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Sign-Changing Weights
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ABSTRACT. Using the method of sub-super solutions and comparison principle, we study the
existence of positive solutions for a class of quasilinear elliptic systems with sign-changing
weights.
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1. Introduction

In this paper, we consider the existence of positive solutions for a class of quasilinear
elliptic systems of the form

—Apu = a(z) (Au*vY + puf(u)), z€Q,
—Agv = b(z) (Mv” + pg(v)), z€Q, (1)
u=v=0,

where € is a smooth bounded domain in RN, 1 < p,q < N, «, 3,7, 6 are constants, \
and 4 are positive parameters.

Problems involving the p-Laplacian arise from many branches of pure mathematics
as in the theory of quasiregular and quasiconformal mapping (see [1]) as well as from
various problems in mathematical physics notably the flow of non Newtonian fluids.
The structure of positive solutions for quasilinear reaction-diffusion systems (nonlinear
Newtonian filtration systems) and semilinear reaction-diffusion systems (Newtonian
filtration systems) is a front topic in the study of static electric fields in dielectric
media, in which the potential is described by the boundary value problem of a static
non-Newtonian filtration system, called the PoissonBoltzmann problem. This kind
of problems also appears in the study of the nonNewtonian or Newtonian turbulent
filtration in porous media and so on, which have extensive engineering background.

In this paper, we denote by W, " (Q) (1 < < 00) the completion of C§°(€Q), with

respect to the norm
1
full = ([ 17l a)
Q
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Let us consider the following eigenvalue problem for the r-Laplace operator —A,.u,
see [4, 5]:
—Ayu = ANu|""?u  in Q, )
u=0 onze€di.
Let ¢1, € C'(2) be the eigenfunction corresponding to the first eigenvalue A1, of
(2) such that ¢1, > 0in Q and ||¢1,,||cc = 1. It can be shown that ag;r < 0 on 09
and hence, depending on ), there exist positive constants m, 7, o, such that
Vo™ — )‘1,T¢71ﬂ,r > m on ﬁm (3)
b1r >0 onxz € Q\Q,,

where Q,, := {z € Q: d(z,00Q) < n}.
We also consider the unique solution e, € VVO1 " (Q) of the boundary value problem

—Aye, =1 in Q,
{eT:0 on x € 0fN) (4)

to discuss our result. It is known that e, > 0 in € and 8;; < 0 on 09.

Here we assume that the weight functions a(z) and b(x) take negative values in a
subset of €2, but require a(z) and b(z) be strictly positive in 2 — ,. To be precise
we assume that there exist positive constants ag, a1, by and by such that a(z) > —aq,

b(x) > by on Q,, and a(x) > ay, b(z) > by on Q — Q).

2. Existence of positive solutions

We will study the existence of positive solutions by using the method of sub- and
supersolutions. A pair of functions (11, 12) is said to be a subsolution of problem (1)
if it is in WyP(9) x W, () such that

/Q VP2V - Vo de < /Q a(@) 5 + nf () wde, Vw € W,
and
/ V|92V - Vo d: < / b(a) (AJuS + pg(vn) ) wds, Y e W,
Q Q

where W := {w € C°(Q) : w>0in Q}. A pair of functions (z1,z3) € Wy ?(Q) x
Wol’q(Q) is said to be a supersolution if

/ V2 |P72V 2, - Vwdz > / a(z) (A2{2g + pf(z1))wdz, Ywe W,
Q Q
and

/ |V 2|72V 2y - Vw da > / b(x) (Azfzg + ,ug(ZQ)) wdzr, YweW.
Q Q

Lemma 2.1 (see [3]). Suppose that there exist sub and super-solutions (i1, 12) and
(21, 22) respectively of problem (1) such that (¢1,v2) < (21,22). Then problem (1)

has a solution (u,v) such that 1 < u < 2z and Yo < v < 2.

Let us make the following hypothesis on problem (1):
(H1) a,8>0,7,6 >0and (p—1—a)(¢g—1-8) >14d;
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(H2) There exist positive constants ag, a1, bg and by such that a(x) > —ag, b(z) > by

on Q, and a(z) > ay, b(z) > by on Q — Q,;
(H3) Suppose that there exists € > 0 such that

. m m 1 1 < /\1710 )\17(1
min max
2a0e1=17 2bpe®2=17 ||alloo " [|blloo J 2c1e1=17 2cqed2—1 |7

and

me me 1 1

) TN ; >
2a0 f (eﬁ) 2bog (eﬁ> llalloo ™ [[blloo

min

/\17p6 /\17q€
q
2a1f< €r— 10,5 1) 2blg< €a- 105 1)

(H4) f,g9 € C([0,+00), [0, +0)) are increasing and homomorphism such that

> max

Jm f(8) = lim g(t) = +oo;
(H5) limt*)+oo tfp(if)l = limt*)+oo t‘(';(,t)l =0.
Now we are ready to state our existence result.

