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On the nonhomogeneous wavelet bi-frames for reducing
subspaces of H*(K)

MOHAMMAD YOUNUS BHAT

ABSTRACT. Ahmad and Shiekh in Filomat 34: 6(2020), have constructed dual wavelet frames
in Sobolev spaces on local fields of positive characteristic. We continued the study and pro-
vided the characterization of nonhomogeneous wavelet bi-frames. First of all we introduce
the reducing subspaces of Sobolev spaces over local fields of prime characteristics and then
provide the way to characterize the nonhomogeneous wavelet bi-frames over such fields. Our
results are better than those established by Ahmad and Shiekh.
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1. Introduction

To start with it is to be noted that a refinable structure gives birth to the classical
nonhomogeneous systems with some technical restrictions on them [16, 22, 23, 24].
The wavelet systems thus obtained have fast wavelet transform. However the corre-
spondence between them is not exact. It was Han [22, 23] who showed that the non-
stationary wavelets and nonhomogeneous wavelet systems are closely related. With
these considerations in mind, our aim in this paper is to construct and characterize
nonhomogeneous wavelet bi-frames (NWBFs) on Sobolev spaces over local fields of
positive characteristic.

Moving to the side of frames it is here worth to mention that Duffin and Schaeffer
[21] introduced frames in non-harmonic Fourier series in 1952. They were again
studied in 1986 by Daubechies and the process continued. Frames and the dual
frames have an important role to play in the characterization of signal, image and
video processing, function spaces, sampling theory and many more. Mathematically a
frame is defined in the following manner. A sequence of functions { fx};-; of Hilbert
space H is called a frame for H if there exist constants 2,8 > 0 such that for all
feH,

Al < DN A < Bl
k=1

where 2l is lower bound and B is the upper one. If 2 = B, then we have a tight
frame. If A =B = 1, then we end up with a normalized tight frame. For more about
frames, we refer to [19, 18, 20] and the references therein.
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From 1980 a sustainable and progressive growth has occurred int the construction
wavelets and its associates on local fields of positive characteristic. Local fields are
broadly divided into the fields of zero and positive characteristics. Although their
topology is similar, their MRA (multiresolution analysis) and wavelet theories are
quite different. The construction of wavelets, wavelet frames, MRA and other re-
lated works on local fields of positive characteristics (LFPC)have been studied by
Benedetto, Behera and Jahan, Ahmad and Shah, Jiang, Li and Ji, Shukla and Mittal,
Bhat, etc in the series of works [2, 3,4, 5,6, 7, 8,9, 10, 11, 12, 13, 14, 15,17, 25, 20,
However the research on local fields is still in its infancy. Recently Ahamd and Shiekh
[1] have studied dual wavelet frames in Sobolev spaces on local fields of positive char-
acteristic. Continuing our study of frames on local fields, we introduce a compre-
hensive characterization of nonhomogeneous wavelet bi-frames in Sobolev spaces our
local fields of positive characteristic. First of all we introduce the reducing subspaces
of Sobolev spaces over local fields of prime characteristics and then characterize the
nonhomogeneous wavelet bi-frames over such fields.

The rest of the paper is tailored as follows. In Section 2, we recall some basic Fourier
analysis on local fields and also some results which are required in the subsequent
sections. In Section 3, we prove the results that are required in the characterization
of NWBFs over Local Fields.

2. Preliminaries on local fields

It is well that a field K is local if has the properties of locally compactness, non-
discreteness and totally disconnectedness. Local fields are broadly divided into the
fields of zero and positive characteristics. For characteristic zero, it becomes a field
of p-adic numbers Q, or its finite extension. When K has positive characteristic, it is
a formal Laurent series over a finite field GF(p°). We define the ring of integers over
local fields as © = {x € K : x| < 1}. Due to the locally compactness, we have Haar
measure dx for K+. For the ring defined above, we have the prime ideal like B =
{z € K : |z| <1}. The residue space thus formed D /B will be isomorphic to a finite
field GF(q), where ¢ = p° for some prime p and ¢ € N. Due to the disconnectedness
of local fields we have a prime element p of K such that B = (p) = pD. We closely
follow the results and notations of the Taibleson’s book [28]. In the rest of this paper,
we use the symbols N, Ny and Z to denote the sets of natural, non-negative integers
and integers, respectively. R

For any function f € L'(K), the classical Fourier transform denoted by f(w) is
defined as

F{f@)} = flw) = /K Fe) (@) de.
Note that

J?(W):/Kf(x)xw(x)da?Z/Kf(a:)x(—wx) dz.

Definition 2.1. For k € Ny, the translation operator T : L*(K) — L*(K) is
defined by

Ty (1) =¥ (- — u(k))
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and the dilation operator Di(-) : L*(K) — L?(K) by

Dy ()= (p~).

