AT) = g(A1, Aa, .., Ap) = U{f(e!)|x; € Asyi=1,...,m}.

3. Semipseudosymmetric hyperideals

In this section, we study the notions of pseudosymmetric and semipseudosymmet-
ric hyperideals by providing various examples. The interrelations among completely
prime, pseudosymmetric and semipseudo symmetric hyperideals were also established.

Definition 3.1. A hyperideal B of a ternary semihypergroup (H, f) is termed as
a pseudosymmetric hyperideal, if u,v,w € H; f(u,v,w) C B = f(u,s,v,t,w) C B,
Vs,t € H .

Example 3.1. [I 1] Let Z~ be the set of all negative integers under ternary hyperoper-
ation f defined as follows: f(z,y,2) = x-y-2z-2N where ”-” is the usual multiplication.
Then (Z, f) is a ternary semihypergroup. Let Q = {6k € Z~|k € Z~}. Then Q is
a pseudosymmetric hyperideal of Z~.

Example 3.2. Let H = {0,a,b,c}. and f(z,y,2) = (x xy) x 2z for all x,y,z € H ;
where * is defined by the table:

*| 0 a b ¢
0] 0 0 0 O
al 0 0 a O
bl 0 0 b O
c| 0 a a ¢

Then {H, f} is a ternary semihypergroup. Clearly I; = {0}, Ir = {0,d}, I3 =
{0,d, f}, I, = {0,d, e} and Is = H are all pseudosymmetric hyperideals.
Definition 3.2. A hyperideal B in a ternary semihypergroup (H, f) is termed as
semipseudosymmetric hyperideal if for any odd natural number n, y € H, f ((Z)) c
B= g(<(z)>) C B.

In the following theorem, we investigate the relation between pseudosymmetric and
semipseudosymmetric hyperideals in ternary semihypergroups.

Theorem 3.1. Every pseudosymmetric hyperideal of a ternary semihypergroup is a
semipseudosymmetric hyperideal.

Proof. Let B be a pseudosymmetric hyperideal of a ternary semihypergroup (H, f).

(n)
Let us assume that y € H and f(y¥) C B for some odd natural number. If
tegl<y><y><y> .,<y>), thent € f(s1,9,52,Y.....y, Sn11), Where s; €

n times
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(n)
H'i=1,2,,..n+ 1. Since B is a pseudosymmetric hyperideal, then f( ¥')

CB
(n)
implies that f(s1,y,S2,y.....y, Sn+1) € B and hence ¢t € B. Therefore g(< Z >) C B.
Thus we have B is a semipseudosymmetric hyperideal. U

Remark 3.1. We denote by (H’, f) the ternary semihypergroup (H, f) with an
identity adjoined.
Remark 3.2. The reverse of Theorem 1 does not hold i.e., a semipseudosymmetric

hyperideal of a ternary semihypergroup may not be pseudosymmetric hyperideal.

Definition 3.3. Let (H, f) be a ternary semihypergroup. A proper hyperideal P of
H is termed as prime hyperideal of H if g(A, B,C") C P implies AC P or BC P or
C C P for any three hyperideals A, B,C of H.

Example 3.3. Let H = {p,q,r,s,t,u} and f(a,b,c) = axbxc for all a,b,c € H;
where * is defined by the table:

x| p q r s t u
p|p {pg v {rs} t {tu}
q | q g s s u wu
r| r {rst r {rst r {rs}
s | s s s s s s
t |t {t,u} r {rs} t {t,u}
vl uw w s s u wu

Then {H, f} is a ternary semihypergroup. Clearly I = {r, s}, I = {r,s,t,u} and
H are prime .

Definition 3.4. A proper hyperideal A of a ternary semihypergroup H is termed as
completely semiprime hyperideal of H if f(x,x,2) C A implies that x € A for any
element z € A.

Example 3.4. In the commutative ternary semihypergroup Z~ of all negative in-
tegers (where the hyperoperation is the usual operation of multiplication), the hy-
perideal Q@ = {6g : ¢ € Z~} is a completely semiprime hyperideal. For y € Z—,

(3)
f(¥)=y-y-y € Q& y3 is divisible by 6 < y is divisible by 6 < y = 6q, for g € Z~
Syeq.

Definition 3.5. A proper hyperideal A of a ternary semihypergroup H is termed as
semiprime hyperideal of H if f(I,1,I)C A implies I C A for any hyperideal I of H.

Example 3.5. Let H = {0,p,q,7,s,t,u} and f(z,y,2) = axbxc for all a,b,c € H
where « is defined by the table:

* | 0 p q r s t U
00 O 0 0 0 0 0
p |0 p {pa r {rst t {tu}
qg| 0 g¢q q S s U U
r| 0 r {rst r {rs} r {rs}
s| 0 s S S S s s
t |0 ¢ {tu} r {rs} t {t,u}
u | 0 u U s S U u
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Then {H, f} is a ternary semihypergroup. Clearly B; = {0}, By = {0,r,s},
B; ={0,r,s,t,u}, By ={0,q,s,u} are semiprime.

In the following theorem the relation between semiprime, completely semiprime,
pseudosymmetric and semipseudosymmetric hyperideals were established.

