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Some remarks on quadratic differentials on Klein surfaces

PETER KESSLER AND MONICA ROSIU

ABSTRACT. In this paper one proves some characterisations of quadratic differentials on Klein
surfaces by symmetric quadratic differentials and families of meromorphic functions on the
corresponding double covering.
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A dianalytic atlas A on a surface X is a family A = {(UZ7 hi, Vi) }ier, where:

a) (Uy)ier is an open cover of X,

b) for every i € I, V; is an open set in the complex plane C,

¢) hi: (72 — hi(ﬁi) = V; is an homeomorphism, for every i € I |

d)if i, j € I, then U;NU; = or ﬁlﬂ’U\; # () and in this case hmh;1 :hy(U;NT;)
— hi(U; N (7]) is a dianalytic function on hj(ﬁl N (7]) The charts (U, hs, V;) and
(ﬁj, h;,V;) are dianalytic compatible.

A Klein surface is a pair (X, A), where X is a surface and 4 is a maximal dianalytic
atlas on X, such that 4 does not contain any analytic subatlas.

Let Oy be a Riemann surface. A mapping k : Oy — Oy with property ko k = Id,
where Id is the identity of Oy, is an involution of O,.

A symmetric Riemann surface is a pair (Og,k), consisting of a Riemann (ori-
entable) surface Oy and an antianalytic involution, k : @2 — Qs having no fixed
points.

Let X be a Klein surface Then exists a Riemann surface )? and a covering
mapping 7 : X — X . For X satisfies the universal property, then X is the universal
covering of X. X is conformal equivalent with :

1) C = CU{oo}, if X is the real projective plane P2,

2) the complex plane C if X is the pointed real projective plane P?\{0} or a Klein
bottle,

3) {z € C | Imz > 0} in the other cases.

Let G be the covering mappings group of m. Because X is nonorientable , G will
contains either analytic automorphisms of X or antianalytic automorphisms of X.
Let Gy be the subgroup of analytic automorphisms of G. Then G; is a subgroup of G
and for every S € G\ G1, G = G1USG1, G1NSG, = (), where SG; = {SoT |T € G1}.

If P € X, then we denote with P (respectively P) its G- orbit (respectively its G-
orbit). Therefore

P={G(P)|GeG} and P={T(P)|T¢cG}
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X } has a Klein surface structure and the

The quotient space )A(/Q = {P | P
projection mapping 7 : X — X/G, P
definition.

S
™
N

P is a dianalytic covering mapping, by P

Theorem 0.1. Let X be a Klein surface, X the universal covering of X, m : X - X
the corresponding covering mapping and G the covering mappings group of w. If
Oy = X /Gy, then Oz has a Riemann surface structure.

Proof. By construction Oy = {P | PeX }, therefore Os is a surface. The covering
projection p : X - 0o, p(ﬁ) = P is an analytic covering mapping. Because for
every S1,85 € G\ G, p(S1(P)) = p(So(P)), for every P € X, Sy 0 S5 ' is analytic,
it results that k : Oy — Oq, k(P) = @Q, is well defined, namely doesn't depend of S
and P € p~1(P) where Q = {T(@)|T € G}, Q=2S(P)and S€g \ G1. k(P) is the
G1- orbit of S (13) and because S is antianalytic, the mapping k is antianalytic too.
(the G1- orbit of @) N (the G;-orbit of ﬁ) = (), for every P € O, means that the

mapping k doesn't have fixed points. Also, k is an involution because (ko k)(P) =
k(Q) = (the Gy —orbit of Sl(@)) = (the G;- orbit of (S o S)(ﬁ)) = (the G;- orbit of
ﬁ) = P, where S; 0 S € Gy, because S1, S € G\ G1. Therefore, k is an antianalytic
involution, without fixed points. If ¢ : Oy — X is the covering projection, ¢(P) = ]3,
for every P € Oy, then ¢ = g o k and the following diagram is comutative:

X 2 X
pl pl
0, 5 0,
ql q/

X

Let B; (respectively Bs) be the maximal analytic atlases on Os. By determines the
analytic structure on Oy and By the analytic structure on k(Os). k(Os2) is thinking
like the surface Oy endowed with its second orientation. Then k : O — k(Os) is an
antianalytic isomorphism. So, ¢ : Os — X is a dianalytic mapping, which mixed the
two structures of Oz and k(Os). Therefore Oy = (Oa, B1), k(O2) = (02, B2). O

We denote by H the group consisting of k and the identity of Oz, with respect to
the usual composition of functions.

