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About the generalization of Voronovskaja’s theorem
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Abstract. In this paper we will make some remearcks about the generalization of Voronovskaja’s
theorem.
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1. Introduction

Let m be a non zero natural number and Bm : C([0, 1]) → C([0, 1)] the Bernstein
operators, defined for any function f ∈ C([0, 1]) by

(Bmf)(x) =
m∑

k=0

pm,k(x)f
(

k

m

)
, (1)

where pm,k(x) are the fundamental polynomials of Bernstein, defined as follows

pm,k(x) =
(

m

k

)
xk(1 − x)m−k, (2)

for any x ∈ [0, 1] and any k ∈ {0, 1, . . . ,m}.
In 1932, E. Voronovskaja, proved the result contained in the following theorem (see

[8]).

Theorem 1.1. Let f ∈ C([0, 1]) be a two times derivable function in the point
x ∈ [0, 1]. Then the equality

lim
m→∞m [(Bmf)(x) − f(x)] =

x(1 − x)
2

f ′′(x). (3)

holds.

In 1932, S. Bernstein, proved the following result (see[2]).

Theorem 1.2. Let f ∈ [0, 1] → R be a four times derivable function in the point
x ∈ [0, 1]. Then the equality

lim
m→∞m2

[
(Bmf)(x) − f(x) − x(1 − x)

2m
f

′′
(x)

]
= (4)

x(1 − x)(1 − 2x)
6

f
′′′

(x) +
x2(1 − x)2

8
f (IV )(x)

holds.
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Let m and i be a positive integers, m �= 0 and Tm,i(x) be the polynomials

Tm,i(x) =
m∑

k=0

(k − mx)ipm,k(x) (5)

for any x ∈ [0, 1] (see [3] or [6]).
In [3] are the results contained in the following theorems.

Theorem 1.3. If f : [0, 1] → R is a s times derivable function in the point x ∈ [0, 1],
s is a natural number, s even, then

lim
m→∞m

s
2

[
(Bmf)(x) −

s∑
i=0

1
mii!

Tm,i(x)f (i)(x)

]
= 0. (6)

Theorem 1.4. If i is a natural number, then

lim
m→∞

Tm,i(x)

m[ i
2 ]

= [x(1 − x)][
i
2 ] (aix + bi) , (7)

for any x ∈ [0, 1], where

ai =




0, if i is even or i = 1

−(i − 1)!!
[ i
2 ]∑

k=1

(2k − 1)!!
(2k − 2)!!

, if i is odd, i ≥ 3
(8)

and

bi =




1, if i = 0

0, if i = 1

(i − 1)!!, if i is even, i ≥ 2

1
2

(i − 1)!!
[ i
2 ]∑

k=1

(2k − 1)!!
(2k − 2)!!

, if i is odd, i ≥ 3.

(9)

Theorem 1.5. Let f : [0, 1] → R be a s times derivable function in the point x ∈ [0, 1],
s is a natural number, s even.
If s = 0, then

lim
m→∞(Bmf)(x) = f(x), (10)

and if s ≥ 2, then

lim
m→∞m

s
2

[
(Bmf)(x) −

s−1∑
i=0

1
mii!

Tm,i(x)f (i)(x)

]
= (11)

=
(s − 1)!!

s!
[x(1 − x)]

s
2 f (s)(x).

2. Preliminaries

Remind some known notions and results.
We immediately have

Tm,0 (x) =
m∑

k=0

pm,k(x) = 1, Tm,1 (x) =
m∑

k=0

(k − mx)pm,k(x) = 0,
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Tm,2 (x) =
m∑

k=0

(k − mx)2pm,k(x) = mx(1 − x) ,

for any x∈ [0, 1], for any m a non zero natural number. Let the functions ek : [0, 1] →
R, ek(x) = xk, for any x ∈ [0, 1], where k is a natural number.

Lemma 2.1. Let m and i be non zero natural number. Then

Tm,i(x) = mi
i∑

j=0

(−1)i−j
(i

j

)
xi−j

(
Bmej

)
(x) , (12)

for any x ∈ [0, 1].