Theorem 2.2. Let (H1)-(H5) hold. Then there exists a positive solution of (1) for
every A € [A(€), A(e)] and p € [p(e), i(e)], where

)\(e):min{ m__om 1 1 }

2a0e =17 2bge>"1 lalloo " [1b]loo

YA P VIR

201€d1 1 202€d2 1

me me 1 1

2a0 f (6ﬁ> 7 2bog (e#) "lallos ™ 18]l

7i(e) = min

)

)\1 pE )\1 qE

€r 1015 1) 2blg( €a- 10,5‘ 1)

w(€) = max

2a, f (
Proof. Let

_p_l%plq ql
(wl,wz)—( » P P1p p 6“(15 )

We shall verify that (¢1,1)2) is a sub-solution of problem (1). Let w € W, Then a
calculation shows that

/Q |V1/)1\p72V1/11 -Vwdr = G/Q \V¢17p|p*2¢1_’pv¢1,p -Vwdx
e [/ V1P >V1, - V(g pw) do — / (V1 p[Pw dw]
Q Q
e /Q Ay, — [V 7] wa. (5)
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A similar calculation shows that
/ Vo] 172V - Vwda = 6/ M0, = [Vr,ql"] wdz. (6)
Q Q

First we consider the case when z € Q,. We have [Véy ,|" — A1 »¢f . < m on Q, for
me

r = p,q. Since A < A(e) and p < Ji(e) we have A < .
2a0 f(eP=1)

qu_landug

Hence,
me a me 1
-5 < ,Moep,ﬁ—qll, - < —pagf(erT)

and
€ [Al,qqs(ll,q = Vo1,
< —ag (Afﬁh’%‘ Jrﬂf(fﬁ))

q] < —me

p—1 1 ’H)a(qll q1>V p—1 1 2
< —ap{ A er—1||d1p|| & €71 |1 4| +uf €FT P
oA (Il el uf (P tertrol,
< a(x) (Mg + pf (1)) - (7)
A similar argument shows that

e a8y — [Vorgl] < b(x) (M5 + pg()) (8)
On the other hand, on 2—8,,, we note that ¢1 , > o, forr = p, ¢, a(z) > a1, b(x) > by.

75
Since A > A(e) and g > u(e) we have A > 261’\61% and p > Al’i .
2a1f<p’%lep—1o£’_l>

1 1 2 N\ (g1 1 \7
§ex\1,p§)\a1 (pp epllag’l) (qq eqlla;1> ,

1 1 o
56)\1)1, < paq f <p 5 epllaﬁl)

Hence,

and

€ [)\qusllj,p - |v¢1$p‘p} S 6)\1’p¢11),p
< i plld1plla

_ r \¢ — _a \7 — _p_
< Aay <p 1epllar'§’1> <q 16«1110;1) + par f <p 161711051)
D q p
< a(@) (Mg + pf (1)) (9)

on Q — Q. A similar argument shows that

€ Mgt — V61,47 < b) (Adul + ng(v2)) (10)

on Q — Q.
From (5)-(10) we have

/ VP2V - Vo da < / o) W] + uf (1)) w da
Q Q
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and

[ 1Veal 290 Vwde < [ bo) (Mofud + nglen)) wis, v e W,
Q Q

where W := {w € C§(Q): w>0in Q}. Therefore, (11,12) is a sub-solution of
problem (1).

Now, we will construct a supersolution (21, 22) of problem (1). We denote 2 (z) =
Ae,(z) and zo(z) = Bey(x), where A, B > 1 are large and to be chosen later. It is
clear that

— Apzl = A, 7Aq22 = B, z e . (11)
Then we have
/ V21 |P~2V 2 - Vwdr = A”_l/ wdz, (12)
Q Q
/ V22|97 ?*Vzy - Vw dz = Bq_l/ wdz. (13)
Q Q
Since A < A(e) and p < 7€) we have A < ”a|1| A< s ” i< oz and p < W
Let I, = |leplloc and Iy = |leglloo- Since 8 > 0, there exist positive large constants
A, B > 1 such that
1 —l-« e
AT = B (14)
and )
GBI = A (15)
Moreover, from the hypothesis (H2), for A, B > 1 large enough we have
1
Lt s () (16)
and )
LBt s g8y, (17)

Then we can chose A, B > 1 large enough such that
AP > (AL (Bl + F(AL)
> Alalloc (Alp)* (Blg)” + pllallco f(Alp)
>

a(x) (A21'z; + pf(21)) (18)
and
BTt > (Al)°(Bl,)” + g(Bly)
> Alalloo (A)° (Bly)” + pllallcg(Bly)
> b(x) (A2 + g (22)) (19)
for all x € Q.

From (11)-(19) we have

/ Va1 P2V, - Vo do > / a(w) \202] + uf (1) wda
Q Q
and

/ V22|92V 2y - Vw da > / b(x) ()\2122 + ,ug(zz)> wdzr, YweW.
Q Q
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Then (21, 22) is a supersolution of problem (1). Obviously, ¥;(z) < z;(x) for all x € Q,
i =1,2with A, B > 1 large enough. Thus, by the comparison principle, there exists a
solution (u,v) of problem (1)such that 11 < wu < z; and 1Py < v < z9. This completes
the proof of Theorem 2.2. O
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