Theorem 3.2. If A is a hyperideal in a ternary semihypergroup (H, f), then the
following statements are equivalent.

(1) H is completely semiprime.

(2) H is semiprime and pseudosymmetric.

(3) H is semiprime and semipseudosymmetric.

Proof. (1) = (2). Let us assume A is a completely semiprime hyperideal of a
(n)
ternary semihypergroup (H, f). Let x € H and g(< x >) C A, for some n € N,
where n is odd. Now f(z,z,z,.....x) C< f((x)) >C g(<x>) C A. This im-
————
n odd terms

plies f( ) CA=z2¢€e A=<z >C A Therefore A is a semiprime hyper-
ideal of (H, f). Let A be a completely semiprime hyperideal of the ternary semi-
3)

hypergroup (H, f). Let w,v,w € H and f(u,v,w) C A. Consider g(f(v,w,u)) =

9(F (v, w,), £ (0,0,0), f(v,w,)) C (v, w, F(u,0,w), f(u,0,w),u) C A We have

3)
9(f(v,w,u)) <
3) (3)

Similarly g(f((u(J, u,v)) € A= f(w,u,v) C A If s,t € H', then g(f(u,s,v,t,w)) =
g(f(u,s,v,t,w), f(u,s,v,t,w), f(u,s,v,t,w)) C g(u,s,v,t,g(w,u,f(s,v,t)),
3

g(f(w,u,s),v,t),w) C A. Therefore g(f(u, 8(, 1)1, t,w)) C A; Ais completely semiprime
= f(u,s,v,t,w) C A. Therefore A is a pseudosymmetric hyperideal.

(2) = (3). Let us suppose A is semiprime and pseudosymmetric. By Theorem 3.1,
A is semipseudosymmetric hyperideal. Hence A is semiprime and semipseudosym-
metric hyperideal.

(3) = (1). Let us suppose A is semiprime and semipseudosymmetric. Let y €

A; A is a completely semiprime hyperideal = f(v,w,u) C A.

3
H; f(y,y,y) C A. Since A is semipseudosymmetric, then it follows that g(<(y)>) C A.

(3)
Since A is semiprime, then g(<y>) C A = y € A. Therefore A is a completely
semiprime hyperideal. O

Definition 3.6. An element z of a ternary semihypergroup (H, f) is termed as
(3) (3)
semisimple if z € g(< 2z >) ie., g(< z>) =< z >.

Definition 3.7. A ternary semihypergroup H is called semisimple ternary semihy-
pergroup if each element in H is semisimple.

By the The theorem 3.2, it follows

Corollary 3.3. If I is a hyperideal of a semisimple ternary semihypergroup (H, f),
then the following statements are equivalent

(1) I is completely semiprime.

(2) I is pseudosymmetric.
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(3) I is semipseudosymmetric.
Proof. Straightforward. O

Definition 3.8. A hyperideal I of a ternary semihypergroup (H, f) is called com-
pletely prime hyperideal of H if x,y,z € H and f(x,y,z) C I implies either x € I or
yelorzel.

Example 3.6. [11] Let H = N the set of natural numbers and - : Hx Hx H — P*(H)
defined as follows:

zy-z=x+y+z+0N
It can be easily seen that (H,-) is a ternary semihypergroup. Let Q = {k € N|k >
5} C H. Tt can be easily verified that @Q is a completely prime hyperideal of H.

Example 3.7. Let H = {0,p,q,r}. and f(a,b,c) = (a*b)*c for all a,b,c € H where
* is defined by the table:
|

q

2R ol *
OOOO
OOO».G
(=Nl -

0

p

q
0 p 0 r

Then {H, f} is a ternary semihypergroup. Clearly 4; = {0,p,q}, 42 = {0,p,r},
Az = H, are all completely prime hyperideals.

In the folowing theorem the relation between prime, completely prime, pseudosym-
metric and semipseudosymmetric hyperideals were established.

Theorem 3.4. If B is a hyperideal of a ternary semihypergroup (H, f), then the
following statements are equivalent:

(1) B is completely prime.

(2) B is prime and pseudosymmetric.

(3) B is prime and semipseudosymmetric.

Proof. (1) = (2). Let us suppose B is a completely prime hyperideal of a ternary
semihypergroup (H, f). Let z,y,z € H and g(< = >, < y >,< z >) C B. Then
f(z,y,2z) € B . As B is a completely prime hyperideal, either z € B or y € B or
z € B. Thus B is a prime hyperideal of H. Let z,y,z € H and f(z,y,2) C B. Then
f(z,y,2) € B, B is a completely prime hyperideal = x € Bory € Bor z € B
= f(z,s,y,t,2) C B, Vs,t € H. Thus B is a pseudosymmetric hyperideal.

(2) = (3). Let us suppose B is prime and pseudosymmetric. Since B is pseu-
dosymmetric, then by Theorem 3.1, B is a semipseudosymmmetric hyperideal.