Proof. We know that

Tm,i (x) =
m∑

k=0

(k − mx)ipm,k(x) = mi
m∑

k=0

(
k

m
− x

)i

pm,k(x) =

= mi
m∑

k=0

[
(−x) +

k

m

]i

pm,k(x) = mi
m∑

k=0

i∑
j=0

(−1)i−j
(i

j

)
xi−j

(
k

m

)j

pm,k(x) =

= mi
i∑

j=0

(−1)i−j
(i

j

)
xi−j

[
m∑

k=0

(
k

m

)j

pm,k(x)

]
, and hence, (12) results.

�

Lemma 2.2. If m and p are natural numbers, m �= 0, we have

(
Bmep

)
(x) =

p∑
i=0

1
mii!

Tm,i(x)e(i)
p (x) , (13)

for any x ∈ [0, 1] .

Proof. We successively have

(
Bmep

)
(x) =

m∑
k=0

pm,k(x)
(

k

m

)p

=
1

mp

m∑
k=0

pm,k(x)kp =

=
1

mp

m∑
k=0

pm,k(x)
[
mx + (k − mx)

]p =

=
1

mp

m∑
k=0

pm,k(x)
p∑

i=0

(p

i

)
(mx)p−i(k − mx)i =

=
1

mp

p∑
i=0

[
m∑

k=0

(k − mx)ipm,k(x)

] (p

i

)
mp−ixp−i =

=
p∑

i=0

1
mi

Tm,i(x)
(p

i

)
xp−i =

p∑
i=0

1
mi

Tm,i(x)
p!

i!(p − i)!
xp−i =

=
p∑

i=0

1
mii!

Tm,i(x)(xp)(i) , and so (13) yields.

�
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Corollary 2.1. If m is a non zero natural number and P is a polynomial with real
coefficients of degree P = p, then

(BmP )(x) =
p∑

i=0

1
mii!

Tm,i(x)P (i)(x) , (14)

for any x ∈ [0, 1].

Proof. The proof is a result of Lemma 2.2. �

Corollary 2.2. If m, p, s are natural numbers,m �= 0 and p ≤ s, then

(
Bmep

)
(x) =

s∑
i=0

1
mii!

Tm,i(x)e(i)
p (x) , (15)

for any x ∈ [0, 1].

Corollary 2.3. If m, p, s are natural numbers, m �= 0 and p ≤ s, P is a polynomial
with real coefficients of degree P = p, then

(
BmP

)
(x) =

s∑
i=0

1
mii!

Tm,i(x)P (i)(x) , (16)

for any x ∈ [0, 1].

3. Main results

Lemma 3.1. Let s ≥ 2 be an even natural number. Then

s

2
− i +

[
i

2

]
≥ 0 (17)

for all i natural numbers, i ≤ s and the equality in (3.1) takes place if and only if
i ∈ {s − 1, s}.
Proof. If i is an even number, i ≤ s, then s

2−i+
[

i
2

]
= s

2−2
[

i
2

]
+ +

[
i
2

]
= s

2−
[

i
2

] ≥ 0,
with equality if and only if i=s. If i is an odd number, because s is an even number it
results that i < s, then i+1 ≤ s. We have that s

2 − i+
[

i
2

]
= s

2 −
(
2
[

i
2

]
+ 1

)
+

[
i
2

]
=

s
2 − [

i
2

] − 1 ≥ 0, with equality if and only if i + 1 = s, then i = s − 1. �

Theorem 3.1. Let f : [0, 1] → R be s times derivable function in the point x ∈ [0, 1],
s even natural number.
If s = 0, then

lim
m→∞ (Bmf) (x) = f(x), (18)

if s = 2, then

lim
m→∞m [(Bmf) (x) − f (x)] =

x (1 − x)
2

f ′′ (x) (19)

and if s ≥ 4, then

lim
m→∞m

s
2

[(
Bmf

)
(x) −

s−2∑
i=0

1
mii!

Tm,i(x)f (i)(x)

]
=

1
(s − 1)!

