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Continuous frames in n-Hilbert spaces and their tensor
products
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Abstract. We introduce the notion of continuous frame in n-Hilbert space which is a gener-

alization of discrete frame in n-Hilbert space. The tensor product of Hilbert spaces is a very

important topic in mathematics. Here we also introduce the concept of continuous frame for the
tensor products of n-Hilbert spaces. Further, we study dual continuous frame and continuous

Bessel multiplier in n-Hilbert spaces and their tensor products.
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1. Introduction

The notion of frame in Hilbert space was first introduced by Duffin and Schaeffer [4]
in connection with some fundamental problem in non-harmonic analysis. Thereafter,
it was further developed and popularized by Daubechies et al [3] in 1986. A discrete
frame is a countable family of elements in a separable Hilbert space which allows
for a stable, not necessarily unique, decomposition of an arbitrary element into an
expansion of the frame element. Continuous frames extended the concept of discrete
frames when the indices are related to some measurable space. Continuous frame in
Hilbert space was studied by A. Rahimi et al [12]. M. H. faroughi and E. Osgooei
[6] also studied c-frames and c-Bessel mappings. Continuous frame and discrete frame
have been used in image processing, coding theory, wavelet analysis, signal denoising,
feature extraction, robust signal processing etc.

In 1970, Diminnie et al [2] introduced the concept of 2-inner product space. A
generalization of 2-inner product space for n ≥ 2 was developed by A. Misiak [11] in
1989. There are several ways to introduced the tensor product of Hilbert spaces. The
basic concepts of tensor product of Hilbert spaces were presented by S. Rabinson in
[13] and Folland in [5].

In this paper, we give the notions of continuous frames in n-Hilbert spaces and their
tensor products. A characterization of continuous frame in n-Hilbert space with the
help of its pre-frame operator is discussed. We will see that the image of a continuous
frame under a bounded invertible operator in n-Hilbert space is also a continuous
frame in n-Hilbert space. Continuous Bessel multipliers and dual continuous frames
in n-Hilbert spaces and their tensor product are presented.
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2. Preliminaries

Theorem 2.1. [1] Let H 1, H 2 be two Hilbert spaces and U : H 1 → H 2 be a
bounded linear operator with closed range RU . Then there exists a bounded linear
operator U† : H 2 → H 1 such that U U† x = x ∀ x ∈ RU .

The operator U† is called the pseudo-inverse of U .

Definition 2.1. [12] Let H be a complex Hilbert space and ( Ω, µ ) be a measure
space with positive measure µ. A mapping F : Ω → H is called a continuous frame
with respect to ( Ω, µ ) if
(i) F is weakly-measurable, i. e., for all f ∈ H, w → 〈 f, F (w ) 〉 is a measurable

function on Ω.
(ii) there exist constants 0 < A ≤ B < ∞ such that

A ‖ f ‖ 2 ≤
∫
Ω

| 〈 f, F (w ) 〉 | 2 dµ(w ) ≤ B ‖ f ‖ 2

for all f ∈ H. The constants A and B are called continuous frame bounds. If A =
B, then it is called a tight continuous frame. If the mapping F satisfies only the right
inequality, then it is called continuous Bessel mapping with Bessel bound B.

Definition 2.2. [6] Let L 2 ( Ω, µ ) be the class of all measurable functions f : Ω →
H such that ‖ f ‖ 2

2 =
∫
Ω

‖ f (w ) ‖ 2
dµ(w ) < ∞. It can be proved that L 2 ( Ω, µ )

is a Hilbert space with respect to the inner product defined by

〈 f, g〉L 2 =

∫
Ω

〈 f (w ), g (w )〉 dµ(w ).

Definition 2.3. [6] Let F : Ω → H be a Bessel mapping. Then the operator
TC : L 2 ( Ω, µ ) → H is defined by

〈TC (ϕ ), h 〉 =

∫
Ω

ϕ (w ) 〈F (w ), h 〉 dµ(w )

where ϕ ∈ L 2 ( Ω, µ ) and h ∈ H is well-defined, linear, bounded and its adjoint
operator is given by

T ∗C : H → L 2 ( Ω, µ ) , T ∗C f (w ) = 〈 f, F (w ) 〉 , w ∈ Ω.

The operator TC is called a pre-frame operator or synthesis operator and its adjoint
operator is called analysis operator of F . The operator SC : H → H defined by

〈SC ( f ), h 〉 =

∫
Ω

〈 f, F (w ) 〉 〈F (w ), h 〉 dµ(w )

is called the frame operator of F .

Definition 2.4. [14] The tensor product of Hilbert spaces H and K is denoted
by H ⊗ K and it is defined to be an inner product space associated with the inner
product

〈 f ⊗ g , f ′ ⊗ g ′ 〉 = 〈 f, f ′ 〉 1 〈 g, g
′ 〉 2 , (1)

for all f, f ′ ∈ H and g, g ′ ∈ K. The norm on H ⊗ K is given by

‖ f ⊗ g ‖ = ‖ f ‖ 1 ‖ g ‖ 2 ∀ f ∈ H and g ∈ K. (2)
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The space H ⊗ K is complete with respect to the above inner product. Therefore
the space H ⊗ K is a Hilbert space.

For Q ∈ B (H ) and T ∈ B (K ), the tensor product of operators Q and T is
denoted by Q ⊗ T and defined as

(Q ⊗ T ) A = QAT ∗ ∀ A ∈ H ⊗ K.

It can be easily verified that Q ⊗ T ∈ B (H ⊗ K ) [5].

Theorem 2.2. [5] Suppose Q, Q′ ∈ B (H ) and T, T ′ ∈ B (K ), then
(i) Q ⊗ T ∈ B (H ⊗ K ) and ‖Q ⊗ T ‖ = ‖Q ‖ ‖T ‖.

(ii) (Q ⊗ T ) ( f ⊗ g ) = Q ( f ) ⊗ T ( g ) for all f ∈ H, g ∈ K.
(iii) (Q ⊗ T ) (Q ′ ⊗ T ′ ) = (QQ ′ ) ⊗ (T T ′ ).
(iv) Q ⊗ T is invertible if and only if Q and T are invertible, in which case

(Q ⊗ T )
− 1

=
(
Q− 1 ⊗ T − 1

)
.

(v) (Q ⊗ T )
∗

= (Q ∗ ⊗ T ∗ ).

