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α- Schurer Durrmeyer operators and their approximation
properties
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Abstract. The key goal of the present research article is to introduce a new sequence of linear

positive operator i.e., α-Schurer Durrmeyer operator and their approximation behaviour on

the basis of function η(z), where η infinitely differentiable on [0, 1], η(z) = 0, η(1) = 1 and
η′(z) > 0, for all z ∈ [0, 1]. Further, we calculate central moments and basic estimates for

the sequence of the operators. Moreover, we discuss the rate of convergence and order of

approximation in terms of modulus of continuity, smoothness, Korovkin theorem and Peeter’s
K-functional. In the subsequent sections local, global and A-Statistical result are studied.
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1. Introduction

In 1912 Bernstein [1] introduced a well-known positive linear operators for the con-
tinuous functions that defined on the interval [0, 1]. The Bernstein operators preserve
a simpler, more easy and more constructive way that proves the first Weierstrass
approximation theorem for the case [0, 1] as follows:

Bl(g;u) =

l∑
m=0

Pl,m(u)g

(
m

l

)
, (1)

where Pl,m(u) =
(
l
m

)
um(1− u)l−m, u ∈ [0, 1].

In 1962, Schurer [2] presented the following linear positive operators;

Tl,q : C[0, 1 + l]→ [0, 1],

define for all f ∈ [0, 1 + l] by

Tl,q(f : y) =

l+q∑
i=0

f

(
i

m

)
Sl, q, i(y), y ∈ [0, 1], (2)

where Sl, q, i(y) is a basis Bernstein-Schurer polynomials given by

Sl, q, i(y) =

(
l + q

i

)
yi(1− y)l+q−i (i = 0, 1, ......, l + q).
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Remark: If q = 0 the sequence (2) becomes the classical Bernstein operator.
Recently, Chen et al. [3] presented a generalization of the Bernstein operators based
on positive parameter α (0 ≤ α ≤ 1) as follows:

S(α)n (f ;u) =

n∑
t=0

P(α)
m,t(u)g

(
t

n

)
, u ∈ I, I = [0, 1], (3)

where P(α)
m,t(u) =

[(
m−2
k

)
(1−α)u+

(
m−2
t−2
)
(1−α)(1−u)+

(
m
t

)
αu(1−u)

]
ut−1(1−u)m−t−1

and m ≥ 2.
For the special case: α = 1, the operator reduces to the well-known Bernstein opera-
tors.
Many modifications are investigated for the above sequences, (1), (2) and (3) viz.
Acu and Radu [4], Kajla and Acar [5], Agrawal et al. [6], Acu and Cetin [7], Aral

and Erbay [8], Cai and Xu [9], Çetin [10], Aslan and Ïzge [11], Mishra and Sharma
[19], Mishra et al. ([30], [16], [31]), Gandhi et al. [32], Gairola et al. ([33], [34],[35]),
Mohiuddine et al. [12], Rao et al. ([13], [14]), Raiz et al.( [15], [17]).
Recently, Kajla and Acar [18] construct a Durrmeyer type modification of the oper-
ators (3) as follows:

M(α)
m (g(t);u) = (m+ 1)

m∑
t=0

Q
(α)
m,t(u)

∫ 1

0

Qm,t(z)g(z)dz, (4)

where

Q
(α)
m,t(u) =

[(
m− 2

t

)
(1−α)u+

(
m− 2

t− 2

)
(1−α)(1−u)+

(
m

k

)
α u(1−u)

]
ut−1(1−u)m−t−1,

where m ≥ 2 and studied some approximation properties. Recently Agrawal et al. [22]
introduced Bernstein-Durrmeyer type operator (4) by means of an infinitely differen-
tiable function η(u) on I satisfying the properties η(0) = 0, η(1) = 1 and η′(u) > 0,
for u ∈ I as follows.
For g ∈ C(I),

M(α)
m,η(g(s);u) = (m+ 1)

m∑
t=0

Q
(α)
m,t(η(u))

∫ 1

0

Q
(α)
m,t(η(u))

(
g o η−1

)
(z)dz. (5)

Inspired by the above developments, We introduce a new sequence of operators e.g.,
α−Schurer Durrmeyer operator (5) as follows:

