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k—fractional Ostrowski type inequalities via (s, r)—convex

ALI HASSAN AND AsIF R. KHAN

ABSTRACT. We are introducing very first time a generalized class named it the class of
(s,7)—convex in mixed kind, this class includes s—convex in 15! and 274 kind, P—convex,
quasi convex and the class of ordinary convex. Also, we would like to state the generalization
of the classical Ostrowski inequality via k—fractional integrals, which is obtained for functions
whose first derivative in absolute values is (s, r)—convex in mixed kind. Moreover we establish
some Ostrowski type inequalities via k—fractional integrals and their particular cases for the
class of functions whose absolute values at certain powers of derivatives are (s, r)—convex in
mixed kind by using different techniques including Hoélder’s inequality and power mean in-
equality. Also, various established results would be captured as special cases. Moreover, some
applications in terms of special means would also be given.
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1. Introduction

The main aim of this study is to reveal new generalized-Ostrowski-type inequalities
via (s,r)—convex using k—fractional operator which generalizes Riemann-Liouville
integral operator.

Definition 1.1. [2] The : I C (0,00) — R is convex (concave), if
1 (pepz+ (1= pi)py) < (2)pen(pe) + (1 = pe)nlpy),
szvpy € vat € [Oﬂl]

Definition 1.2. [12] Let s € (0,1], the n : I C (0,00) — [0,00) is the s—convex
(concave) in 1% kind, if

1 (pepe + (1= pe)py) < (Z)pin(pa) + (1 = p})n(py),
Vpz.py € I,p €[0,1].
Definition 1.3. [8] The n: I C (0,00) — [0,00) is quasi convex (concave), if
1 (pepz + (1 = pe)py) < (=) max{n(pz),n(py)}
Yoz, py € I, pr € [0, 1].
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GENERALIZATION OF OSTROWSKI INEQUALITIES VIA k—FRACTIONAL 17
Definition 1.4. [12] Let s € (0,1], the n : I C (0,00) — [0,00) is the s—convex
(concave) in 27¢ kind, if

1 (pepe + (1= pi)py) < (Z)pin(pe) + (1 = pe)*n(py),
va7p1/ € I7 pt € [05 1]

Definition 1.5. [2] Then: I C (0,00) — [0, 00) is a P—convex (concave), if (p;) > 0
and Vp,, py € I and p; € [0, 1],

N (pepz + (1 = pi)py) < (Z)n(pz) +nlpy)-

Next we present the clasical ostrowski inequality.

Theorem 1.1. [10] Let ¢ : [pa, pp] — R be differentiable function on (pa, pp), €' (pt)] <
M, ¥pi € (pa,pp)- Then
1 Pb 1 P — Pa;rpb 2
v) — dpe| < M(py—pa) |7+ | ——2—] | 1
#oa) = o [ oo < Mo pu) |5+ (P 1)

Yoz € (Pas pb)-

Also, one can see the numerous variants and applications in [4]-[0].

Definition 1.6. [11] The Riemann-Liouville integrals I{fgp and Ilf, wofp € Li([pa, po])
a b
having order ¢ > 0 with p, > 0, p, < pp are defined by

L[ o(p)
I 0(ps) = / —dps, pz > pa
/i L) Jou (pe—pe)°

and

L[ wlpr)
I o(ps) = / dpt, pz < po,
i #0) = T s pe—p) ’

respectively. Here I'(¢) = [;~ e “u¢~'du is the Gamma function and I;Lga(pm) =
Ig,go(pw) = ¢(py). We also make use of Euler’s beta function, which is for z,y > 0
b

defined as

L(2)C(y)

B(x,y)z/o et =

Definition 1.7. [15] The k—fractional integrals kJ§+g0 and kJs,go of p € L1([pa, pb])
having order ¢ > 0 with 0 < p, < pp, k > 0 are defined by '