Definition 2.5. [7] A real valued function ‖ ·, · · · , · ‖ : H n → R satisfying the
following properties:
(i) ‖x 1, x 2, · · · , xn ‖ = 0 if and only if x 1, · · · , xn are linearly dependent,

(ii) ‖x 1, x 2, · · · , xn ‖ is invariant under permutations of x1, · · · , xn,
(iii) ‖αx 1, x 2, · · · , xn ‖ = |α | ‖x 1, x 2, · · · , xn ‖, α ∈ K,
(iv) ‖x + y, x 2, · · · , xn ‖ ≤ ‖x, x 2, · · · , xn ‖ + ‖ y, x 2, · · · , xn ‖,
for all x 1, x 2, · · · , xn, x, y ∈ H, is called n-norm on H. A linear space H, together
with a n-norm ‖ ·, · · · , · ‖, is called a linear n-normed space.

Definition 2.6. [11] Let n ∈ N and H be a linear space of dimension greater than
or equal to n over the field K. An n-inner product on H is a map

(x, y, x 2, · · · , xn ) 7−→ 〈x, y |x 2, · · · , xn 〉 , x, y, x 2, · · · , xn ∈ H

from Hn+ 1 to the set K such that for every x, y, x 1, x 2, · · · , xn ∈ H,
(i) 〈x 1, x 1 |x 2, · · · , xn 〉 ≥ 0 and 〈x 1, x 1 |x 2, · · · , xn 〉 = 0 if and only if

x 1, x 2, · · · , xn are linearly dependent,
(ii) 〈x, y |x 2, · · · , xn 〉 = 〈x, y |x i 2 , · · · , x in 〉 for every permutations ( i 2, · · · , in )

of ( 2, · · · , n ),

(iii) 〈x, y |x 2, · · · , xn 〉 = 〈 y, x |x 2, · · · , xn 〉,
(iv) 〈αx, y |x 2, · · · , xn 〉 = α 〈x, y |x 2, · · · , xn 〉, for α ∈ K,
(v) 〈x + y, z |x 2, · · · , xn 〉 = 〈x, z |x 2, · · · , xn 〉 + 〈 y, z |x 2, · · · , xn 〉.

A linear space H together with an n-inner product 〈 ·, · | ·, · · · , · 〉 is called an n-inner
product space.

Definition 2.7. [7] A sequence {x k } in linear n-normed space H is said to be
convergent to x ∈ H if

lim
k→∞

‖x k − x, e 2, · · · , en ‖ = 0

for every e 2, · · · , en ∈ H and it is called a Cauchy sequence if

lim
l, k→∞

‖xl − x k, e 2, · · · , en ‖ = 0
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for every e 2, · · · , en ∈ H. The space H is said to be complete if every Cauchy
sequence in this space is convergent in H. An n-inner product space is called n-
Hilbert space if it is complete with respect to its induce norm.

Definition 2.8. [8] Let H be a n-Hilbert space and a 2, · · · , an are fixed elements
in H. A sequence { f i }∞i= 1 in H is said to be a frame associated to ( a 2, · · · , an )
if there exists constant 0 < A ≤ B < ∞ such that

A ‖ f, a2, · · · , an ‖ 2 ≤
∞∑

i= 1

| 〈 f, f i | a2, · · · , an 〉 | 2 ≤ B ‖ f, a2, · · · , an ‖ 2
(3)

for all f ∈ H. The constants A, B are called frame bounds. If { f i }∞i= 1 satisfies
only the right inequality of (3), is called a Bessel sequence associated to ( a 2, · · · , an )
in H with bound B.

Let a 2, a 3, · · · , an be the fixed elements in H and LF denote the linear subspace
of H spanned by the non-empty finite set F = { a 2 , a 3 , · · · , an }. Then the quo-
tient space H /LF is a normed linear space with respect to the norm, ‖x + LF ‖F =
‖x , a 2 , · · · , an ‖ for every x ∈ H. Let MF be the algebraic complement of LF ,
then H = LF ⊕ MF . Define

〈x , y 〉F = 〈x , y | a 2 , · · · , an 〉 on H.

Then 〈 · , · 〉F is a semi-inner product on H and this semi-inner product induces an
inner product on the quotient space H /LF which is given by

〈x + LF , y + LF 〉F = 〈x , y 〉F = 〈x , y | a 2 , · · · , an 〉 ∀ x, y ∈ H.

By identifying H /LF with MF in an obvious way, we obtain an inner product
on MF . Then MF is a normed space with respect to the norm ‖ · ‖F defined by

‖x ‖F =
√
〈x , x 〉F ∀x ∈ MF . Let HF be the completion of the inner product

space MF [8].

Theorem 2.3. [8] Let H be a n-Hilbert space. Then { f i }∞i= 1 ⊆ H is a frame
associated to ( a 2, · · · , an ) with bounds A and B if and only if it is a frame for
the Hilbert space HF with bounds A and B.

For more details on frames in n-Hilbert spaces and their tensor products one can
go through the papers [8, 9, 10].

3. Continuous frame in n-Hilbert space

In this section, first we give the definition of a continuous frame in n-Hilbert space
and then discuss some of its properties.

Definition 3.1. Let H1 be a complex n-Hilbert space and a 2, · · · , an ∈ H1 and
( Ω, µ ) be a measure space with positive measure µ. A mapping F : Ω → H1 is
called a continuous frame or c-frame associated to ( a 2, · · · , an ) with respect to
( Ω, µ ) if
(i) F is weakly-measurable, i. e., for all f ∈ H1, the mapping given by w →
〈 f, F (w ) | a 2, · · · , an 〉 is a measurable function on Ω.

(ii) there exist constants 0 < A ≤ B < ∞ such that
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A ‖ f, a 2, · · · , an ‖ 2 ≤
∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ(w )

≤ B ‖ f, a 2, · · · , an ‖ 2
(4)

for all f ∈ H1. The constants A and B are called continuous frame bounds. If
A = B, then it is called a tight continuous frame associated to ( a 2, · · · , an ). If the
mapping F satisfies only the right inequality of (4), then it is called continuous Bessel
mapping associated to ( a 2, · · · , an ) with Bessel bound B.

If µ is a counting measure and µ = N, F is called a discrete frame associated to
( a 2, · · · , an ) for H1.

Remark 3.1. Let ( Ω, µ ) be a measure space with µ is σ-finite. Then the mapping
F : Ω → H1 is a continuous frame associated to ( a 2, · · · , an ) with bounds A and
B if and only if it is a continuous frame for the Hilbert space HF with bounds A
and B.

Remark 3.2. Define the representation space L 2
F ( Ω, µ )

=

ϕ : Ω → HF | ϕ is measurable and

∫
Ω

‖ϕ (w ), a 2, · · · , an ‖ 2
dµ(w ) < ∞

 .