T
(α)
m+l,η(h(t);u) = ((m+ l) + 1)

m+l∑
j=0

P(α)
m+l,j(η(u))Lm+l, (6)

where Lm+l =
∫ 1

0
Qm+l,j(z)(h o η

−1)zdz.
In the remaining sections, we study some direct approximation theorems via modulus
of continuity, rate of convergence, order of approximation locally and globally for
better approximation results.
In the following || · || means the uniform norm on C[I]. Let ei(t) = ti, i ∈ N ∪ {0}.
By simple calculation one has∫ 1

0

Q
(α)
m+l,j(z)z

idz =

∫ 1

0

(
m+ l

j

)
zj+i(1− z) =

(m+ l)!(j + i)!

j!((m+ l) + i+ 1)!
. (7)
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2. Preliminary results

Lemma 2.1. [20] for the operators (3), we have

(1) S(α)n (e0;u) = 1;

(2) S(α)n (e1;u) = u;

(3) S(α)n (e2;u) = u2 + (m+2)(1−α)
m2 u(1− u);

(4) S(α)n (e3;u) = u3 + 3(m+2)(1−α)
m2 u2(1− u) + (m+6(1−α))

m3 u(1− u)(1− 2u).

In the light of the above Lemma, we have

Lemma 2.2. For the operator T
(α)
m+l,η(h;u). Given by (6) for each u ∈ I, we get

(1) M(α)
m+l,η(1;u) = 1;

(2) M(α)
m+l,η(η(t);u) = 1

((m+l)+2)

[
(m+ l)η(u) + 1

]
;

(3) M(α)
m+l,η(η2(t);u) = 1

((m+l)+2)((m+l)+1)

[
(m+l)2η2(u)+((m+l)+2(1−α))η(u)(1−

η(u)) + 3(m+ l)η(u) + 2
]
;

(4) M(α)
m+l,η(η3(t);u) = 1

((m+l)+2)((m+l)+3)((m+l)+4)

[
η3(u)

(
(m + l)3 − 3((m + l)2 −

4(m + l) + 6(m + l)α − 12α + 12
)

+ η2(u)
(
9(m + l)2 − 6(m + l)α − 3(m + l) +

30α− 30
)

+ η(u)
(
18(m+ l)− 18α+ 18) + 6

]
;

(5) M(α)
m+l,η(η4(t);u) = 1

((m+l)+2)((m+l)+3)((m+l)+4)

[
η4(u)

(
(m+l)4−6(m+l)3−(m+

l)2 + 54(m + l) + 12(m + l)2α − 60(m + l)α + 72α − 72
)

+ η3(u)
(
16(m + l)3 −

36(m+ l)2−12(m+ l)2α−124(m+ l)+156(m+ l)α−264α+264
)

+η2(u)
(
72(m+

l)2 + 24(m+ l)− 96(m+ l)α+ 336α− 336 + η(u)(96(m+ l)− 144α+ 144
)

+ 24
]
.

Proof. In the light of (7) and Lemma 2.1 a is obvious, now for b

M(α)
m+l,η(η(z);u) = ((m+ l) + 1)

n∑
j=0

Q
(α)
(m+l),j(η(u))

∫ 1

0

Q(m+l),j(z)dz

=
1

((m+ l) + 2)

[m+l∑
j=0

Qαm+l,j(η(u)) · j +

m+l∑
j=0

Q
(α)
m+l,j(η(u)) · 1

]
=

1

((m+ l) + 2)

[
(m+ l)η(u) + 1

]
,

M(α)
m+l,η(η2(z);u) = ((m+ l) + 1)

m+l∑
j=0

Q
(α)
(m+l),η(η(u))

∫ 1

0

Qm+l,j(z)z
2dz

=

[∑m+l
j=0 Q

(α)
m+l,j(η(u)) · j2 + 2

∑m+l
j=0 Q

(α)
m+l,j(η(u)) + 3

∑m+l
j=0 Q

(α)
m+l,j(η(u)) · j

]
((m+ l) + 2)((m+ l) + 3)

.

�
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Using Lemma 2.1, we have

M(α)
m+l,η(η2(z);u) =

1

((m+ l) + 2)((m+ l) + 3)

[
(m+ l)2(η(u))2 + (m+ l)

+ 2(1− α)η(u)(1− η(u)) + 2 + 3(m+ l)η(u)

]
.

Similarly, remaining parts can be easily proved so we quit the detail.