L el
k 1€ _ PPt
Jp;SD(Pm) - ka(C) /a (p 1—-$ dpta Pz > Pa

xT *pt k
and
1 o elp
Tp(ps) = ¢ / ( t)lfsdpt, pa < Pb,
g D& Jow (pr = )1

’U.k . . .
respectively. Here I'x(¢) = fooo e~ FuS~!du is the generalized Gamma function and

Wvplpe) = 1I0_(pa) = @(p)-
a b
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Throught this paper, we denote,

c c
VoG o ponpn) = [(p”” e e
S [k o) + Rt
Zo(C, pus Par o) = {(pm — pa;j j/():b — pwq ¢ (pz)
l;igjpi) {Ijgw(pa) +I§;w(pb)} :

Pb — Pa

In order to prove our main results we need the following Lemma.

(o) = {mg —Pa) + (p — mﬂ .

Lemma 1.2. [15] Let ¢ : I C (0,00) — R be an absolutely continuous, and pq, py €
I, pa < py. If " € Li[pa, po], (, k > 0 then
< 1
(P = pa)* T £
Yap((ak,Pa,Pme) = - ptk SDI (Ptﬂx + (1 _Pt)Pa)dPt
Pb — Pa 0
< 1
2 L
— | p{ (pepe + (1= pe)py) dpr.
Pb — Pa 0
Theorem 1.3. [11] Let ¢ : I — R be differentiable mapping on I°, with pa, py €

I,pa < pp ¢ € Lilpa, ps] and for (,k > 1, Montgomery identity for k—fractional
integrals holds:

o(pe) = Z)Ff(f))(pb—px)li " J5.2(pv)
— B IS (PL(pas po)e(p)) + * IS, (Pr(pas pb) @' (pb)), (2)

where Py (x,t) is the fractional Peano Kernel defined by:
Pt — Pa ka(C)
Po = Pa(py = pa) £ 71

pr—py  kIL(Q)
Po = Pa (py — pg) i1

ifte [pavx]a
Pl(x,t) =

if pt € (pa, po)-

Let [pa, p] C (0,400), we may define special means as follows:
(a) The arithmetic mean

Pa + Pb.

A= Apa, pv) == 9

(b) The geometric mean

G = G(pas pv) = \/Papy;
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(¢) The harmonic mean

2
H = H(pa, py) := T 1
Pa Pb
(d) The logarithmic mean
L Pa if po = po
= Lpam) = TP gy,
In Pb — In Pa
(e) The identric mean
Pa . if Pa = Pb
I=1(pa;spp) = 1 (pp? \7o7re .
- — , if pa # po.
e papa
(f) The p—logarithmic mean
Pa if pa = pp

=

LP = Lp(Pabe) = i P # o

P§+1 - pap+1
(p+1)(po — pa)

where p € R\ {0, —1}.

2. k—fractional Ostrowski type inequalties via (s, r)—convex

In this section, we are introducing very first time the concept of (s, ) —convex in mixed
kind, this class contains many classes of convex from literature of convex analysis.

Definition 2.1. Let (s,r) € (0,1]%, the n: I C (0,00) — [0,00) is the (s,7)—convex
(concave) in mixed kind, if

n(pepze + (1= pe)py) < (Z)pi*n(pz) + (1 = pi)*n(py), (3)
szapy € Iapt € [Oa 1]

Remark 2.1. In Definition 2.1, we can see the following:

(1) If s=1 and 7 € [0,1] in (3), we get r—convex in 15 kind.
(2) If r - 0, and s =1, in (3), we get quasi convex.

(3) If r =1 and s € [0, 1] in (3), we get s—convex in 2"% kind.
(4) If s = 0, and r = 1 in (3), we get P—convex.

(5) If s=r =11in (3), gives us ordinary convex.

Now, we will generalize the Ostrowski type inequalties via (s,7)—convex (concave)
by using k—fractional integral operator.