It can be easily proved that L 2
F ( Ω, µ ) is a Hilbert space with respect to the inner

product defined by

〈ϕ, ψ 〉L 2
F

=

∫
Ω

〈ϕ (w ), ψ (w ) | a 2, · · · , an 〉 dµ(w ) for ϕ, ψ ∈ L 2
F ( Ω, µ ) .

Theorem 3.1. Let ( Ω, µ ) be a measure space and F : Ω → H1 be a continuous
Bessel mapping associated to ( a 2, · · · , an ) with bound B. Then the operator TC :
L 2
F ( Ω, µ ) → HF defined by

〈TC (ϕ ), f | a 2, · · · , an 〉 =

∫
Ω

ϕ (w ) 〈F (w ), f | a 2, · · · , an 〉 dµ(w )

where ϕ ∈ L 2
F ( Ω, µ ) and f ∈ HF , is well-defined, bounded and linear. The adjoint

operator T ∗C : HF → L 2
F ( Ω, µ ) given by

(T ∗C ) (w ) = 〈 f, F (w ) | a 2, · · · , an 〉 , w ∈ Ω

is also bounded and ‖TC ‖ = ‖T ∗C ‖ ≤
√
B.

Proof. It is easy to verify that TC is well-defined and linear. Since F is a continuous
Bessel mapping associated to ( a 2, · · · , an ) with bound B, for each ϕ ∈ L 2

F ( Ω, µ )
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and f ∈ HF , we have

‖TC (ϕ ), a 2, · · · , an ‖ = sup
‖ f, a 2, ··· , an ‖= 1

| 〈TC (ϕ ), f | a 2, · · · , an 〉 |

≤ sup
‖ f, a 2, ··· , an ‖= 1

∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ(w )

1 / 2

×

∫
Ω

|ϕ (w ) |2 dµ(w )

1 / 2

≤
√
B ‖ϕ ‖ 2,

Hence, TC is bounded. On the other hand, for each ϕ ∈ L 2
F ( Ω, µ ) and f ∈ HF ,

〈T ∗C ( f ), ϕ | a 2, · · · , an 〉 = 〈 f, TC (ϕ ) | a 2, · · · , an 〉

=

∫
Ω

ϕ (w ) 〈 f, F (w ) | a 2, · · · , an 〉 dµ(w )

= 〈 〈 f, F | a 2, · · · , an 〉 , ϕ | a 2, · · · , an 〉 .

This verify that

(T ∗C f ) (w ) = 〈 f, F (w ) | a 2, · · · , an 〉 , w ∈ Ω.

Also, for each f ∈ HF , we have

‖T ∗C ( f ), ϕ | a 2, · · · , an ‖ 2
= 〈T ∗C ( f ), T ∗C ( f ) | a 2, · · · , an 〉

=

∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ(w ).

This implies that

‖TC ‖ = sup
‖ f, a 2, ··· , an ‖= 1

∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ(w )

1 / 2

≤
√
B.

�

Remark 3.3. The operator TC defined in the Theorem 3.1, is called a pre-frame
operator or synthesis operator and T ∗C is called an analysis operator of F.

Definition 3.2. The operator SC : HF → HF defined by

SC ( f ) (w ) = TC T
∗
C ( f ) (w ) = TC ( 〈 f, F (w ) | a 2, · · · , an 〉 )

=

∫
Ω

〈 f, F (w ) | a 2, · · · , an 〉 F (w ) dµ(w ),

is called continuous frame operator of F.
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Remark 3.4. Let F : Ω → H1 be a continuous frame associated to ( a 2, · · · , an )
for H1 with respect to ( Ω, µ ). For each f, g ∈ HF , we have

〈SC f, g | a 2, · · · , an 〉

=

∫
Ω

〈 f, F (w ) | a 2, · · · , an 〉 〈F (w ), g | a 2, · · · , an 〉 dµ(w ).

Thus, for each f ∈ HF , we get

〈SC f, f | a 2, · · · , an 〉

=

∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ(w ).

Therefore, for each f ∈ HF , from (4), we get

A 〈 f, f | a 2, · · · , an 〉 ≤ 〈SC f, f | a 2, · · · , an 〉 ≤ B 〈 f, f | a 2, · · · , an 〉 .
Hence, AIF ≤ SC ≤ B IF .

Theorem 3.2. Let ( Ω, µ ) be a measure space, where µ is a σ-finite measure and
let F : Ω → H1 be a measurable function. If the operator TC : L 2

F ( Ω, µ ) → HF

defined by

〈TC (ϕ ), f | a 2, · · · , an 〉 =

∫
Ω

ϕ (w ) 〈F (w ), f | a 2, · · · , an 〉 dµ(w )

where ϕ ∈ L 2
F ( Ω, µ ) and f ∈ HF , is a bounded operator, then F is a continuous

Bessel mapping associated to ( a 2, · · · , an ).

Proof. By the Theorem 3.1, we have

T ∗C ( f )(w ) = 〈 f, F (w ) | a 2, · · · , an 〉 , w ∈ Ω.

Now, for each f ∈ HF , we have∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ(w ) = ‖T ∗C ( f ), ϕ | a 2, · · · , an ‖ 2

≤ ‖TC ‖ 2 ‖ f, a 2, · · · , an ‖ 2
.

This completes the proof. �

In the next theorem, we give a characterization of a continuous frame associated
to ( a 2, · · · , an ) for H1 with respect to its pre-frame operator under some sufficient
conditions.

Theorem 3.3. Let ( Ω, µ ) be a measure space, where µ is a σ-finite measure. Then
the mapping F : Ω → H1 is a continuous frame associated to ( a 2, · · · , an ) with
respect to ( Ω, µ ) if and only if the pre-frame operator TC is bounded and onto
operator.

Proof. Let F be a continuous frame associated to ( a 2, · · · , an ) for H1. Then by
Theorem 3.1, the operator TC is bounded and it is easy to verify that TC is one-one,
onto.
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Conversely, let TC be bounded and onto operator. Then there exists a bounded

operator T †C : HF → L 2
F ( Ω, µ ) such that TC T

†
C f = f ∀ f ∈ HF . Since

TC is bounded, by Theorem 3.2, F is a continuous Bessel mapping associated to
( a 2, · · · , an ) and

‖T ∗C ( f ), ϕ | a 2, · · · , an ‖ 2
=

∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ(w ).

Let f ∈ HF , then

‖ f, a 2, · · · , an ‖ 2 ≤
∥∥∥T †C ∥∥∥ 2

‖T ∗C ( f ), ϕ | a 2, · · · , an ‖ 2
.