Lemma 2.3. For the operators (6), we have

(1) M(α)
m+l,η(η(z)− η(u);u) = 1−2η(u)

(m+l)+2 ;

(2) M(α)
m+l,η((η(z)− η(u))2;u) = (2(m+l)−2α−u)η(u)(1−η(u)+2)

((m+l)+2((m+l)+3) ;

(3) M(α)
m+l,η((η(z)− η(u))4;u) = 1

((m+l)+2)((m+l)+3)((m+l)+4)((m+l)+5)

[
η4(u)

(
12(m+

l)2− 228(m+ l) + 24(m+ l)2α− 24(m+ l)α+ 552α− 432
)

+ η3(u)
(
24(m+ l)2 +

476(m+ l) + 48(m+ l)α− 110α− 864
)

+ η4(u)
(
12(m+ l)2− 30(m+ l)− 24(m+

l)α+ 426α− 186
)

+ η(u)
(
32(m+ l)− 144α− 176

)
+ 24

]
.

Suppose h ∈ C(I). Then, the norm of the function h is given by

||h|| = sup
u∈I
|h(u)|.

Lemma 2.4. For h ∈ C(I), we have ||M(α)
m+l,η(h; ·)|| ≤ ||h||.

Proof. By Lemma 2.2, Q
(α)
m+l,j(η(u)) ≥ 0, for all u ∈ I,∣∣∣∣M(α)

m+l,η(h;u)

∣∣∣∣ ≤ ((m+ l) + 1)

m+l∑
j=0

∣∣Q(α)
m+l,j(η(u))

∣∣ ∫ 1

0

Qm+l,η(z)|h(η−1(z))|dz

≤ ||f ||((m+ l) + 1)

m+l∑
j=0

Q
(α)
m+l,j(η(u))

∫ 1

0

Qm+l,j(z)dz

= ||f ||M(α)
m+l,η(1;u) = ||h||,

for all u ∈ I. supu∈I
∣∣M(α)

m+l,η(h;u)
∣∣ ≤ ||h||.

Hence, completes the proof of the Lemma 2.4. �

Lemma 2.5. For any m+ l ∈ N, one has

M(α)
m+l,η((η(z)− η(u))2;u) ≤ 2

((m+ l) + 2)
λ2m+l,η(u),

where λ2m+l,η(u) = ψ2
η(u) + 1

(m+l)+2 and ψ2
η(x) = η(u)(1− η(u)).

Proof. By Lemma 2.3, we have

M(α)
m+l,η((η(z)− η(u))2;u) =

(2(m+ l)− 2α− u)η(u)(1− η(u)) + 2

((m+ l) + 2)((m+ l) + 3)

≤ 2

((m+ l) + 2)

[
η(u)(1− η(u)) +

1

((m+ l) + 3)

]
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=
2

((m+ l) + 2)
λ2m+l,η(u).

�

Lemma 2.6. Using Lemma 2.3, for 0 ≤ α ≤ 1 and for each u ∈ [0, 1], we get

(1) lim(m+l)→∞(m+ l)

{
M(α)

(m+l),η((η(z)− η(u));u)

}
= 1− 2η(u);

(2) lim(m+l)→∞(m+ l)

{
M(α)

(m+l),η((η(z)− η(u))2;u)

}
= 2η(u)(1− η(u));

(3) lim(m+l)→∞(m + l)2
{
M(α)

(m+l),η((η(z) − η(u))4;u)

}
= 12η2(u)((1 + 2α)η2(u) +

2η(u) + 1.

Proof. (a) Using Lemma 2.3

lim
(m+l)→∞

(m+ l)

{
M(α)

(m+l),η((η(z)− η(u));u)

}
= lim

(m+l)→∞

(
1− 2η(u)

((m+ l) + 2)

)
= lim

(m+l)→∞

(m+ l)(1− 2η(u))

(m+ l)(1 + 2
(m+l) )

= 1− 2η(u).

(b)

lim
(m+l)→∞

(m+ l)

{
M(α)

(m+l),η((η(z)− η(u))2;u)

}
= lim

(m+l)→∞
n

(
(2η − 2α− 4)T1

T2

)
= lim

(m+l)→∞

(m+ l)(2η − 2α− 4)T3

(m+ l)
(
1 + 2

(m+l)

)
T4

= (2η − 2α− 4)η(u)(1− η(u)) + 1).

where T1 = η(u)(1−η(u))+1), T2 = ((m+l)+2)((m+l)+3), T3 = η(u)(1−η(u))+1),
T4 =

(
1 + 3

(m+l)

)
. Similarly, (c) can be easily proved. �

3. Rate of convergence

Definition 3.1. For h ∈ C[0,∞), the modulus of smoothness for a uniformly con-
tinuous function h is presented as follows:

ω(h; δ) = sup
|s−y|≤δ

|h(s)− h(y)|, s, y ∈ [0,∞).

