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On convex functions and related inequalities

PARVANEH VAZIRI, HADI KHODABAKHSHIAN, AND RAHIM SAFSHEKAN

ABSTRACT. The main result of this paper is to give refinement and reverse the celebrated
Jensen inequality. We directly apply our results to establish several weighted arithmetic-
geometric mean inequality. We also present a stronger estimate for the first inequality in the
Hermite-Hadamard inequality.
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1. Introduction

Let B(H) be the C*—algebra of all bounded linear operators on a Hilbert space H.
As customary, we reserve m, M for scalars and 14 for the identity operator on #.
A self-adjoint operator A is said to be positive (written A > 0) if (Az,z) > 0 holds
for all © € H also an operator A is said to be strictly positive (denoted by A > 0)
if A is positive and invertible. If A and B are self-adjoint, we write B > A in
case B — A > 0. The Gelfand map f (¢t) — f(A) is an isometrical *—isomorphism
between the C*-algebra C (o (A)) of continuous functions on the spectrum o (A) of a
selfadjoint operator A and the C*-algebra generated by A and the identity operator
1y. If f,g € C (0 (A)), then f(¢t) > g(t) (t € o (A)) implies that f (A4) > g (A).

A linear map @ : B(H) — B (K) is positive if ® (4) > 0 whenever A > 0. It’s said
to be unital if ®(1y4) = 1x. A continuous function f defined on the interval J is
called an operator convex function if f ((1 —v) A+vB) < (1 —v) f(A) +vf (B) for
every 0 < v < 1 and for every pair of bounded self-adjoint operators A and B whose
spectra are both in J.

The well-known Jensen inequality for the convex functions states that if f is a
convex function on the interval [m, M], then

f (Z wiai> <Y wif (a) (1)
i=1 =1

for all a; € [m, M] and w; € [0,1] (i =1,...,n) with >, w; = 1.

There is an extensive amount of literature devoted to Jensen’s inequality concerning
different generalizations, refinements, and converse results, see, for example [6, 10].
Mond and Pecarié¢ [5] gave an operator extension of the Jensen inequality as follows:
Let A € B(H) be a self-adjoint operator with o (4) C [m, M], and let f(t) be a
convex function on [m, M], then for any unit vector = € H,

f((Az,2)) < (f (A)z,z).
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Choi [1] showed if f : J — R is an operator convex function, A is a self-adjoint
operator with the spectra in J, and ® : B(H) — B(K) is unital positive linear
mapping, then

(2 (A) <@ (f(4)). (2)
Though in the case of convex function the inequality (2) does not hold in general, we
have the following estimate [3, Lemma 2.1]:

fU@(A)z,x)) < (@ (f(A))z,z) 3)

for any unit vector xz € K.
We here cite [1] and [11] as pertinent references to inequalities of types (2) and (3).
For other recent results treating the Jensen operator inequality, we refer the reader
to [3, 7, 8].

The current paper gives extensions of Jensen-type inequalities.

2. Main results

For our purpose, we need the following well-known result. See, for example, [7].

Lemma 2.1. Let f:J — R be a convex function and let a,b € J. Then

f((l—t)a+tb)<(1—t)f(a)+tf(b)_27"(f(a);f(b)_f<a2+b>)

and

(1—t)f(a)+tf(b)<f((1—t)a+tb)+2R(W_f<a;rb>>

where r = min {1 — ¢,t}, R =max {1l —¢,t}, and 0 <¢ < 1.
In our first result, we present a refinement of the Jensen inequality.

Theorem 2.2. Let f : J — R be a convex function, xi,x2,...,x, € J, and let
w1, Wa, . .., W, be positive numbers with >, w; = 1. Then

i=1
< Zwif (z:) — 2 <f (D iy wiTi) ;— Do wif (z4) B Zwif (W))

i=1

<Y wif (w).
i=1

Proof. From Lemma 2.1, we infer that

fla+t(b—a))— f(a) 2min{t,1 -t} [ f(a)+ f(b) a+b
: < 10— (-2l (LSO g (220,

flatt(b—a) ~ f(a) L (f@ ) fat
t <) g - B (L0 (120,
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Now by letting t — 0, we get

@+ s @o-asso-2 (L0 (1))

Since for any convex function

we have
f@+ s @o-a<fo-2(HOTI0p(220)) < ra).