Theorem 2.1. Let ¢ : [pa,ps] C (0,00) — R be an absolutely continuous, and
¢" € Lulpa; po]- If [¢'] is (s,7)—convex, |¢'(px)| < M,Vps € [pa; ppl, and ¢k > 0



20 A. HASSAN AND ASIF R. KHAN

then

1 % s
|Y<P(C7kupaapm7pb)| S M{ fO plt pgt dpt q }
+ Jo o (L= p)*dpy

— e+l PR |
% [(px pa))C + (Pb pw)k ] .

Pb— Pa Pb— Pa

Proof. By using the Lemma 1.2,

<
(pw - pa) ittt £y
Yo (G, Ky pas pas po)| <[ pf |¢" (ptpz + (1 — pt)pa)| dps
Po = Pa 0
£+1 1
Po — Px)k £
+ i / pt | (prpe + (1= pe)py)|dpr (5)
Pb — Pa 0

Since |¢'| is (s,7)—convex and by using |¢'(pz)| < M, we get

<
Y. k <M ! % TS|, A 1 pr)s / d
V(G b pas s )| S L= | 16 ()] 4+ (1= o)l (0o ) dp
Sq1 1
Po — Pz)* < s
* (pbg/o pt (219" (p2)] + (1 = p)°1¢" (po)[] dpi,
(6)
w1 4 1 % s
1Yo (Co o pas pos )| < (P—M{ (@ (0 fo oF i }
k) yas Mx — — 1 < e
Pb = Pa +|90/(pa)|f0 PE (1 _pt) dpy
£ 1 £ 78
L —pa)iH { () fo oF o3 dpe } .
- L % \S ’
Pb = Pa +1¢' (o)l fy o (1= p})*dpy,
|Y¢(C’k7pa7pxapb)‘
1 < ¢ ¢
Sl B | [ ]
+ Jo pf (1= p})*dps Pb = Pa Pb = Pa
O

Remark 2.2. In Theorem 2.1, one can also capture the inequalties for s—convex in
15t and 2% kind, P—convex and convex via k—fractional integrals by using Remark
2.1.

Corollary 2.2. In Theorem 2.1, one can see for k =1 the following.
(1) The Ostrowski inequality for (s,r)—convex in mized kind via fractional integrals:

) B (454 1)

r

(+rs+1+ r

|Z¢(<7pxapaapb)‘ SM CI@ZZ(pJ)
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(2) If s = 1 and r € (0,1] in inequality (4), then the Ostrowski inequality for
r—convez in 15t kind via fractional integrals:

1 B(Cfl’Q)

C+r+1+ r

|Z¢(<7pw7pa7pb)| S M K/l)b(pw)

(3) If r = 1 and s € (0,1] in inequality (4), then the Ostrowski inequality for
s—convex in 2™ kind via fractional integrals:

1
|Zo(Cs s Pas )| < M ( +B(¢+1,s+ 1)) CKZZ(pI).

(+s+1
(4) If  =r =1 and s € (0,1] in inequality (4), then the inequality (2.1) of Theorem
2 4n [1].
(5) If r =1 and s € (0,1] in inequality (4), then the inequality (2.6) of Theorem 7
in [12].

(6) If s = 0 and r = 1, in inequality (4), then the Ostrowski inequality for P— convex
via fractional mtegmls

1 Z5(C, pas Pay pu)] < M (41+1 +B(¢+1, 1)) KO (pa)-

(7) If r = s = 1, in inequality (4), then the Ostrowski inequality for convex via

fractional integrals:

1
1 Zo(Cs Py Pas pu)| < M (<+2 + B (¢ + 172)) KL (p)-

(8) If = r = s =1, in inequality (4), then the Ostrowski inequality (1.1) for convex.