For a uniformly continuous function h in C[0,∞) and δ > 0, one has,

|h(s)− h(y)| ≤
(

1 +
(1− s)2

δ2

)
ω(h; δ).

Theorem 3.1. For T
(α)
m+l

(
·; ·
)

the operators defined by (6) with (m + l) > 2 and for

each h ∈ C[0,∞) ∩ F . T
(α)
m+l(h;u)→ h on each compact subset of [0,∞), where

E =
{
h : u ≥ 0 h(u)

1+u2 is convergent as u→∞
}

.
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Proof. Using Lemma 2.2, property (iv) of Krovokin-type theorem [21], it is enough

to show that T
(α)
m+l(ei;u)→ ei(u) for i = 0, 1, 2. For i = 0. It is obvious, for i = 1

lim
(m+l)→∞

T
(α)
m+l(e1;u) = lim

(m+l)→∞

(
(m+ l)η(u) + 1

(m+ l) + 2

)
= e1(η(u)).

Similarly, we can prove for i = 2,

T
(α)
m+l,η(e2;u)→ e2(u),

which completes the proof of Theorem 3.1. �

Theorem 3.2. [23] Let L = C[c, d] → B[c, d] be the positive linear operator. Let γu
be the function defined by

γu(v) = |v − u|, (u, v) ∈ [c, d]× [c, d].

If g ∈ CB([c, d]), for any u ∈ [a, b] and δ > 0, the operator L verifies:∣∣(Lg)(u)− g(u)
∣∣ ≤ |g(u)||(Le0)(u)− L|(Le0)(u) + λ(−1)

√
(Le0)(u)(Lβ2

u(u))ωη(λ).

Theorem 3.3. Let g ∈ CB [0,∞). Then for the operator T
(α)
m+l,η(·; ·), presented by (6)

with m+ l > 2, we get ∣∣∣∣T (α)
m+l(g;u)− g(u)

∣∣∣∣ ≤ 2ω(g;λ),

where

λ =

√
T

(α)
m+l(ψ

2
u(t);u).

Proof. In view of Lemma 2.2, 2.3 and Theorem 3.1, we have∣∣∣∣T (α)
m+l(g;u)− g(u)

∣∣∣∣ ≤ {1 + λ−1
√
T

(α)
m+l(ψ(u)2;u

}
ω(g;λ).

Hence, completes the proof of theorem 3.1 by choosing

λ =

√
T

(α)
m+l(ψ(u)2;u).

�

4. Local approximation

The local approximation result CB [0,∞), that denotes the space of real valued bounded
and continuous functions with norm that is studied here ||g|| = sup0≤u<∞ |g(u)|. For
each g ∈ CB [0,∞) and λ > 0, Peetre’s K-functional is discussed as:

K2(g;λ) = inf{||g − h||+ λ||h′′|| : h ∈ C2
B [0,∞)},

where

C2
B [0,∞) = {h ∈ CB [0,∞) : h′, h′′ ∈ CB [0,∞)}.

By Devore and Lorentz ([24], p. 177 Theorem 2.4) there exits an absolute constant
C > 0 such that

K2f(g, h) ≤ CB(g,
√
λ). (8)
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Here ω2(g;λ) is defined modulus of smoothness of second order as:

ω2(g;
√
λ) = sup

0<g<
√
λ

sup
u∈[0,∞)

|g(u+ 2g)− 2g(u+ h) + h(u)|.

Now, for g ∈ CB [0,∞), u ≥ 0 and (m + l) > 1. Here we consider the auxiliary

operator T̂
(α)
m+l(·; ·) as follows:

T̂
(α)
m+l(g;u) = T

(α)
m+l(g;u) + g(u)− g

(
(m+ l)η(u) + 1

(m+ l) + 2

)
. (9)

Lemma 4.1. Let h ∈ C2
B [0,∞), then for each u ≥ 0 and m+ l > 2, we have∣∣T̂ (α)
m+l(h;u)− h(u)

∣∣ ≤ φm+l(u)||h′′||,
where

φm+l =
1

((m+ l) + 2)((m+ l) + 3)((m+ l) + 4)((m+ l) + 5)

× (2(m+ l)− 2α− 4)η(u)− (1− η(u)) + 2

((m+ l) + 2)((m+ l) + 3)
.