Therefore, for each f ∈ HF , we have∥∥∥T †C ∥∥∥− 2

‖T ∗C ( f ), ϕ | a 2, · · · , an ‖ 2 ≤
∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ(w ).

This completes the proof. �

Theorem 3.4. Let F : Ω → H1 be a continuous frame associated to ( a 2, · · · , an )
with respect to ( Ω, µ ) for H1 with frame operator SC and let U : HF → HF

be a bounded and invertible operator. Then U F is a continuous frame associated to
( a 2, · · · , an ) for H1 with frame operator U SC U

∗

Proof. For each f ∈ HF , we have

w → 〈U ∗ f, F (w ) | a 2, · · · , an 〉 = 〈 f, U F (w ) | a 2, · · · , an 〉

is measurable. Since U is invertible, for each f ∈ HF , we have

‖ f, a 2, · · · , an ‖ ≤
∥∥U − 1

∥∥ ‖U ∗ f, a 2, · · · , an ‖ .

Since F is a continuous frame associated to ( a 2, · · · , an ) in H1, for each f ∈ HF ,
we have

A ‖U ∗ f, a 2, · · · , an ‖ 2 ≤
∫
Ω

| 〈U ∗ f, F (w ) | a 2, · · · , an 〉 | 2 dµ(w )

≤ B ‖U ∗ f, a 2, · · · , an ‖ 2
.

Therefore, for each f ∈ HF , we have

A
∥∥U − 1

∥∥− 2 ‖ f, a 2, · · · , an ‖ 2 ≤
∫
Ω

| 〈 f, U F (w ) | a 2, · · · , an 〉 | 2 dµ(w )

≤ B ‖U ‖ 2 ‖ f, a 2, · · · , an ‖ 2
.

Thus, U F is a continuous frame associated to ( a 2, · · · , an ) with bounds A
∥∥U − 1

∥∥− 2

and B ‖U ‖ 2.
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Furthermore, for each f, g ∈ HF , we have∫
Ω

〈 f, U F (w ) | a 2, · · · , an 〉 〈U F (w ), g | a 2, · · · , an 〉 dµ(w )

=

∫
Ω

〈U ∗ f, F (w ) | a 2, · · · , an 〉 〈F (w ), U ∗ g | a 2, · · · , an 〉 dµ(w )

= 〈SC U
∗ f, U ∗ g | a 2, · · · , an 〉 = 〈U SC U

∗ f, g | a 2, · · · , an 〉 .

This shows that the corresponding continuous frame operator is U SC U
∗. �

Next, we end this section by discussing the continuous Bessel multiplier in H1.

Definition 3.3. Let F and G be continuous Bessel families associated to ( a 2, · · · , an )
for H1 with respect to ( Ω, µ ) having bounds B1 and B2 and m : Ω → C be a
measurable function. The operator Mm, F,G : HF → HF defined by

〈Mm, F,G f, g | a 2, · · · , an 〉

=

∫
Ω

m (w ) 〈 f, F (w ) | a 2, · · · , an 〉 〈G (w ), g | a 2, · · · , an 〉 dµ (w )

is called continuous Bessel multiplier associated to ( a 2, · · · , an ) of F and G with
respect to m.

Theorem 3.5. The continuous Bessel multiplier associated to ( a 2, · · · , an ) of F
and G with respect to m is well defined and bounded.

Proof. For any f, g ∈ HF , we have

| 〈Mm, F,G f, g | a 2, · · · , an 〉 |

=

∣∣∣∣∣∣
∫
Ω

m (w ) 〈 f, F (w ) | a 2, · · · , an 〉 〈G (w ), g | a 2, · · · , an 〉 dµ (w )

∣∣∣∣∣∣
≤ ‖m ‖∞

 ∫
X1

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ (w )

1 / 2

×

∫
Ω

| 〈 g, G (w ) | a 2, · · · , an 〉 | 2 dµ (w )

1 / 2

×

≤ ‖m ‖∞
√
B 1B 2 ‖ f, a 2, · · · , an ‖ 2 ‖ g, a 2, · · · , an ‖ 2

.

This shows that ‖Mm, F,G ‖ ≤ ‖m ‖∞
√
B 1B 2 and so Mm, F,G is well-defined and

bounded. �
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Remark 3.5. According to the proof of the Theorem 3.5, for each f ∈ HF , we have

‖Mm, F,G f, a 2, · · · , an ‖ = sup
‖ g, a 2, ··· , an ‖= 1

| 〈Mm, F,G f, g | a 2, · · · , an 〉 |

≤ ‖m ‖∞
√
B2

∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ (w )

1 / 2

. (5)

and similarly it can be shown that∥∥M ∗
m, F,G g, a 2, · · · , an

∥∥
≤ ‖m ‖∞

√
B1

∫
Ω

| 〈G (w ), g | a 2, · · · , an 〉 | 2 dµ (w )

1 / 2

. (6)

Theorem 3.6. Let Mm, F,G be the continuous Bessel multiplier associated to (a2, · · · , an)
of F and G with respect to m. Then F is a continuous frame associated to ( a 2, · · · , an )
for H1 provided Mm, F,G is bounded below.

Proof. Since Mm, F,G is bounded below, for each f ∈ HF , there exists D > 0 such
that

‖Mm, F,G f, a 2, · · · , an ‖ ≥ D ‖ f, a 2, · · · , an ‖ .

Therefore, for each f ∈ HF , using 5, we get

D 2 ‖ f, a 2, · · · , an ‖ 2 ≤ ‖m ‖ 2
∞B 2

∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ (w )

⇒ D 2

‖m ‖ 2
∞B 2

‖ f, a 2, · · · , an ‖ 2 ≤
∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ (w ).

Thus, F is a continuous frame associated to ( a 2, · · · , an ) for H1 with bounds
D 2

‖m ‖ 2
∞B 2

and B1. This completes the proof. �

Theorem 3.7. Let Mm, F,G be the continuous Bessel multiplier associated to (a2, · · · , an)
of F and G with respect to m. Suppose λ 1 < 1, λ 2 > − 1 such that for each
f ∈ HF , we have

‖ f − Mm, F,G f, a 2, · · · , an ‖ ≤ λ1 ‖ f, a 2, · · · , an ‖+λ2 ‖Mm, F,G f, a 2, · · · , an ‖ .

Then F is a continuous frame associated to ( a 2, · · · , an ) for H1.