Theorem 2.3. Let ¢ : [pa,ps] C (0,00) — R be an absolutely continuous, and
@ € Lpa, pp]. If |¢'2 is (s,7)—convex for ¢ > 1 and |¢'(pz)| < M,¥pz € [pa, ps], and
C, k>0 then

|YLP(C7 k7pa7pa:a Pb)‘

< s a
< M (pz — pa)kJrl + (po — pz ‘| { fO pt 75dpt }q (9)
— i_

La 1 Pb — Pa (l)b pa) —I—fo pt 1 — pt) dpt

where

Lo
L:/ pi dpy.
0

Proof. By using the Lemma 1.2, and Power mean inequality [13],

|Y90(C7 ka Pas Pxs Pb)|
1—1

< 1 : 1 i
(pz = pa) =t £ a < a
< pf dp X ot ¢ (pepa + (1 = pi)pa)|* dpy
Pb — Pa 0 0
1

£+1 1 _1 1 1
Pb — Px)F & 4 < 4
+ (o0 = pu) ¥ o 3 </ ot dm) X (/ pf 1@ (pepz + (1 _Pt)pb)|qdpt) . (10)
a 0 0



22 A. HASSAN AND ASIF R. KHAN

Since |¢'|? is (s, r)—convex and |¢'(p.)] < M,

1

M (py — pa ”d !

Yo (Co ky pay pus pp)] < —ip {fo Pi Py dp }
L+, — pa) +hmﬂfﬂﬂw

1
+M(pb { fo pt ”dpt }q.
L op—pa) | + ) pE (1= gp) dpy

O

Remark 2.3. In Theorem 2.3, one can also capture the inequalties for s—convex in
1%t and 2"? kind, P—convex and convex via k—fractional integrals by using Remark
2.1.

Corollary 2.4. In Theorem 2.3, one can see for k =1 the following.
(1) The Ostrowski inequality for (s,r)— convex in mized kind via fractional integrals:

¢+1
M L B( o ) s (o)
(C+1)ta \CHrs+1 r palr e

|Z@(C7pz,paapb)| S

(2) If s = 1 and r € (0,1] in inequality (9), then the Ostrowski inequality for
r—convez in 1%t kind via fractional integrals:

p(s2))'
M 1 s 7

Z Yy Ty Fas S +

1Z(Cs s Pas o) oot \Trse .

KLY (pa).

(8) If r = 1 and s € (0,1] in inequality (9), then the Ostrowski inequality for
s—convez in 2™ kind via fractional integrals:

1
M 1 a
Z5(C, Pas Pas po)| < B({+1,5+1 K2 ().
25 pesmoon) < i (g B CH L) o
(4) If (. =r =1, and s € (0,1] in inequality (9), then the inequality (2.3) of Theorem
4 in [1].
(5) If r =1 and s € (0,1] in inequality (9), then the inequality (2.8) of Theorem 9

(6) If r =1 and s — 0 in inequality (9), then the Ostrowski inequality for P— convex
via fractional integrals:

M 7
1Zo(Cs pas Pas po)| < R ((il B(C+1,1)) kP (pa).

(7) If r = s = 1, in inequality (9), then the Ostrowski inequality for convexr via
fractional integrals:

Q=

M 1
1 Z(Cs Py Pas po)| < Ct1)it <g+2 +B(C+1,2)> “Kp: (pa)-
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Theorem 2.5. Let ¢ : [pa,pp] C (0,00) — R be an absolutely continuous, ¢’ €
L[Pmpb]- If |s0,|q is (577“)7607“}62; |90/(px | < Mava € [p(lapb]a Cak > Oa and P,z > 1
with % + % =1, then

1
MK*= 1 1_/1 a
Y, (C. k < -B(= 1
| QD(C? apaavapb” — pb_pa <’I°S+1+T (’I"’S+ >>

x[(pe = )41+ (o1 = pa) 41 (11)

e
K:/ Pt dps.
0

Proof. By using the Lemma 1.2, and Holder’s inequality [14],
|Y50(C7 k7 Pas Pz pb)'