Proof. Using the definition (9), for the estimated operator (5), we have

T̂
(α)
m+l(1;u) = 1, T̂

(α)
m+l(ψu;u) = 0 and |T̂ (α)

m+l(g;u)| ≤ 3||g||. (10)

Taking Taylor’s expansion and g ∈ C2
B [0,∞), we get

h(t) = h(u) + (t− u)h′(u) +

∫ t

u

(t− v)h′′(v)dv. (11)

Applying on T̂
(α)
m+l(·; ·) both sides in above given equations, we get

T̂
(α)
m+l(h;u)− h(u) = h′(u)T̂

(α)
m+l(t− u;u) + T̂

(α)
m+l −

(∫ 1

u

(t− v)h′′(v)dv

)

= T̂
(α)
m+l

(∫ 1

u

(t− u)h′′(v)dv;u

)
−
∫ ( (m+l)η(u)+1

(m+l)+2

)
u

(
(m+ l)η(u) + 1

(m+ l) + 2
− v
)
h′′(v)dv.

(12)
Since ∣∣∣∣ ∫ 1

0

(t− v)h′′(v)dv

∣∣∣∣ ≤ (t− u)2||h′′||. (13)

Then, we obtain∣∣∣∣ ∫
(

(m+l)η(u)+1
(m+l)+2

)
u

(
((m+ l)η(u) + 1)

(m+ l) + 2
− v
)
h′′(v)dv

∣∣∣∣ ≤ ( ((m+ l)η(u) + 1)

(m+ l) + 2
− u
)2

||h′′||.

(14)
Taking (13) and (14) in (12), we have∣∣∣∣T̂ (α)

m+l(g;u)− g(u)

∣∣∣∣ ≤ {T̂ (α)
m+l((t− u)2;u) +

(
((m+ l)η(u) + 1)

(m+ l) + 2

)}
||g′′||

= ψm+l(u)||g′′||.
Hence, completes the proof of the Lemma 4.1 �
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Theorem 4.2. Suppose g ∈ C2
B [0,∞), then there exists a positive constant C such

that ∣∣T̂ (α)
m+l(g;u)− g(u)

∣∣∣∣ ≤ Cω2(g;
√

(ψm+l) + ω(g; T̂
(α)
m+l(ψu;u)),

where ψm+l are discussed in Lemma 4.1.

Proof. In the light of the definition T̂
(α)
m+l(·; ·) for h ∈ C2

B [0,∞) and g ∈ CB [0,∞), we
get ∣∣∣∣T̂ (α)

m+l(g;u)− g(u)

∣∣∣∣ ≤∣∣∣∣T̂ (α)
m+l(g − h;u)

∣∣∣∣+
∣∣(g − h)(u)

∣∣+
∣∣T̂ (α)
m+l(h;u)− h(u)

∣∣
+

∣∣∣∣g( ((m+ l)η(u) + 1)

(m+ l) + 2

)
− g(u)

∣∣∣∣
≤4||g − h||+ ψm+l(u)||h′′||+ ω(g; T̂

(α)
m+l(ψu;u)).

Using definition of Peetre’s K-functional∣∣∣∣T̂ (α)
m+l(g;u)− g(u)

∣∣∣∣ ≤ Cω2(g;
√
ψm+l(u)) + ω(g; T̂

(α)
m+l(ψu;u)).

Hence, we arrived our desired result.
Let β1 > 0 and β2 > 0, be two fixed real values we recall Lipschitz-type space here
[29] as:

Lipβ1β2

M (γ) =

{
g ∈ CB [0,∞) : |g(t)− g(u)| ≤M |t− u|γ

(t+ β1u+ β2u2)
γ
2 : u, t ∈ (0,∞)

}
,

where M is positive constant and 0 < γ ≤ 1. �

Theorem 4.3. Let g ∈ Lipβ1β2

M (γ) and u ∈ [0,∞). Therefore the operators that have
been defined by (6), we have∣∣∣∣T̂ (α)

m+l(g;u)− g(u)

∣∣∣∣ ≤M( νm+l(u)

β1u+ β2u2

) γ
2

, (15)

where γ ∈ (0, 1] and νm+l(u) = T̂
(α)
m+l(ψ

2
u;u).

Proof. For γ = 1 and u ∈ [0,∞), we have∣∣T̂ (α)
m+l(g;u)− g(u)

∣∣ ≤ T̂ (α)
m+l(|g(t)− g(u)|;u)

≤MT̂
(α)
m+l

(
|t− u|

(t+ β1(u) + β2u2)
1
2

;u

)
.