For s € K, we define the Sobolev space H®(k) as the space of all tempered distri-
butions f such that

10 = [ 1@ (14 ) do < oc,

where || - || denotes the Euclidean norm on K. The inner product for f,g € H*(k) is
given by

By = [ F@T0) (14 o)

It is to be noted that for each f € H*(k) and g € H*(k), we have

<fvg>Hs(k) Z/Kf(w)g(w)dw

The spaces H*(k) and H~*(k) form a pair of dual spaces over local fields of positive
characteristic.
For a distribution f, j € Ng, s,k € K, we can write

fie=d"f (p7w—u(k) and fip=q 72 f (pw - ulk))

Given L € N, let us suppose that {9 € H*(K) be a tempered distribution and
U = {41, -+, ¥} C H*(K) be a finite set of tempered distributions. We denote
the homogeneous wavelet system X°(¥) and the nonhomogeneous wavelet system
X*(1o, V) in H*(K) respectively by

X5(W) = {¢§, 4 jENo,k € K,1 << L}
and
X° (1o, ¥) = {00k : k€ K} {97, :j€No, ke K,1<(<L}

Ahamd and Shiekh [1] have constructed dual wavelet frames in Sobolev spaces on local
fields. We use the lemmas and results proved by them to obtain the characterization
of NWBFs over local fields of positive characteristic.

3. Characterization of NWBF's over local field

In this section, we provide the characterization of NWBFs in (FH*(Q2), FH~*(Q2)).
Firstly we need following two lemmas.

Lemma 3.1. Given s € K, let {T,y%0 : k € No} U{Ty)¥e : k € Ng, 1 <L < L}
be a Bessel sequence in H*(K). Then
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L oo
Z|<97¢0,0,k>|2+zz (g ng

keNg £=1 j=0 k€eNy

2 °° 2
o (e + £ o)

1J
/gw)Zg w+ u(k
K €No

L k
x(%( Yo (w0 + (k) + DD m = e(p wa<w+u<k>>) (1)

¢=1 j=0
forgeD
Proof. From [1], we have
L oo
Z 9,¢00k|2+zz (g ng
keNo (=1 j=0 keNo
2
— [ -+ ulk)) o (w+ uli)| do
D |keN,
L oo 72
+szﬂd—25>/ S° G (0 (w + u(k)) P (@ + u(k))| dw
(=1 j=0 k€N,
=/ (Z o (w +u(/f))§(W+U(k))> (Z 9 (w+u(k)) o (w +U(k))> dw
D \keNy keNg
L oo
£y | (Z i (e uh (pﬂ(w+u<k>>)>
(=1 j=0 D \keN

keNg
L oo -
+3 > (Z e (w4 (pf<w+u<k>>)> By
=1j=0 D \keNo
=+ R27 (2)

where Eo(-) = 3.y, 9 (w +u(k)) Yo (w + u(k)) and
Erj(-) = Yren, 9 (07 (w + u(k))) g (w+ u(k)). Since {Tu ’(/JO k € Ny} is a Bessel
sequence in H*(K) and g € D, it follows that |Ey(-)| < [g, ] S )[7/10,77210] () <o
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by [1]. Therefore

J

hence by Fubini-Tonelli theorem

/@(Z Jo (w + ulk (w—i—u(k))) (Z g(w+u(k))z&o(w+u(k))> du

1

S 4 (w4 u(k)) do (w + ulk) Eo(w)| < |1 Bollz(o) /@ 13,312, () [0, )2, (w) < o0,

k€N

keNg keNg
/ dolw (@ + u(k)) o (@ + u(k))dw
keNo
Moreover
/wo 5@ S 16w+ ulk)) do (@ + ulh))|do
K kENo

/ ()(Zg w+u(k ¢0(w+u(k))> dw

keNg

< / sl ol ()
< OQ.

Since [§, §]— s (w)[to, o] (+) is essentially bounded by [1], we have

R = / Jolw 3 (w + u(k)) Po (@ + u(k) )dw
keNo
- /momgwdw
/ Jolw 3 (0 + u(k)) o (@ + ulk))dw (3)
kENo

In order to complete the proof, we need to calculate Ry. Let us define § by g(-) =
G((p)7-). Then as g € D and [1], we have

[3((p)7), 9((p)7)](-) < C
Thus ) -
1B i ()] < [9((p)7), 4((p)7 )2 () [e, ) 2 < 0.

Hence

L
R =30 3T5 =0t [ G

Taking A a bounded set in K such that supp(g) C A. So by [1], we get
AN (A+plu(k)) =0 for (j,k) ¢ Ay x Ay with k #0,
where A; C Ng and Ay C Ny \ {0} are two finite sets. Therefore

S Y i) [ T 3 0+ ) o+ )

=1 j€EA, k€A

3 (7 (@ + u(k))) e (@ + ulk))dw

k€eNg
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Denote S = Uye 4,010 (Ujen, (p?A+u(k))). Therefore, for each (j, k) € Ay x As,

we have

be(w)g(piw)g (07 (w + u(k )))M\ dw

<Vl | )bt + s

1

<l ([ Foelas) " ([ ot +uti)R) e

< 119112 i /S [(w) [P

N

Note that 1 < (maxea(l + [w|?)7*)(1 + |w|?)® for w € A. Thus

J,

< (g1 + o2 ) Wl ey [ BP0+ o)