(3) = (1). Let us suppose B is prime and semipseudosymmetric. Let Y be a

hyperideal of H such that H D f((}i)) C B. Since B is prime, then Y C B. Hence B
is semiprime. Since B is semiprime and semipseudosymmetric, then by Theorem 3.2,
B is completely semiprime. Let z,y,z € H and f(z,y,2) C B = g(<z >, <y >,<
z>)C B=xz€Bory¢€ Borz € B. Hence B is a completely prime hyperideal. O

Theorem 3.5. Let B be a semipseudosymmetric hyperideal of a ternary semihyper-
group (H, f). Then the following sets are equal.
(1) By =) of all completely prime hyperideals of H which contains B.
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B; = of all least completely prime hyperideals of H which contains B.
Bil = The least completely semiprime hyperideal of H relative to containing B.

(2)

(3) o

(4) Bo={ye H/f( Y ) € B for some odd natural number n}
(5) B3 = () of all prime hyperideals of H which contains B.
(6) By = ) of all least prime hyperideals of H containing B.
(7)
(

"

B; = The least semi prime hyperideal of H relative to containing B.
(n)
8) By={ye H/g(<y>)C B for somen € N where n is odd }.

Proof. Since completely prime hyperideals containing B, then the least completely
prime hyperideals containing B and least completely semiprime hyperideal relative
to containing B are identical, then it follows that B; = B, = B, . Since prime
hyperideals which contains B, then the least prime hyperideals containing B and the
least semiprime hyperideal relative to containing B are identical, then it follows that
B3 = B;, = Bg. Since B is a semipseudosymmetric hyperideal, then we have By = By.
Now, By Theorem 3.2, we have B, = Bj . Therefore B; = B, =B| = B3 = B, = Bg
and By = B4. Hence the given sets are equal. (]

Corollary 3.6. Let B be a pseudosymmetric hyperideal of a ternary semihypergroup
(H, f), then the below sets are equal.

(1) By =) of all completely prime hyperideals of H containing B.

2 B; = (N of all least completely prime hyperideals of H containing B.

3 B;/ = The least completely semiprime hyperideal of H relative to containing B.

(2)

(3)

(4) Bo={y e T/f((g)) C B for somen € N where n is odd }

(5) B3 = () of all prime hyperideals of H which contains B.

(6) By = () all the least prime hyperideals of H containing B.

(7) Bg = The least semiprime hyperideal of H relative to containing B.
(

n)
8) By={ye T/g(<(y >) C B for some odd natural number n}.

Proof. By the Theorem 3.1, every pseudosymmetric hyperideal is a semipseudosym-
metric hyperideal of H. Hence the proof follows from the Theorem 3.4. O

Theorem 3.7. If P is a mazimal hyperideal of a ternary semihypergroup (H, f) with
P # H, then the following statements are equivalent:

(1) P is completely prime.

(2) P is completely semiprime.

(3) P is pseudosymmetric.

(4) P is semipseudosymmetric.

Proof. (1) = (2). Let us assume that P is a completely prime hyperideal of a ternary

semihypergroup (H, f). Suppose that z € H and f ((g)) C P. Since P is completely
prime hyperideal of H, then z € P. Therefore P is s completely semiprime hyperideal.

(2) = (3). Suppose P is completely semiprime. By Previous Theorem 3.2, P is
pseudosymmetric.

(3) = (4). Suppose P is pseudosymmetric. By Theorem 3.1, P is semipseudosym-
metric.

(4) = (1). Suppose P is semipseudosymmetric. By Theorem 3.3, P is completely
prime. O
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Definition 3.9. A ternary semihypergroup (H, f) is termed as semipseudosymmetric
ternary semihypergroup if every hyperideal of H is a semipseudosymmetric hyperideal.

Theorem 3.8. A ternary semihypergroup (H, f) is semipseudo symmetric if and only
if every principal hyperideal is semipseudosymmetric hyperideal.

Proof. Suppose a ternary semihypergroup (H, f) is semipseudosymmetric. Then, ev-
ery hyperideal of H is semipseudosymmetric. Hence each principal hyperideal of
H is semipseudosymmetric. Conversely, let us suppose that each principal hyper-
ideal of (H, f) is semipseudosymmetric. Let B be any hyperideal of (H, f). For

(n)
y € H, f( Z ) C B for some odd natural number n. Since (H, f) is a semipseudosym-
(n) (n) (n) (n)
metric hyperideal, then g(<y >) C< f(¥) >. Now g(<y >) C< f(¥) >C B, for
(n)
n € N, where n is odd. Therefore g(<y >) C B, for some n € N where n is odd.
Therefore B is a semipseudosymmetric hyperideal. Hence (H, f) is a semipseudosym-
metric ternary semihypergroup. O

4. Conclusion

In this paper we have introduced the semipseudosymmetric hyperideals in ternary
semihypergroups and different properties of them were investigated. These are useful
in order to analyse a new class of ternary semihypergroups. Also, we have introduced
the notion of completely semiprime hyperideal and studied analogus results for ternary
semihypergroups. Some further work can be done in the future characterizing different
classes of TSHG through semipseudosymmetric hyperideals and completely semiprime
hyperideals. Concrete examples have been constructed in support of our discussion. In
particular we discussed the semipseudosymmetric hyperideals associated with ternary
relations.
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