It is obvious, that

1

t+ β1(u) + β2u2
<

1

(t+ β1(u) + β2u2)
1
2

,

for each u ∈ [0,∞), we get∣∣∣∣T̂ (α)
m+l(g;u)− g(u)

∣∣∣∣ ≤ M

(β1(u) + β2u2)
1
2

(
T̂

(α)
m+l(t− u)2;u

) 1
2

≤M
(

νm+l(u)

(β1(u) + β2u2)

) 1
2

.
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From Hölder’s inequality, the Theorem 4.3 now holds for γ = 1, γ ∈ [0,∞) and for
γ ∈ [0,∞) with p = 2

γ and q = 2
2−γ , we get∣∣∣∣T̂ (α)

m+l(g;u)− g(u)

∣∣∣∣ ≤ (T̂ (α)
m+l(|g(t)− h(u)|

γ
2 ;u)

) γ
2

≤M(T̂
(α)
m+l)

(
|t− u|2

(t+ β1(u) + β2u2)
;u

) γ
2

.

Since 1
t+β1(u)+β2u2 <

1
β1(u)+β2u2 for each u ∈ (0,∞), we get∣∣∣∣T̂ (α)

m+l(g;u)− g(u)

∣∣∣∣ ≤M( T̂
(α)
m+l(|t− u|2)

t+ β1(u) + β2u2
;u

) γ
2

≤M
(

νm+l(u)

β1(u) + β2u2

)2

.

Hence, it completes the proof of the Theorem 4.3. �

Now, we take nth term order of Lipschitz type maximal function suggested by
Lenze [25] as:

ω̃(g;u) = sup
t 6=u,t∈(0,∞)

|g(v)− f(u)

|v − u|n
, u ∈ 0,∞) and n ∈ (0, 1]. (16)

Theorem 4.4. Suppose g ∈ CB [0,∞) and n ∈ (0, 1]. For each u ∈ [0,∞), we get∣∣∣∣T̂ (α)
m+l(g;u)− g(u)

∣∣∣∣ ≤ ω̃η(g;u)(vm+l(u))
γ
2 ,

Proof. We know that∣∣∣∣T̂ (α)
m+l(g;u)− g(u)

∣∣∣∣ ≤ T̂ (α)
m+l(|g(v)− g(u)|;u).

By equation (16), we get∣∣∣∣T̂ (α)
m+l(g;u)− g(u)

∣∣∣∣ ≤ ω̃η((g;u)(T̂
(α)
m+l|v − u|

n;u
)
.

From Hölder’s inequality with p = 2
r and q = 2

2−r , we have∣∣∣∣T̂ (α)
m+l(g;u)− g(u)

∣∣∣∣ ≤ ω̃η(g;u)(T̂
(α)
m+l|v − u|

n;u).

�

5. Weighted approximation

From [21], let B1+u2 [0,∞) = {g(u) : |g(u) ≤ Mg(1 + u2)} be functional weighted
space, Mg is constant determined by g and in B1+u2 [0,∞), u ∈ [0,∞), C1+u2 [0,∞)
is the space continuous function with norm

||g(u)||1+u2 = sup
u∈[0,∞)

|g(u)|
1 + u2

,
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and

Ck1+u2 [0,∞) =

{
g ⊂ C1+u2 [0,∞) : lim

|u|→∞

g(u)

1 + u2
= K

}
.

K a constant depends on g.
The modulus of continuity for the function with b > 0 and a closed interval [0, b] as:

ωb(g; δ) = sup
|v−u|≤δ

sup
u,0∈[0,b]

∣∣g(v)− g(u)
∣∣. (17)

Modulus of continuity goes to zero in equation of g ∈ C1+u2 [0,∞).

Theorem 5.1. Let g ∈ Ck1+u2 [0,∞) and its modulus of continuity ωa+1(g; δ) defined

on [0, a+ 1] ∈ [0,∞), we have

||T̂ (α)
m+l(g;u)− g(u)||C[0,b] ≤ 6Mg(1 + a2)δm+l(a) + 2ωa+1(g;

√
δ(m+ l)a),

where T̂
(α)
m+l(a) = T̂

(α)
m+l(ξ; a).

Proof. By ([26], p. 378) for u ∈ [a, b] and v ∈ (0,∞), we obtain

|g(v)− g(u)| ≤ 6Mg(1 + a)(v − u)2 +

(
1 +
|v − u|
δ

)
ωa+1(g; δ).