)Ll e : ! '
< M (/ P dpt) X (/ " (pepe + (1 — pt)pa)lq dpt)
0 0

where

Pb — Pa
4 1 H 1 H
Pb — Px)F sz ¢
GO LA (/ P dpt> X (/ " (pepa + (1 —pt)pb)lqdpt> - (12)
Pb — Pa 0 0

Since |¢'|? is (s,7)—convex and |¢'(p)| < M,

1 < i
K= (py — pa)* ™t [ M1 Ma 1
Yo (G, K, pas pay pu)| - < (s — o) ( +—B (T,s—i—l))

Q=

Pb = Pa rs+1
Kt (py—po)itl [ M9 M7 (1 .
K= pa)f ( +B<,s+1>>.
Pb — Pa rs+1 r r
O

Remark 2.4. In Theorem 2.5, one can also capture the inequalties for s—convex in
1%t and 2"? kind, P—convex and convex via k—fractional integrals by using Remark
2.1.

Corollary 2.6. In Theorem 2.5, one can see for k =1 the following.
(1) The Ostrowski inequality for (s,r)—convex in mized kind via fractional integrals:

M 1 B(Ls+1)\°
VA s Pas < T’ ¢ Po ).
| @(Cvﬂ Pas> )| < (Cz—&-l)% (rs—l—l + r Hpa(p )

(2) If s = 1 and r € (0,1] in inequality (11), then the Ostrowski inequality for
r—convez in 1t kind via fractional integrals:

1

M 1 B(2))\°
A s Pas < s’ C b ).
| W(Cvp y P pb)‘ — (Cz+ 1)% <S+ 1 + s Kpa(p )

(3) If r = 1 and s € (0,1] in inequality (11), then the Ostrowski inequality for
s—convez in 2" kind via fractional integrals:

M 1 @
|Zo(C, pas Pas po)| < Gt (S+ : +B(1,s+ 1)) kP (pa).
- E
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(4) If ¢ =r =1 and s € (0,1] in inequality (11), then the inequality (2.2) of Theorem
3 in [1].

(5) If r =1 and s € (0,1] in inequality (11), then the inequality (2.7) of Theorem 8

(6) Ifr =1, and s — 0 in inequality (11), then the Ostrowski inequality for P— convex
via fractional integrals:

1
2)a M
1Zo(C, pas Pas po)| < ()71 kP (pa).

(7) If r = s = 1, in inequality (11), then the Ostrowski inequality for convexr via
fractional integrals:

M
|Z<P(Cvaapaapb)‘ <— CKZZ(pw)
2+ 1)

=

Theorem 2.7. Let ¢ : [pa, pp] — R be differentiable on (pa, pb), ¢ : [pas pp] — R be
integrable on [pa, pp] and n: I CR = R, be a (s,7)—convex function in mized sense,

then we have the inequalities

) [w<pm> = ELLO) () oy KT o(pn) + ’“J§;1<P1<pw,pb>so<pb>>}

Pb — Pa
— Dy 17% Pz — P /
< (pb P) — (pch _pa)rsfl/ n (pt P, )9015/2‘)
(Pb - pa) o (Pb - Pt) k
— T _ — T\$ Pb _ /
MR l(pt ) f’?)] dpt] | 13
Po = P (oo — pt)' %
Vpz € [pa; po] .-
Proof. Utilizing the Theorem 1.3, we get
kI (¢ _< _
o(p) = D (5, )1 IS )+ EI5 (Palps )il
1 & "(pt)
— k¢ (P, s / = / Pi(x,t 7
5 (PP, )¢ (p1)) RGN 1 ( )(pb—pt)l‘%

_<
(x—pa> (pp—pa)' " F [P {pt—pa}w’(pt)dm
Pb — Pa T=Pa  Jpo  (pp—p)TE

<

. (1 B <x—pa )) [(pb — )" "E [ —pb}so'(mdpt] |

Pb = Pa Py =Pz Jpo  (py—p)F

Yoz € [pa,pp] - Next by using the (s,r)—convex function in mixed sense of 7 : I C
[0,00) — R, we get
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7 {s@(pz) - %(pb — ) TR RIS o) + ’“Jﬁjl(Pl(pzypb)sO(pb))}
Pb — Pa