Theorem 0.2. Oy /H is dianalytic equivalent with X .

Proof. Let P € Oy, its H- orbit consists of two elements P and k(P). Therefore , P =
P Uk(P) and the mapping { P , k(P) } — P is a dianalytic isomorphism between

Oy/H and X. Then X can be identify with Oy /H. O
The diagram is comutative :
X
pl N\

0Oy — X<—>02/H
q
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where we have denoted with «— the dianalytic equivalence.

Theorem 0.3. Let (Oz,k) be a symmetric Riemann surface and H the two elements
group generated by k. Then the covering projection q : O3 — Oz /H induces a Klein
surface structure on Oz /H.

Let Oy be a Riemann surface with the analytic structure {(U;, h;,V;)}icr. A
meromorphic quadratic dif ferential ® on Oy is a family of meromorphic functions
(¢i)ier, in the local parameters z; = h;(P), @ € I, for which the transformation law

dz;
cpl(zl)dz? = goj(zj)dzf-,dzj = d_zzdzi

holds for every %, j € I, whenever z; and z; are parameters values which correspond
to the same point P of Os. N N

Because for every parametric disk U of X , the preimage ¢~ (U) = (U, k(U)), is
natural to consider the restriction at U Uk(U) in the local study of the meromorphic
quadratic differentials on Os. But k is an involution without fixed points so we can
consider U Nk(U) = 0.

We denote with Q?(03), respectively with Q2(0,), the vectorial space of the mero-
morphic (respectively antimeromorphic) quadratic differentials on (O3, By).

Let V and f(V) the images through the corresponding charts of the parametric
disks U, respectively k(U). Because k is an antianalytic involution it results that f is
an antianalytic involution. We will use z, like local parameter on U and w, like local
parameter on k(U).

Theorem 0.4. There is an isomorphism K, between Q%(Oz) and Q%(Oz).
Proof. ® € Q%(05) with the local representation :

o(2)dz?, zeV
P(w)dw?, w e f(V)
where ¢ and @ are meromorphic functions on V', respectively f(V). If ¢ is not

holomorphic, namely it has at least a pole then z € V' means z is not a pole of ¢.
Then the symmetry k will induce the isomorphism K : Q?(Os) — Q2(0,) :

P(f(2))df(2)?, ifzeV
p(f(w))df(w)?, if w e £(V)

* /U UK(U) = {

K(®)"/U Uk(U) = (@ ok)* /U Uk(U) = {

and because f is an antianalytic function

. () (E(2) a2, ifzeV
K(@)"/UVK(U) = { o(f(w)) (5—%(11)))2 dw?, if wef(V)

We will use the following diagram :

hro > T -
V «—— TU) — U
® p/T(0) ~ S
N Noop/UL N
op=1 N B~
c U — S0 =2 R
p/S(U) ?
k| s s

!
kU) P o



54 P. KESSLER AND M. ROSIU

Let @ € Q%(03) with the local representation ¢(z)dz? on U. Then po p;’lU U —
C is a meromorphic mapping on (Os, By). Also po pglU : k(U) — C is a meromorphic
mapping on (Os, Bs).

Let py ) = pglU ok/U and (U, Py sy Vei = f(V)) a mapping on (Os, Bs),
where S € G\ G;. Then (po pglU ok)o p;’g(ﬁ) = pand @po pglU ok is a meromorphic
mapping on (s, By), namely p o f is an antimeromorphic function in parameter z.
But @ o f is the local representation of K(®) in parameter z and by the defintion
of ® we have §(w)dw? = $o(wp)dw3, for every w and wy parametrics values which
correspond to the same point of O and for which the transition mapping is analytic,
where @y is the representation of @ in the parameter wy. We obtain K(®) € Q2?(Os).
Thus, K is well defined and by the definition we obtain that K is an isomorphism. [

Let A be an open, k-symmetric, subset of Oy, namely an open subset which sat-
isfies the condition k(A) = A. Then & € Q%*(02)® Q%(03) is called symmetric,
respectively antisymmetric, quadratic differential , on A iff :

®' /A = (&' ok)/A, respectively &' /A = —(d' ok)/A.