Using T̂
(α)
m+l both sides, we have∣∣∣∣T̂ (α)

m+lg(v)−g(u)

∣∣∣∣ ≤ 6Mg(1+a2)T̂
(α)
m+l(v−u)2 +

(
1 + T̂

(α)
m+l(1 +

√
|v − u|

δ

)
ωa+1(g; δ).

From Lemma 2.3 u ∈ [a, b], we get∣∣∣∣T̂ (α)
m+l(g;u)− g(u)

∣∣∣∣ ≤ 6Mg(1 + a)δm+l(a) +

(
1 +

√
δm+l(b)

δ

)
ωa+1(g; δ).

Choosing δ = δm+l(a).
Hence, it completes proof of the above Theorem. �

Theorem 5.2. If the operator given by (6), i.e. T̂
(α)
m+l(·; ·), from Ck1+u2 [0,∞) to

B1+u2 [0,∞) satisfy the conditions

lim
m+l→∞

||T̂ (α)
m+l(η(t)i;u)− ui||1+u2 = 0,

where i = 0, 1, 2 for each g ∈ Ck1+u2 [0,∞), we get

lim
m+l→∞

||T̂ (α)
m+l(g;u)− g||1+u2 = 0.

Proof. In order to prove this theorem it is enough to show that

lim
m+l→∞

||T̂ (α)
m+l(η(t)i)− ui||1+u2 = 0.

By Lemma 2.2, we get i = 0

||T̂ (α)
m+l(η(t)0 − u0)||1+u2 = sup

u∈[0,∞)

|T̂ (α)
m+l(η(t);u)− 1|

1 + u2
= 0.
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For i = 1

||T̂ (α)
m+l(η(t)1;u)− u||1+u2 = sup

u∈[0,∞)

∣∣∣∣ (m+l)η(u)+1
((m+l)+2) − u

∣∣∣∣
1 + u2

=
1

((m+ l) + 2)
sup

u∈[0,∞)

u

1 + u2
− 1

((m+ p) + 2)
sup

u∈[0,∞)

1

1 + u2
,

implies that

||T̂ (α)
m+l(η(t);u)− u||1+u2 → 0, m+ l→∞.

For, i = 2

||T̂ (α)
m+l(η(t)2;u)− u2||1+u2

= sup
u∈[0,∞)

∣∣∣∣ 1
S1

[
(m+ l)2η2(u) + ((m+ l) + 2(1− α)η(u)(1− η(u) + 3(m+ l)η(u) + 2

]∣∣∣∣
1 + u2

≤ (m+ l)2

S1
sup

u∈[0,∞)

η2(u)

1 + u2
+

((m+ l) + 2(1− α)(1− η(u))

S1
sup

u∈[0,∞)

η(u)

1 + u2

+
3((m+ l))

S1
sup

u∈[0,∞)

η(u)

1 + u2
+

2

S1
sup

u∈[0,∞)

1

1 + u2
,

where S1 = ((m+ l) + 2)((m+ l) + 1) This implies that ||T (α)
m+l(η

2(v)− u2||1+u2 = 0
as m+ l→∞,
which completes the proof of the Theorem. �

Theorem 5.3. Suppose g ∈ Ck1+u2 [0,∞) and λ > 0. Then, we obtain

lim
m+l→∞

sup
u∈[0,∞)

|T (α)
m+l(f ;u)− g(u)|

(1 + u2)1+λ
= 0.

Proof. Here u0 is a fixed number, we have

sup
u∈[0,∞)

|T (α)
m+l(g;u)− g(u)|

(1 + u2)1+λ
≤ sup
u≤u0

|T (α)
m+l(f ;u)− f(u)|

(1 + u2)1+λ
+ sup
u≥u0

|T (α)
m+l(g;u)− g(u)|

(1 + u2)1+λ

≤ ||T (α)
m+l(g·; ·)− g||C[0,u0] + ||g||1+u2 sup

u≥u0

|T (α)
m+l(1 + u2;u)|
(1 + u2)1+λ

+ sup
u≥u0

|g(u)|
(1 + u)1+u

= B1 +B2 +B3. (18)

Since |g(a)| ≤ ||g||1+u2(1 + u2), we have

T3 = sup
u≥u0

|g(u)|
(1 + u2)1+λ

≤ sup
u≥u0

||g||1+u2(1 + u2)

(1 + u2)1+λ
≤ ||g||1+u

2

(1 + u2)λ
.