_ rs _ 1-$ rpa _ ’
< ( T = Pq ) n (ﬂb pw) k {pt pa} P (ft)dpt
Pb — Pa T = Pa pa  (pp— Pt)liE

_ ™ ¢ _ 1-£ rop _ /
+ (1 _ (xpa> ) . (po— pa)' ™7 {pe—po}o (ft)dpt ’
Pb — Pa Pb — Pz Pa (pb —pt)17%

Yoz € [paspp] - Applying Jensen’s integral inequality [5], we get the Inequality (13).
O

Corollary 2.8. In Theorem 2.7, one can see the following.
(1) If s=1 and r € (0,1] in (13), then Ostrowski inequality for r—convex functions
in 15 kind:

7 {s@(pz) - Z)Ff(o(pb — ) TE RIS ) + ’“Jﬁjl(Pl(pmpb)w(pb))}

Pa
(oo —p) "% | 7 (o= pa)e (1)
S P [(pm Pa) /p n[( PRTE:

(pb - pa)r — (paz — pa)r P (,Ot ) ( )
(Po — pa) /,, nl (oo — p)' % ] pt]

(2) If s=1 and r — 0 in (13), we get quasi—convex function.

+

) [m) LRIy RIS () + kJ,§;1<P1<pw,pb>so<pb>>}
Po Pa

= (pz_pa) [/a nl (pbfpt)l_% ]dpt] .

(8) Ifr =1 and s € [0,1) (13), then fractional Ostrowski type inequality for s— convex
functions in 2% kind:

Pb — Pa

" {s@(pz) - M(pb — ) TE RIS o(oy) + ’“Jﬁal(Pl(pz,pb)@(pb))}

< (pb — pw)l_% [(Pz _ pa)s—l /[)z n [(pt — Pa)@l<Pt)

(Py = pa)? pa | (pp—p)tt

+(po — pa)® /pb 7 [(/();_ pbp);ﬁ/(/)ct)] dpt‘| .
P b — Pt k

x
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(4) Ifr =1 and s — 0 in (13), then fractional Ostrowski type inequality for P— convex

functions:
kT,
. [sa(px) = BB (5, g RS o)+ EIE (Prlpns )
oy | L (e pa) () |
< (po = pz) [x_pa /p n[ (v 1 Pt

77 l b)e (pgt)] dpt] .
Pz Pt) k

(5) If s =r =1 in (13), then fractional Ostrowski type inequality for convez func-
tions:

n {w(pm) - Zﬂc(g)(pb —p) TE RIS ooy) + kai_l(Pl(Px»Pb)(P(pb))}

Pa

(po =) E [ 7 [ (or = pa)¥' (p1) o= po)e (pr)
s e o | dpe R dpy |
B l/ 77[ (oo =)'~ % g +/m 77[ (oo — pe)' % 1 P‘|

Pb — Pa a

3. Applications to Sspecial means

+Pb

If we replace ¢ by —¢ and x = 22722 in Theorem 2.7, we get

Theorem 3.1. Let ¢ : [pa, pp] — R be differentiable on (pa, pp), ¢ : [pas pp] — R be
integrable on [pq, pp] and n: I CR — R, be a (s,r)—convex function in mized sense,
then

1—-<

KL(Q) (52+) " ¢ Pa T+ Po kp¢—1 Pat Pb
p— I (o) — ¢ 5 R A ! 5 0) @)
2¢-1 1 [re (Pt — pa)¢' (p1)
: L[],
(po = pa)C | 25771 Jeaten T 1 (p, — p)tm %
Patprp
2" — 1) 2 — o)’
+Z- [ l(pt il f”f)] dm] | 14
Py (o —pe)' %