Proof. For each f ∈ HF , we have

‖ f, a 2, · · · , an ‖ − ‖Mm, F,G f, a 2, · · · , an ‖ ≤ ‖ f − Mm, F,G f, a 2, · · · , an ‖
≤ λ1 ‖ f, a 2, · · · , an ‖ + λ2 ‖Mm, F,G f, a 2, · · · , an ‖ .
⇒ ( 1 − λ1 ) ‖ f, a 2, · · · , an ‖ ≤ ( 1 + λ2 ) ‖Mm, F,G f, a 2, · · · , an ‖ .
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Now, using (5), we get

( 1 − λ1 )

( 1 + λ2 )
‖ f, a 2, · · · , an ‖

≤ ‖m ‖∞
√
B2

∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ (w )

1 / 2

⇒ ( 1 − λ1 )
2

‖m ‖ 2
∞B2 ( 1 + λ2 )

2 ‖ f, a 2, · · · , an ‖ 2

≤
∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ (w ). (7)

Thus, F is a continuous frame associated to ( a 2, · · · , an ) for H1 with bounds

( 1 − λ1 )
2

‖m ‖ 2
∞B2 ( 1 + λ2 )

2 and B1. �

Theorem 3.8. Let Mm,F,G be the continuous Bessel multiplier associated to (a2, · · · , an)
of F and G with respect to m. Suppose λ ∈ [ 0, 1 ) such that for each f ∈ HF , we
have

‖ f − Mm, F,G f, a 2, · · · , an ‖ ≤ λ ‖ f, a 2, · · · , an ‖ .
Then F and G are continuous frames associated to ( a 2, · · · , an ) for H1.

Proof. Putting λ1 = λ and λ2 = 0 in (7), we get

( 1 − λ )
2

‖m ‖ 2
∞B2

‖ f, a 2, · · · , an ‖ 2 ≤
∫
Ω

| 〈 f, F (w ) | a 2, · · · , an 〉 | 2 dµ (w ).

Thus, F is a continuous frame associated to ( a 2, · · · , an ) for H1.
On the other hand, for each f ∈ HF , we have∥∥ f − M ∗

m, F,G f, a 2, · · · , an

∥∥ =
∥∥ ( IF − Mm, F,G )

∗
f, a 2, · · · , an

∥∥
≤ ‖ IF − Mm, F,G ‖ ‖ f, a 2, · · · , an ‖ ≤ λ ‖ f, a 2, · · · , an ‖
⇒ ( 1 − λ ) ‖ f, a 2, · · · , an ‖ ≤

∥∥M ∗
m, F,G f, a 2, · · · , an

∥∥ .
Now, using (6), we get

( 1 − λ )
2

‖m ‖ 2
∞B1

‖ f, a 2, · · · , an ‖ 2 ≤
∫
Ω

| 〈G (w ), f | a 2, · · · , an 〉 | 2 dµ (w ).

This shows that G is a continuous frame associated to ( a 2, · · · , an ) for H1. This
completes the proof. �

4. Continuous frame in tensor product of n-Hilbert spaces

In this section, we introduce the concept of continuous frame in tensor product of
n-Hilbert spaces and give a characterization. We begin this section with the concept
of tensor product of n-Hilbert spaces.
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Let H1 and H2 be two n-Hilbert spaces associated with the n-inner products
〈 ·, · | ·, · · · , · 〉1 and 〈 ·, · | ·, · · · , · 〉2, respectively. The tensor product of H1 and H2

is denoted by H1 ⊗ H2 and it is defined to be an n-inner product space associated
with the n-inner product given by

〈 f ⊗ g, f 1 ⊗ g 1 | f 2 ⊗ g 2, · · · , fn ⊗ gn 〉
= 〈 f, f 1 | f 2, · · · , fn 〉1 〈 g, g 1 | g 2, · · · , gn 〉2 , (8)

for all f, f 1, f 2, · · · , fn ∈ H1 and g, g 1, g 2, · · · , gn ∈ H2.
The n-norm on H1 ⊗ H2 is defined by

‖ f 1 ⊗ g 1, f 2 ⊗ g 2, · · · , fn ⊗ gn ‖
= ‖ f 1, f 2, · · · , fn ‖1 ‖ g 1, g 2, · · · , gn ‖2 , (9)

for all f 1, f 2, · · · , fn ∈ H1 and g 1, g 2, · · · , gn ∈ H2, where the n-norms
‖ ·, · · · , · ‖1 and ‖ ·, · · · , · ‖2 are generated by 〈 ·, · | ·, · · · , · 〉1 and 〈 ·, · | ·, · · · , · 〉2,
respectively. The space H1 ⊗ H2 is completion with respect to the above n-inner
product. Therefore the space H1 ⊗ H2 is an n-Hilbert space.

Consider G = { b 2, b 3, · · · , bn }, where b 2, b 3, · · · , bn are fixed elements in H2

and LG denote the linear subspace of H2 spanned by G. Now, we can define the
Hilbert space HG with respect to the inner product is given by

〈 f + LG , g + LG 〉G = 〈 f , g 〉G = 〈 f , g | b 2 , · · · , bn 〉2 ; ∀ f, g ∈ H2.

Remark 4.1. According to the definition 2.4, HF ⊗ HG is the Hilbert space with
respect to the inner product:

〈 f ⊗ g , f ′ ⊗ g ′ 〉 = 〈 f , f ′ 〉F 〈 g , g
′ 〉G ,

for all f, f ′ ∈ HF and g, g ′ ∈ HG.

Definition 4.1. Let (X, µ ) = (X1 × X2, µ 1 ⊗ µ 2 ) be the product of measure
spaces with σ-finite positive measures µ 1, µ 2 and a 2 ⊗ b 2, · · · , an ⊗ bn be fixed
elements in H1 ⊗ H2. The mapping F : X → H1 ⊗ H2 is called a continuous frame
associated to ( a 2 ⊗ b 2, · · · , an ⊗ bn ) for H1 ⊗ H2 with respect to (X, µ ) if
(i) F is weakly-measurable, i. e., for all f ⊗ g ∈ H1 ⊗ H2, x = (x 1, x 2 ) →
〈 f ⊗ g, F (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 is a measurable function on X.

(ii) there exist constants A, B > 0 such that

A ‖ f ⊗ g, a 2 ⊗ b 2, · · · , an ⊗ bn ‖ 2

≤
∫
X

| 〈 f ⊗ g, F (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 | 2 dµ (x )

≤ B ‖ f ⊗ g, a 2 ⊗ b 2, · · · , an ⊗ bn ‖ 2
, (10)

for all f ⊗ g ∈ H1 ⊗ H2. The constants A and B are called continuous frame
bounds. If A = B, then it is called a tight continuous frame associated to
( a 2 ⊗ b 2, · · · , an ⊗ bn ). If the mapping F satisfies only the right inequal-
ity of (10), then it is called Bessel mapping or c-Bessel mapping associated to
( a 2 ⊗ b 2, · · · , an ⊗ bn ) with Bessel bound B.