Put a =" | w;z; in , we get

f (i wﬂi) +bof' (i: wi%) - f <Zn: wﬂ“i) 3 w;T;
i=1 i=1 i=1 1

i=

f i w;CUi) +/(0) f (W))

gf(b)—2(
<f().

By replacing b = z;, and then multiply by w; and summing from 1 to n, we get

f (Z 'U)Z‘LUZ')
< Zwif (i) — 2 <f Qi wizy) + > wif () B Zwif (W))

2 5 2
=1

<Y wif (w),
i=1

As a direct consequence of Theorem 2.2, we can obtain:

Corollary 2.3. Let f : J = R be a conver function, x1,xs3,...,x, € J, and let
wy, Wa, ..., W, be positive numbers with ZZL:I w; = 1. Then

f (i%%) < iwif (W) < iwif(xi)'
i=1 =1

i=1

Proof. Tt follows from Theorem 2.2 (see also [9]),

zn:wif <Z;‘l—1 w;‘l‘j + 1’1) - f <l§ Uh‘l‘i) + 1; w; f (,7;1)
1=1
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Now, by the Jensen inequality, we have

=1 i=1

f (ilwzfcz> + iwzf(xz)
2

<

<Y wif (@)
i=1

O

Corollary 2.3 provides a multiplicative refinement of the weighted arithmetic-
geometric mean inequality.

Corollary 2.4. Let x1,xs,...,T, be positive numbers, and wy, wa,
numbers with >, w; = 1. Then

A L i
n H 2 n n
w; =1 w; § :
H mi ‘ S Hn w; Zn o H xi ’ S W;Tj.
. =1 xi =1 Wil i=1 i=1

..., Wy be positive

Proof. Since f (t) = —logt is a convex function, we infer from Theorem 2.2,

n (Z;L:1 wix; 4z ) 2w;
2

n H n
log 2 | < log i:ln - v
<H ) [Ty i > wiw };[1

=1

<log (i wm) .
i=1

We get the desired inequality by applying exp from both sides of the above inequality.
O

The following theorem gives a refinement of an inequality proved by Dragomir and
Tonescu in 1994 [2].

Theorem 2.5. Let f : J — R be a convez and differentiable function, x1, 2,
J, and let wy, w2, ..., w, be positive numbers with Y . w; = 1. Then

Z wi f (x;) + Z WiT; Z w; f () — Z wiz; f(2;)
i=1 i=1 i=1 i=1
S Siwif (@) 4+ f (OO0 wiw) T+ Y wiL
f(zz;wwz)Q( Lwif (x - 1 Wi ;mf( ]21 ]J))
<f (i wi%) .
i=1

Ty €

IN
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Proof. As we have showed in the proof of Theorem 2.2,

f@%ﬁf@ﬂb—wﬁj%®—2(fm);fw>—f(a;b>>.

By replacing b= >""" | w;z;, we get

®+§;wmﬁ%®—aﬁm)

i=1

By setting a = x;, and then multiply by w; and summing from 1 to n, we get

Z w; f (z;) + Z WiT; Z w; f () — Z w;x; f' ()
i=1 i=1 i=1 i=1
<f (i wmji) -2 (Z?_l wif (z:) —5 f Qi i) Z w; f <IZ il Z]n;l Uit ))

O

In the following result, we obtain a multiplicative reverse of the weighted arithmetic-
geometric mean inequality by Theorem 2.5.