Bel@)g®w)g (b7 (@ +u(k)) P (w + u<k>>\ d

< (o o)) 1918 1l

< o0
On combining the formula given above, we get

Ro= [ S S 0Dy o) Pl P

¢=1 j=0

b [ 3P TR Y (3 l69) ol

=1 5=0 keNg

= S e gt

leO

/K Z Z m = I G(@)de(pw) Y g (w+p T u(k))) de (pIw + u(k))da

£=1 j=0 keNg
-/ S5 09y (o)) Pl
K= 1 j=0
L k(k)
4 ] )3 g ulo) Y S m )b (p + u(b)de (4)
K kENy ¢=1 j=0

using the definition of x(k). Hence using (2), (3) and (4), we get (1). This completes
the proof of the lemma.
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Lemma 3.2. Given s € K, let X*(1y;
H* (K

e s, ;0) and X5 (t)o;
and H™*

W) be a Bessel sequences in
(K), respectively. Then for all f,g € D, we have

407

L oo
> do0k) Mook @)+ D DD (Fotby S ) (ke 9)
keNg

£=1 j=0 keNg

- / f(@)5@) (Wcuwo(
K

w) + Z Z be(p~Iw)e

' }(pjw)) duw
¢=1 j=0
4 /K ) k%ﬂf(wﬂ(k))

- L r(k) A
X (z/?o(w)iﬁo(w +u(k)) + Z

D elp I w)de(pI (w + (k) | dw (5)
£=1 j=0
Proof. As X*(to; ¥) and X ~%(¢o; ¥) are Bessel sequences in H*(K) and H*(K),
respectively, the expression in (5) is meaningful. Proceeding in a similar fashion as in
Lemma 3.1, we have

L oo
> Po0k) W00k )+ DD D F ) Wk 9)
keNp

¢=1 j=0 keNyp

- /K Bo(@)5@) 3 F(w+ ulk))do(w + ulk))dw

Note that

o) 3 £+ ulk
keNg

+u(E)] < [f, 712 o d0)2. ()[4,

is bounded due to Lemma 2.2. Hence

1%, o, wol2 (),

| W)@ Y 1w +u(k)

K)o + u(k))dw
keNy
= /supp(g) ol |ng:0 Flw+ulk 1/Jo(w + u(k))|dw < oo
Therefore
h = [ T + [ @i S fe+ uk)e +u®)de. (7
keNy



408 M. YOUNUS BHAT

To complete the proof of the lemma, we need to discuss Is. Let’s break it into two
parts, for k = 0 and k # 0. Hence by Cauchy-Schwartz inequality and [1], we have

ZZW “Tw)e(piw)]

¢=1 j=0
L o % L o %
< (szzjsﬁw(lﬂjwﬂ?) (ZZ M2 gy (p )| )
(=1 ;=0 (=1 ;=0
< B Bs. (8)

Therefore

/|f e S 3 (ot patp—)

=1j=0
< BB, \sumf) supp(9)| 1< 20 11 27 (0
< o0
Fix a compact set A € K such that supp(f) N supp(g) C A. Using [1], it follows that
AN (A+plu(k)) =0 for (j,k) ¢ Ay x Ay withk #0 (9)

where A; C Ny and A C Ny \ {0} are two finite sets. With the same argument as
applied to Ry, we have

[ IR0 o+ ) )+ ()

< oll=o oo ([ b >|2>5 (/ 1o (w+u(k))2>2

(
< gz ol F e E/ el ) (ot utr )

. —s/2
< o=l o (mata + 1))

s/2 ~
(a4 o)) a9

we
< 00 (10)
for (4,k) € Ay x Ay, where T' = UkeAzu{O}(UjeA] p~7 A+ u(k)). Using (8) and (10),
we get

o0

F@)e(pIw) S Flw+ prulk))de(p i (w + u(k)))de

keNg

I, =

,Mh

A e(p7w0) 37 Flw+ prulk))de(p~I (@ + ulk)))de
keNp
L w(k)
Z (w~+ u(k ZZ x1hg(p I w) 1/)@ “I(w+ u(k)))dw
€Np

=1 =0

Il
— E
M= 1
Mg 5~

=
o~
Il
—
<
Il
o

Il
\
©>



REDUCING SUBSPACES OF H*(K) 409

On combining (6), (7) and (11), we get (5), which completes the proof of the lemma.
We now state the theorem which will characterize NWBFs in (FH*(Q), FH~*(Q)).
We are working on the proof and will be provided in the subsequent articles

Theorem 3.3. Given s € K, let FH*(Q) and FH—*(Q) be reducing subspaces of
H*(K) and H—*(K), respectively, vy € H*(K), 1y € H5(K) and ¥ € H*(K), ¥ €
H%(K). Suppose that X* (1o, ®) and X 51, ¥) are Bessel sequences in FH*(Q)
and FH=*(Q), respectively. Then X*(hg, ¥); X ~5(tpo, ¥) is an NWBFs in

(FH*(Q), FH*(Q)) if and only if

_ L k(k)

Yool +ulk) D> Delp™ Ye(p=3(- + u(k) = box  a.e.on Q. (11)

£=1 j=0
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