In the following theorem, we show that the continuous frame in n-Hilbert space is
preserved by the tensor product.
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Theorem 4.1. The mapping F = F1 ⊗ F2 : X → H1 ⊗ H2 is a continuous frame
associated to ( a 2 ⊗ b 2, · · · , an ⊗ bn ) for H1 ⊗ H2 with respect to (X, µ ) if and
only if F1 is a continuous frame associated to ( a 2, · · · , an ) for H1 with respect to
(X1, µ 1 ) and F2 is a continuous frame associated to ( b 2, · · · , bn ) for H2 with
respect to (X2, µ 2 )

Proof. Suppose that F = F1 ⊗ F2 is a continuous frame associated to ( a 2 ⊗
b 2, · · · , an ⊗ bn ) for H1 ⊗ H2 with respect to (X, µ ). Let f ∈ H1 / { 0 } and fix
g ∈ H2 / { 0 }. Then f ⊗ g ∈ H1 ⊗ H2 and by Fubini’s theorem we have∫

X

| 〈 f ⊗ g, F1 (x 1 ) ⊗ F2 (x 2 ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 | 2 dµ (x )

=

∫
X1

| 〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 |
2
dµ 1 (x1 )×

∫
X2

| 〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 |
2
dµ 2 (x2 ).

Therefore, for each f ⊗ g ∈ H1 ⊗ H2, (10) can be written as

A ‖ f, a 2, · · · , an ‖ 2
1 ‖ g, b 2, · · · , bn ‖ 2

2

≤
∫
X1

| 〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 |
2
dµ 1 (x1 )×

∫
X2

| 〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 |
2
dµ 2 (x2 )

≤ B ‖ f, a 2, · · · , an ‖ 2
1 ‖ g, b 2, · · · , bn ‖ 2

2 .

Here we may assume that every F1 (x 1 ) and a 2, · · · , an are linearly independent
and also every F2 (x 2 ) and b 2, · · · , bn are linearly independent. Hence∫

X1

| 〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 |
2
dµ 1 (x1 ),

∫
X2

| 〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 |
2
dµ 2 (x2 )

are non-zero. Thus from the above inequality we can write

A ‖ g, b 2, · · · , bn ‖ 2
2∫

X2

| 〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 |
2
dµ 2 (x2 )

‖ f, a 2, · · · , an ‖ 2
1

≤
∫
X1

| 〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 |
2
dµ 1 (x1 )

≤
B ‖ g, b 2, · · · , bn ‖ 2

2∫
X2

| 〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 |
2
dµ 2 (x2 )

‖ f, a 2, · · · , an ‖ 2
1 .
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Thus, for each f ∈ H1 / { 0 }, we have

A 1 ‖ f, a 2, · · · , an ‖ 2
1 ≤

∫
X1

| 〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 |
2
dµ 1 (x1 )

≤ B 1 ‖ f, a 2, · · · , an ‖ 2
1 ,

where

A 1 = inf
g∈H 2

 A ‖ g, b 2, · · · , bn ‖ 2
2∫

X2

| 〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 |
2
dµ 2 (x2 )

 ,

and

B 1 = sup
g ∈H 2

 B ‖ g, b 2, · · · , bn ‖ 2
2∫

X2

| 〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 |
2
dµ 2 (x2 )

 .

This shows that F1 is a continuous frame associated to ( a 2, · · · , an ) for H1 with
respect to (X1, µ 1 ). Similarly, it can be shown that F2 is a continuous frame asso-
ciated to ( b 2, · · · , bn ) for H2 with respect to (X2, µ 2 ).

Conversely, suppose that F1 is a continuous frame associated to ( a 2, · · · , an ) for
H1 with respect to (X1, µ 1 ) having bounds A, B and F2 is a continuous frame as-
sociated to ( b 2, · · · , bn ) for H2 with respect to (X2, µ 2 ) having bounds C, D. By
the assumption it is easy to very that F = F1 ⊗ F2 is weakly measurable on H1 ⊗H2

with respect to (X, µ ). Now, for each f ∈ H1 / { 0 }, g ∈ H2 / { 0 }, we have

A ‖ f, a 2, · · · , an ‖ 2
1 ≤

∫
X1

| 〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 |
2
dµ 1 (x1 )

≤ B ‖ f, a 2, · · · , an ‖ 2
1 ,

C ‖ g, b 2, · · · , bn ‖ 2
2 ≤

∫
X2

| 〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 |
2
dµ 2 (x2 )

≤ D ‖ g, b 2, · · · , bn ‖ 2
2 .

Multiplying the above two inequalities and using Fubini’s theorem we get

AC ‖ f ⊗ g, a 2 ⊗ b 2, · · · , an ⊗ bn ‖ 2

≤
∫
X

| 〈 f ⊗ g, F (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 | 2 dµ (x )

≤ BD ‖ f ⊗ g, a 2 ⊗ b 2, · · · , an ⊗ bn ‖ 2
,

for all f ⊗ g ∈ H1 ⊗ H2. This completes the proof. �

Remark 4.2. Let (X, µ ) = (X1 × X2, µ 1 ⊗ µ 2 ) be the product of measure
spaces with σ-finite positive measures µ 1, µ 2.
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Let L 2
F ⊗G (X, µ ) be the class of all measurable functions Ψ : X → HF ⊗ HG

such that ∫
X

‖Ψ (x ), a 2 ⊗ b 2, · · · , an ⊗ bn ‖ 2
dµ(x ) < ∞,

with the inner product

〈Ψ, Φ 〉L 2
F ⊗G

=

∫
X

〈Ψ (x ), Φ (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 dµ(x ),

=

∫
X1

〈ϕ1 (x1 ), ψ1 (x1 ) | a 2, · · · , an 〉 dµ(x1 )×

∫
X2

〈ϕ2 (x2 ), ψ2 (x2 ) | b 2, · · · , bn 〉 dµ(x2 )

= 〈ϕ1, ψ1 〉L 2
F
〈ϕ2, ψ2 〉L 2

G
,

for Ψ = ϕ1 ⊗ ϕ2, Φ = ψ1 ⊗ ψ2 ∈ L 2
F ⊗G (X, µ ). The space L 2

F ⊗G (X, µ ) is
completion with respect to the above inner product. Therefore it is an Hilbert space.