@’ is a symmetric, respectively antisymmetric, quadratic differential on O iff
®'/U Uk(U) a symmetric, respectively antisymmetric, quadratic differential on U U
k(U), for every parametric disk U of O2.We denote with Q*(05), respectively Q*(O2),
the set of the symmetric quadratic differentials @, respectively antisymmetric ®,, on
O,.

Let ® € Q2(02)® Q2(0,) with the following local representation:

N B 1(2)d2? + po(2)dZ?, 2€V
(@)"/UUk({U) = { o (wldu? 1 Gam)d®, w e £(V)

where 1 and @, are meromorphic functions and ¢s , @2 are antimeromorphic func-
tions.

Theorem 0.5. a) ¥’ is a symmetric quadratic differential on Oz iff p1,92,P1, P2
satisfy the conditions:

2
(z))2 ,for every z €'V

_ 2
P1(w) = @a(f(w)) (%(w)) for every w € £(V)
. 2
Pa(w) = p1(f(w)) (F5(w))
b) ® is an antisymmetric differential on O iff 1,02, P1, P2 satisfy the conditions:

_ 2
— _ A z of z
p1(z) = —pa(f(2)) E?) ( ))2 , for every z € V

2
) , for every w € £(V)
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Proof. From definition of K it results:
(®'ok)* /JUUK(U) =

The symmetry and antisymmetry conditions means :

(@) /UUK(U) = (9" o k)" /U UK(U)
respectively,

(®)*/UUKk(U) = —(® ok)* /U UK(U)

and then the previous conditions. O

Remark 0.1. Let D be an open subset of C and f: D — C a C? - function. Then

of _ of
0z — 0z°

Remark 0.2. Let @5 € Q*(O3). Then, for every parametric disk U of Oz, we have
@1 /U = B3 /K(U).

We will characterize the symmetric, respective antisymmetric, quadratic differen-
tials on Os.

Theorem 0.6.
Q*(02) ={2+®ok| P e Q*0:)}
QU (0s) ={® - Dok | D cQ*O)}.

Proof. Tt is enough to prove the first equality.
Let ' € Q%(O2). Then:
(@) /JUUK(U) =d*/UUk(U) + K(®)* /U Uk(U), for every U,
where ® € Q?(03) and U is a parametric disk of Os.
Conversely, if ®' = ® + ® ok, with ® € Q?(0O3), because k is an involution on O,
(@' 0k)" = (Dok)’ +[(®ok) o k]’ = (B ok)" + & = (4)"
on U UKk(U), for every parametric disk U of O,. O

Corollary 0.1.
Q*(02) = {2+ K(D) | © € Q*(02) }
and

QU (02) = {2 —K(D) | ® € Q*(O0)} .

Let X be a Klein surface and A = {((71, hi,Vi)| i€ I} the corresponding atlas on
X.

® is a N- meromorphic quadratic differential, respectively holomorphic , on X iff:

a) For every (U, h,V) € A, the local representation of ® on U is ®3/U + &1/U,
where 51 is a meromorphic quadratic differential , respectively holomorphic on Oy
and 62 is an antimeromorphic, respectively antiholomorphic, quadratic differential
on 92 - " _ " _

@3 /U and ®3/U are the local components of ® on chart (U, h, V).
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b) If (U1, hi, Vi), (Us, ha, Vo) € A such that Uy N U # 0 and &* /T, = (D)*/U; +
(®4)* /Uy, ®* /Uy = (®Y)* Uy +( ®4)* /U, are the corresponding local representations
of &), then for every connected component U of (71 N (72 there are the following
relations:

BNk /TT — (B /TT ~
by) (21)*/U = (7)"/U ,if hy o Ayt is an analytic function on hy (U)
5)"/U = (95)"/U

I\ ITT — (BN /TT _
bz) { E%,;;*jg ; E%Z,;‘;g ,if hy o hy! is an antianalytic function on hy(U).