Corollary 2.6. Let x1,x2,...,T, be positive numbers, wi,ws,...,w, be positive
numbers with >, w; = 1. Then

l—n[ (zﬁ-zj lewj>2wi
_ S < [
w; n w;
exp (Z W;T; E o 1) S wimg [T, @ i=1
i=1

i=1

Theorem 2.7. Let f : J — R be a convex function, xi,x9,...,z, € J, and let
w1y, Wa, . .., Wy, be positive numbers. Then

Doy wif (i) + 200 wif (vi) i + Y
o . -3 (252)) S s

=1
- Zwif/ (yi)yi < Zwif () — Zwif (¥i)-
i1 i1 i=1

Proof. If we apply (4) for the selection a = y;, b=x; (i =1,2,...,n), we may write

(LD L L) (B0 )b ) i) < @)= T, 9
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for any ¢ = 1,2,...,n. Multiplying (5) by w; >0 (i=1,2

7 from 1 to n we deduce

Do wif (@) + 370 wif (yi) T +yi
2( 1 . 1 Y Z zf( y>>+z:wZ v:)

=1

=Y wif )y < sz’f(%‘) = > wif ().
=1 =1 =1

1,2,...,n) and summing over

If we choose yy =y2 = -+ =y, = 1/W,, >_i", w;z; in Theorem 2.7, we get:

Corollary 2.8. Let f : J — R be a convex function, x1,2,...,T, € J, wy,wa, ..., wy,
be positive numbers, and W, = Z?:l w;. Then

f <W1/n Z;l wixi) < Win ;wif (i)

LW 300 wif () + f (/W 300, wizi) 1 x+ 1/ Wy 30 wim;
2 2 “w, 2

If one chooses in Theorem 2.7, z1 = ¥y = -+ = x2 = 1/W,, > i, w;y;, then we
may deduce the following counterpart of Jensen’s inequality.

Corollary 2.9. Let f : J — R be a convex function, x1,Ta,...,T, € J, wy,wa, ..., wy
be positive numbers, and W,, = Z?:l w;. Then

1 n 1 n , 1 n 1 n l
Wn;wzf(yz) + Wn;wzf (1:) Wn;wqyz - Wn;wﬂ” (yi)y
. (f(l/Wn Loimy Wibi) £ 1/ Wo 3 iy wif (v:) /W 30y wiys +yz>>

1 —
2 _an( 2
1 n
<f (VVni_leiyZ).

We close this section by providing a new refinement and a reverse for the first
inequality in the Hermite-Hadamard inequality

f(a+b> /f (1—tyatinyd <@ );f(b).

Theorem 2.10. Let f:J — R be a convex function and let a,b € J. Then

1 1
(““’) /f (1= t)a+th)dt - /%f((l—t)a—i—tb)dt
0 0

1 1

1 2
_/ﬁf«l_t)b"i'ta)dt‘i‘/mf(Q(a—b)(t —t)—l—a)dt
0 0
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and

1 1
a+b 1—t
_ < - - _
/f 1—t)a+tb)dt f( 5 )+/1_|1_2t| (1 —t)a+tb)dt
0

—

+/ﬁ ((1_t)b+ta>_/ﬁf(2(a—b) (tg—t)—l—a)dt.

Proof. 1t follows from Lemma 2.1,

f(a+b> <F@OFFO) Ly Fa) () — (1=t a+th).

2 2 2R ((
Now, by replacing a = (1 —t)a+tb and b = (1 — t) b+ ta, we get

a+b f((l=t)a+tb)+ f((1—t)b+ta)
f<2 )s !
1
" 2R

Thus,

(A=t)f(A—t)a+tb)+tf (1 —t)b+ta)— f(2(a—0b) (t* —t) +a)).

fF((1—=1t)a+1tb)

a+b\ _ f((1—t)a+tb)+ f((1—1t)b+ta) 1—t
f< 2 )< 2 L2t — 1

t 1

_mf((l—t)b+ta)+mf(2(a—b)(t2—t)+a).

Now, by taking integral over 0 <t <1, we get

f(a+b> /f (1 —t)a+tb)dt — /le((l—t)a+tb)dt

1+ [2t — 1
1 1
Y 1—t)b+ta)dt+/;f(2(a—b)(t2—t)+a)dt
/1+\2t—1|f(( 1+ 2t —1] '
0 0

On the other hand, by Lemma 2.1

@)+ ), (ath
O < p (2

)+;r((l—t)f(a)+tf(b)—f((l—f)a+tb)).

Therefore,

1
b _
0

1

*/ffffﬂf“‘”””@‘/ffffﬁf@@—wﬁ—ﬂ+@w
0 0

=
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