Remark 4.3. Let F be a continuous Bessel family associated to ( a 2 ⊗ b 2, · · · ,
an ⊗ bn ) for H1 ⊗ H2 with respect to (X, µ ). Then the synthesis operator TF :
L 2
F ⊗G (X, µ ) → HF ⊗ HG defined by

TF (ϕ ) =

∫
X

ϕ (x )F (x ) dµ(x )

=

∫
X1

∫
X2

ϕ (x 1, x 2 ) F (x 1, x 2 ) dµ (x 1, x 2 )

where ϕ ∈ L 2
F ⊗G (X, µ ) is well-defined, bounded and linear. The analysis operator

T ∗F : HF ⊗ HG → L 2
F ⊗G (X, µ ) given by

(T ∗F ( f ⊗ g ) ) (x ) = 〈 f ⊗ g, F (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 ,

x ∈ X, f ⊗ g ∈ HF ⊗ HG. The frame operator SF : HF ⊗ HG → HF ⊗ HG is
given by

SF ( f ⊗ g ) =

∫
X

〈 f ⊗ g, F (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 F (x ) dµ (x )

The next theorem demonstrates that the continuous frame operator associated
with the tensor product of two continuous frames in n-Hilbert spaces is exactly the
tensor product of their respective continuous frame operators.

Theorem 4.2. Let F = F1 ⊗ F2 : X → H1 ⊗H2 be a continuous frame associated
to ( a 2 ⊗ b 2, · · · , an ⊗ bn ) for H1 ⊗ H2 with respect to (X, µ ). Then SF =
SF 1 ⊗ SF 2 .

Proof. Suppose that F = F1 ⊗ F2 is a continuous frame associated to ( a 2 ⊗
b 2, · · · , an ⊗ bn ) for H1 ⊗ H2 with respect to (X, µ ). Then for each f ⊗ g ∈
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HF ⊗ HG, we have

SF ( f ⊗ g )

=

∫
X

〈 f ⊗ g, F1 (x 1 ) ⊗ F2 (x 2 ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 F1 (x 1 ) ⊗ F2 (x 2 )dµ (x )

=

∫
X1

〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 F1 (x 1 ) dµ 1 (x1 ) ⊗

∫
X2

〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 F2 (x 2 ) dµ 2 (x2 )

= SF 1
f ⊗ SF 2

g = (SF 1
⊗ SF 2

) ( f ⊗ g ).

�

Theorem 4.3. Let F1 be a continuous frame associated to ( a 2, · · · , an ) for H1

with respect to (X1, µ1 ) having bounds A, B and F2 be a continuous frame asso-
ciated to ( b 2, · · · , bn ) for H2 with respect to (X2, µ2 ) having bounds C, D. Then
AC IF ⊗G ≤ SF1⊗F2

≤ BD IF ⊗G, where IF ⊗G is the identity operator on
HF ⊗ HG and SF1

, SF2
are continuous frame operators of F1, F2, respectively.

Proof. Since SF1
and SF2

are continuous frame operators, we have

AIF ≤ SF1 ≤ B IF , C IG ≤ SF2 ≤ D IG,

where IF and IG are the identity operators on HF and KG, respectively. Taking
tensor product on the above two inequalities, we get

AC ( IF ⊗ IG ) ≤ (SF1
⊗ SF2

) ≤ BD ( IF ⊗ IG )

⇒ AC IF ⊗G ≤ SF1⊗F2
≤ BD IF ⊗G.

This completes the proof. �

To each continuous frame in n-Hilbert space one can associate a dual continuous
frame which is introduced as follows.

If F1 is a continuous frame associated to ( a 2, · · · , an ) for H1 with respect to
(X1, µ1 ) and F2 is a continuous frame associated to ( b 2, · · · , bn ) for H2 with
respect to (X2, µ2 ), then we may consider the dual continuous frame G1 associated
to ( a 2, · · · , an ) of F1 and dual continuous frame G2 associated to ( b 2, · · · , bn )
of F2 which satisfies the following:

〈 f, g | a 2, · · · , an 〉 1

=

∫
X1

〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 〈G1 (x 1 ), g | a 2, · · · , an 〉1 dµ 1 (x1 ), (11)

〈 f1, g1 | b 2, · · · , bn 〉 1

=

∫
X2

〈 f1, F2 (x 2 ) | b 2, · · · , bn 〉2 〈G2 (x 2 ), g1 | b 2, · · · , bn 〉2 dµ 2 (x2 ), (12)

for all f, g ∈ H1 and f1, g1 ∈ H2.



132 P. GHOSH AND T. K. SAMANTA

Now, we give the definition of dual continuous frame in H1 ⊗ H2.

Definition 4.2. Let F be a continuous frame associated to ( a 2 ⊗ b 2, · · · , an ⊗
bn ) for H1 ⊗ H2 with respect to (X, µ ). Then a frame G associated to ( a 2 ⊗
b 2, · · · , an ⊗ bn ) satisfying

f ⊗ g =

∫
X

〈 f ⊗ g, F (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 G (x ) dµ (x ),

for all f ⊗ g ∈ H1 ⊗ H2, is called a dual continuous frame associated to ( a 2 ⊗
b 2, · · · , an ⊗ bn ) of F . The pair (F , G ) is called a dual pair of continuous frames
associated to ( a 2 ⊗ b 2, · · · , an ⊗ bn ).

Next, we give a sufficient condition for two tensor product of continuous frames to
form a pair of dual continuous frames in H1 ⊗ H2.

Theorem 4.4. Let F1 be a continuous frame associated to ( a 2, · · · , an ) for H1

with respect to (X1, µ1 ) and F2 is a continuous frame associated to ( b 2, · · · , bn )
for H2 with respect to (X2, µ2 ). Suppose G1 be the dual continuous frame asso-
ciated to ( a 2, · · · , an ) of F1 and G2 be the dual continuous frame associated to
( b 2, · · · , bn ) of F2. Then G = G1 ⊗ G2 : X → H2 ⊗ H2 is a dual continuous
frame associated to ( a 2 ⊗ b 2, · · · , an ⊗ bn ) for H1 ⊗ H2 with respect to (X, µ )
of F = F1 ⊗ F2 : X → H1 ⊗ H2.

Proof. By theorem 4.1, F = F1 ⊗ F2 : X → H1 ⊗ H2 and G = G1 ⊗ G2 :
X → H2 ⊗ H2 are continuous frames associated to ( a 2 ⊗ b 2, · · · , an ⊗ bn ) for
H1 ⊗ H2 with respect to (X, µ ). Since G1 is a dual continuous frame associated to
( a 2, · · · , an ) of F1 and G2 is a dual continuous frame associated to ( b 2, · · · , bn )
of F2, for f ∈ H1 and g ∈ H2, we have

f =

∫
X1

〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 G1 (x 1 ) dµ 1 (x1 ),

g =

∫
X2

〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 G2 (x 2 ) dµ 2 (x2 ).