[x (x − 1)]
s
2−1 · (20)
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·

− (s − 1)!!

s
f (s) (x) x2 +


 (s − 1)!!

s
f (s) (x) − (s − 2)!!f (s−1) (x)

s
2−1∑
k=1

(2k − 1)!!
(2k − 2)!!


x+

+
1
2

(s − 2)!!f (s−1) (x)

s
2−1∑
k=1

(2k − 1)!!
(2k − 2)!!


 .

Proof. From the Theorem 1.3 for s = 0 we have that
lim

m→∞
[
(Bmf) (x) − Tm,0 (x) f (0) (x)

]
= 0 and because Tm,0 (x) = 1 and f (0) (x) =

f (x), obtain the relation (18). For s = 2, from the Theorem 1.3 we have that

lim
m→∞m

[
(Bmf) (x) − Tm,0 (x) f (0) (x) − 1

m
Tm,1 (x) f ′ (x)−

− 1
m22!

Tm,2 (x) f ′′ (x)
]

= 0.

But Tm,1 (x) = 0, Tm,2 (x) = mx (1 − x) and replacing above, we obtain the relation
(19).

Let s ∈N, s even number, s ≥ 4. For i ∈ {0, 1, ..., s}, we study
lim

m→∞m
s
2 1

mii!Tm,i (x) f (i) (x) = 1
i!f

(i) (x) lim
m→∞

Tm,i(x)

m[ i
2 ]

m
s
2−i+[ i

2 ] and keeping in mind

of Theorem 1.4, we have that

lim
m→∞m

s
2

1
mii!

Tm,i (x) f (i) (x) = (21)

=
1
i!

f (i) (x) [x (1 − x)][
i
2 ] (αix + βi) lim

m→∞m
s
2−i+[ i

2 ].

Taking account of Lemma 3.1, it results that its limit lim
m→∞m

s
2−i+[ i

2 ] is finite if and

only if i ∈ {s − 1, s}. With this observation, from relation (6), we have that

lim
m→∞m

s
2

[
(Bmf) (x) −

s−2∑
i−0

1
mii!

Tm,i (x) f (i) (x)

]
=

= lim
m→∞

[
m

s
2

1
ms−1 (s − 1)!

Tm,s−1 (x) f (s−1) (x) + m
s
2

1
mss!

Tm,s (x) f (s) (x)
]

and keeping in mind of (21), Lemma 3.1 and Theorem 1.4, we obtain relation (20). �

Observation 3.1. Relation (19) from the Theorem 3.1 is the result obtained by E.
Voronovskaja in Theorem 1.1.

Observation 3.2. For s = 4 in Theorem 3.1, we obtain Theorem 1.2.

Corollary 3.1. If f : [0, 1] → R is a s times derivable function in the point x ∈ [0, 1],
s is a non zero natural number, s even, then

lim
m→∞m

s
2


(Bmf) (x) −

s−1∑
i=0

i∑
j=0

(−1)i−j (
i
j

)
xi−j · (22)

· (Bmej) (x)
1
i!

f (i) (x)
]

=
(s − 1)!!

s!
[x (1 − x)]

s
2 f (s) (x) .

Proof. It results from Theorem 1.5 and from Lemma 2.1. �



84 OVIDIU T. POP

Observation 3.3. We ask our selves if a relation of the same type as the one in
Theorem 1.3 takes place for odd number s. The answer is negative. Considering in
the following an f ∈ C ([0, 1]) and an x ∈ [0, 1] arbitrary. Assuming the contrary,
then for s = 3 there exists α3 ∈ R such that

lim
m→∞mα3

[
(Bmf) (x) −

3∑
i=0

1
mii!

Tm,i(x)f (i)(x)

]
= 0. (23)

Taking into acount the relation (4) and because Tm,3 = m(1 − 2x)x(1 − x) we have

lim
m→∞m2

[
(Bmf) (x) −

3∑
i=0

1
mii!

Tm,i(x)f (i)(x)

]
= (24)

=
x2(1 − x)2

8
f (IV )(x)

From (23) and (24) we obtain a contradiction.
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