Remark 3.1. In Theorem 3.1, if we put { = k =1 in (14). we get

1 Pb Pa +Pb
n ( / @(pe)dpr — @ <2
Po = Pa Jp,

Patprp
2

: [23_1/ l(pa = P )¢ (po)ldpy

"~ Pb— Pa N
or _1)% [Pe
+(27_1) /pmb nl(ps — pt)@/(pt)]dpt‘| :
patey

Remark 3.2. Assume that : I C [0,00) = R be an (s, r)—convex function in mixed
kind:
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(D) IC=k=1,p(p) = i in inequality (14) where p; € [pa, pp] C (0,00), then we
have
A(Pa,/)b) - L(Pa; Pb):|
b= Pa)i)
= |

Patrp
1 3 Pt = Pa (2T—1)S/”b Pt — Po
< — d - dpy.
— 9sr—1 /a n |: pt2 Pt + ors—1 Pa;rﬁb " pt2 Pt

(2) If ¢ =k =1,p(pt) = —Inp; in inequality (14), where p; € [pa, ps] C (0,00), then
we have

(Po — pa)n [1;(%)}

1 2 Pt = Pa 2 —1)° > Pt = P
< Al Pt dp,.
— 9sr—1 Aa n |: Dt dpt + grs—1 Patey n Pt dpi

2

(3) EC=Fk=1,0(p)=p;,p € R\ {0,~1} in inequality (14), where p; € [pa, ps] C
(0,00), then we have

(po = pa)n [LE(pay py) — AP (pas po)]

pPa+tprp

1 > P (pa — pr) (2r—1)° [ p(ps— pt)
SW/ n[plp dpr + =1 pmbnplifpdpt’
catey !

a t

Remark 3.3. In Theorem 2.3, one can see for { = k = 1 the following.
(1) Let p, = 22222 0 < p, < pp, ¢ > 1 and ¢ : R = R, o(p;) = pf in (9). Then

M(pb—pa)< 1 B(f,s-&-l));.

(2)2—% rs—+ 2 + r

(2) Let pp = 223220 < po < pp, ¢ = 1 and ¢ : (0,1] = R, @(p;) = —Inp; in (9).
Then

|An (pa; Pb) - L?L (pa7 Pb)| <

1

‘1 (A(pa,pb))‘ M(py—pa) [ 1 B(2,s+1)\°

n < T + .
I(pa,pv) (2)2—5 rs+ 2 r

Remark 3.4. In Theorem 2.5, one can see for ( = k = 1 the following.

(1) Let py = L2F22 0 < p, < pp,p~ +g ' =1and ¢ : R = RT, o(py) = p! in (11).
Then

[ A" (pas pv) = Ly (Pas po)| <

M(pbm( | +B<i,s+1>>?

2(z+1)7 \rs+1 r

(2) Let py = L322 0 < p, < pp,p ' +¢g ' =1and ¢:(0,1] = R, p(p) = —Ilnp,
n (11). Then

P«M%MN<Mm—M<1 +MLHDY'

I (pa,pb) 2(z+1) rs+1 r

1
z
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4. Conclusion

Ostrowski inequality is one of the most celebrated inequalities, we can find its various
generalizations and variants in literature. In this paper, we presented the generalized
notion of (s, 7)—convex in mixed kind, this class of functions contains many important
classes including class of s—convex in 1%¢ and 2"? kind [3], P—convex, quasi convex
and the class of convex. In this study, theorems are put forward to obtain new upper
bounds by k—fractional operator for Ostrowski type inequalities. We have stated
our first main result in section 2, the generalization of Ostrowski inequality [10] via
k—fractional integral and others results obtained by using different techniques includ-
ing Holder’s inequality [14] and power mean inequality [13]. Also, various established
results would be captured as special cases. Moreover, some applications in terms of
special means presented in the end.
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