Now, for each f ⊗ g ∈ H1 ⊗ H2, we have

f ⊗ g

=

∫
X1

∫
X2

〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 G (x )dµ (x )

where G (x ) = G1 (x 1 ) ⊗ G2 (x 2 ). By Fubini’s theorem, we can write

f ⊗ g =

∫
X

〈 f ⊗ g, F (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 G (x ) dµ (x ).

This completes the proof. �

In the following theorem, we will see that dual pair of continuous Bessel families
is a dual pair of continuous frames in H1 ⊗ H2.
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Theorem 4.5. Let F1, G1 be the dual pair of continuous Bessel families associated to
( a 2, · · · , an ) for H1 with respect to (X1, µ1 ) having bounds B1, B2 and F2, G2

be the dual pair of continuous Bessel families associated to ( b 2, · · · , bn ) for H2 with
respect to (X2, µ2 ) having bounds D1, D 2. Then G = G1 ⊗ G2 : X → H2 ⊗H2 is
a dual continuous frame associated to ( a 2 ⊗ b 2, · · · , an ⊗ bn ) for H1 ⊗ H2 with
respect to (X, µ ) of F = F1 ⊗ F2 : X → H1 ⊗ H2.

Proof. First, we show that F = F1 ⊗ F2, G = G1 ⊗ G2 : X → H1 ⊗ H2 are
continuous frames associated to ( a 2 ⊗ b 2, · · · , an ⊗ bn ) for H1 ⊗H2 with respect
to (X, µ ). Now, for each f ⊗ g ∈ H1 ⊗ H2, using (11) and (12), we have

‖ f ⊗ g, a 2 ⊗ b 2, · · · , an ⊗ bn ‖ 2

= 〈 f, f | a 2, · · · , an 〉 1 〈 g, g | a 2, · · · , an 〉 2

=

∫
X1

〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 〈G1 (x 1 ), f | a 2, · · · , an 〉1 dµ 1 (x1 )×

∫
X2

〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 〈G2 (x 2 ), g | b 2, · · · , bn 〉2 dµ 2 (x2 )

≤

 ∫
X1

| 〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 |
2
dµ 1 (x1 )

1 / 2

×

 ∫
X1

| 〈 g, G1 (x 1 ) | a 2, · · · , an 〉1 |
2
dµ 1 (x1 )

1 / 2

×

 ∫
X2

| 〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 |
2
dµ 2 (x2 )

1 / 2

×

 ∫
X2

| 〈 g, G2 (x 2 ) | b 2, · · · , bn 〉2 |
2
dµ 2 (x2 )

1 / 2

≤
√
B 2D 2 ‖ f, a 2, · · · , an ‖1 ‖ g, b 2, · · · , bn ‖2 ×∫

X

| 〈 f ⊗ g, F (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 | 2 dµ (x )

1 / 2

⇒ 1

B 2D 2
‖ f ⊗ g, a 2 ⊗ b 2, · · · , an ⊗ bn ‖ 2

≤
∫
X

| 〈 f ⊗ g, F (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 | 2 dµ (x ).

Thus, F is a continuous frame associated to ( a 2 ⊗ b 2, · · · , an ⊗ bn ) for H1 ⊗ H2

with respect to (X, µ ) having bounds
1

B 2D 2
and B 1D 1. Similarly, it can be shown

that G is a continuous frame associated to ( a 2 ⊗ b 2, · · · , an ⊗ bn ) for H1 ⊗ H2
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with respect to (X, µ ). Now, by theorem 4.4, (F , G ) is a dual pair of continuous
frames associated to ( a 2 ⊗ b 2, · · · , an ⊗ bn ). This completes the proof. �

Now, we end this section by discussing the idea of continuous Bessel multiplier in
H1 ⊗ H2.

Definition 4.3. Let F and G be continuous Bessel families associated to ( a 2 ⊗
b 2, · · · , an ⊗ bn ) for H1 ⊗ H2 with respect to (X, µ ) having bounds B1 and B2

and m : X → C be a measurable function. The operator Mm,F,G : HF ⊗ HG →
HF ⊗ HG defined by

Mm,F,G ( f ⊗ g )

= :

∫
X

m (x ) 〈 f ⊗ g, F (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 G (x ) dµ (x ), (13)

for all f ⊗ g ∈ HF ⊗ HG, is called continuous Bessel multiplier associated to
( a 2 ⊗ b 2, · · · , an ⊗ bn ) of F and G with respect to m.

Remark 4.4. Let F1, G1 be continuous Bessel families associated to ( a 2, · · · , an )
for H1 with respect to (X1, µ1 ) and F2, G2 be continuous Bessel families associated
to ( b 2, · · · , bn ) for H2 with respect to (X2, µ2 ) and m1 : X1 → C, m2 :
X2 → C be two measurable function. Suppose Mm1, F1, G1

: HF → HF be a
continuous Bessel multiplier associated to ( a 2, · · · , an ) of F1 and G1 with respect
to m1 and Mm2, F2, G2 : HG → HG be a continuous Bessel multiplier associated
to ( b 2, · · · , bn ) of F2 and G2 with respect to m2. Now, by theorem 4.1, F =
F1 ⊗ F2, G = G1 ⊗ G2 : X → H1 ⊗ H2 are continuous Bessel families associated
to ( a 2 ⊗ b 2, · · · , an ⊗ bn ) for H1 ⊗ H2 with respect to (X, µ ). From (13), for
each f ⊗ g ∈ HF ⊗ HG, we can write

Mm,F,G ( f ⊗ g )

= :

∫
X

m (x ) 〈 f ⊗ g, F (x ) | a 2 ⊗ b 2, · · · , an ⊗ bn 〉 G (x ) dµ (x )

= :

∫
X1

m1 (x1 ) 〈 f, F1 (x 1 ) | a 2, · · · , an 〉1 G1 (x 1 ) dµ 1 (x1 ) ⊗

∫
X2

m2 (x2 ) 〈 g, F2 (x 2 ) | b 2, · · · , bn 〉2 G2 (x 2 ) dµ 2 (x2 )

= : Mm1, F1, G1
f ⊗ Mm2, F2, G2

g = (Mm1, F1, G1
⊗ Mm2, F2, G2

) ( f ⊗ g ).

Thus, Mm,F,G = Mm1, F1, G1
⊗ Mm2, F2, G2

.

Remark 4.5. According to the theorem 3.5, the continuous Bessel multiplier asso-
ciated to ( a 2 ⊗ b 2, · · · , an ⊗ bn ) of F and G with respect to m is well defined
and bounded.
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