Let Q?(X) be the vectorial space of N- meromorphic quadratic differentials on X,
with respect to C.

Theorem 0.7. If A= {(ﬁi,hi, Vi)|ie I} is a dianalytic atlas on X, the following
sentences are equivalent :

1. Ezists a N— meromorphic quadratic differential d on X.

2. Exists a family of mappings:

Ga={@;: U — C|ie Iuwith :

(2') For everyi €I, g;oh; " : hi(U;) — C is a meromorphic function.
(2") If U;; CU;NU; is a connected component of U;NU;, then @; = @, (%) ’

if hjo h;l is a dianalytic function on hl([}”)

Proof. Let de Q?(X) and ® be the corresponding meromorphic quadratic differential
on O, associated with ® with the local representation ®*/U; = @i(z)dz? and
(Bok)" /U, = Bu{E(z))dE(2)?. where U, = (a/U)(00) and K(U) = (a/k(U))~ (0.
If we con81der a chart of X, we define ;/U; = ¢;/V; o pTU (q/U')_1 and then
i/ U; oh; "~ = ¢;/V; is a meromorphic function, namely ; : U; — Cisa meromorphlc
mapping on U;. For the second type of chart on X , we define &;/U; = 3;/£(V) o pg s, U

(q/k( ))~! and then &;/U; 0 g; ! = @;/£(V;) is a meromorphic function namely

U —~Cisa meromorphic mappmg on U The condition (2") is true.

Conversely, if (8i)ier, @i : U; — C for every ¢ € I, is a family of mappings with
the properties (2') and (2"), then we deﬁne.

©/Us = i(2)dz] + §i((2:))df ()%,
where p; and @; are the local representations of ® with respect to z;, respectively

Let @ # 0 be a N- holomorphic quadratic differential on X . Then ;I;/ U=
®/U + (P ok)/U, where ¢~ (U) = {U, k(U)}, for every parametric disk U of X. The
local representation for ® on U is

BT = p(2)d% + B(E(2))dE ()7,
where ® /U = ¢(z)dz? is the local representation of ® on U, (®ok)/U = p(f(z))df(2)?
is the local representation of ® on k(U) . Thus ¢ and $ are holomorphic function in
z, respective f(z) .



SOME REMARKS ON QUADRATIC DIFFERENTIALS ON KLEIN SURFACES 57

Since there is a dianalytic isomorphism between Os/H and X and an arbitrary
rectifiable curve on O which does not go through any critical point of ® can be
subdivided into intervals each one of which lies in a parametric disk, we identify a
curve 7 in a parametric disk U around a regular point Py € X with the k - symmetric

—1/= _ .
curve ¢ H(F) = v U k(y) in U Uk(U).

The N- holomorphic quadratic differential ® defines invariant N - length elements

on X, dS(2) = ds(z) = ds(f(z)), where

43(z) = 5 (VIe@l sl + VIBEG ldt(2)])

is the k-symmetric element of ®- length on O, and area elements dA(Z) = da(z) =
da(f(2)), where

di(2) = 5 (1¢(2)] ddy + |B(E(2)| dudv)

is the k -symmetric element of ® -area on Og, z = = + iy and f(z) = u + 4v. This -
metric is euclidean except at the singularities and the trajectories are the geodesics
of this metric.
Let 5 : [0,1] — X be a continuous differentiable arc on X, with ¢=1(5) = {~, k(7)}.
The ® -length of 7 is
1a(3) = [ d5.

2]
and the @ - distance of a pair of points z1, 22 is equal to

{7}

where 7 varies over all arcs connecting the two points. The ® -area of a Lebesque
measurable set of X is the integral

Az (B) = //E dA,

and the total area of X in this metric is L'- norm of ®
Ag(X) = H@Hl - //X dA.
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