Assume ε > 0, (m+ l)1 ≥ (m+ l) implies that

B2 +B3 < 2
||g||1+u2

1 + u2
+
ε

3
.

For a sufficient large value of u0, we have
||g||1+u2
1+u2 + ε

6 ,

T2 + T3 <
2ε

3
for all (m+ l)1 ≥ (m+ l). (19)
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By theorem 5.1 (m+ l)2 > (m+ l) such that

B1 = ||T (α)
m+l(g)− g||C[0,u0] <

ε

3
for all (m+ l)2 ≥ (m+ l). (20)

Let (m+ l)3 = max ((m+ l)1, (m+ l)2) , combining (18), (19) and (20), we get

sup
u∈[0,∞)

∣∣∣∣T (α)
m+l(g;u)− g(u)

∣∣∣∣
(1 + u2)λ

< ε.

Hence, it completes the proof of the Theorem. �

6. A-Statistical approximation

Gadjiv and Orhan [27] introduced the concept of statistical approximation theorem
in operator theory. It is a convergent sequence statistically convergent, as is widely
known. However, this is not always the case from [21]. Suppose A = (ark) be an
infinite suitability matrix with a non-negative value. For an estimated sequence,
V = (Av)r is defined as:

(Av)m+l =

∞∑
k=1

a(m+l)kvk.

provided the series converges for each (m+ l).
A is said to be regular if limm+l (Av)m+l = L. Then v = (vm+l) is said to be a
A-statically convergent to L i.e., StA − lim v = L if for every ε > 0,

limm+l

∑
k:|vk−L|≥ε

a(m+l)k = 0.

Theorem 6.1. Let A = (b(m+l)k) be a regular positive summability matrix and v ≥ 0.

Then, we get stA − limm ||T (α)
m+l(g;u) − g||1+u2+γ = 0 for all g ∈ Ck1+u2+γ [0,∞) and

γ > 0.

Proof. By ([28], p. 191. Theorem 3) it is sufficient to show that λ = 0 for this results

stA − lim
(m+l)

||T (α)
m+l − g||1+u2 = 0, (21)

where i = {0, 1, 2}
In view of Lemma 2.3, we obtain

||T (α)
m+l(ei;u)− u||1+u2 = sup

u∈(0,∞)

1

1 + u2

∣∣∣∣ (m+ l)η(u) + 1

((m+ l) + 2)
− u
∣∣∣∣.

≤ (m+ l)η − ((m+ l) + 2) + 1

((m+ l) + 2
.

Given ε > 0, we define as:

L1 :=

{
(m+ l) : ||T (α)

m+l(ei;u)− u|| ≥ ε
}
.

L2 :=

{
(m+ l) :

(m+ l)η − ((m+ l) + 2) + 1

((m+ l) + 2)
< ε

}
.
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This implies that L1 ⊂ L2, which means( ∑
k∈L1

a(m+l)k ≤
∑
k∈L2

a(m+l)k

)
.

From this, we get

stA − lim
m+l
||T (α)

m+l(ei;u)− u||1+u2 = 0.

For i = 2 and using Lemma 2.2, we have

||T (α)
m+l(e2;u)− u||1+u2 = sup

u∈[0,∞)

1

1 + u2

∣∣∣∣ 1

((m+ l) + 2)((m+ l) + 1)

{
(m+ l)2η2(u)

+ ((m+ l) + 2(1− α))η(u)(1− η(u) + 3((m+ l)η(u) + 2− u2
}∣∣∣∣

≤ m+ l[(m+ l)η2(u) + 3η(u)− 6u2]

((m+ l) + 2)(m+ l) + 1)
+

((m+ l) + 2(1− α)η(u)(1− η(u)

((m+ l) + 2)((m+ l) + 1)

+
2

((m+ l) + 2)((m+ l) + 1)
.

Given ε > 0 then, we have the following sets:

J1 :=

{
m+ l : ||T (α)

m+l(ei;u)− u2|| ≥ ε
}
.

J2 :=

{
m+ l :

(m+ l)[(m+ l)η2 + 3η − 6]

((m+ l) + 2)((m+ l) + 1)
≥ ε

3

}
.

J3 :=

{
m+ l :

((m+ l) + 2(1− α)η(u)(1− η(u))

((m+ l) + 2)((m+ l) + 1)
≥ ε

3

}
.

J4 :=

{
m+ l :

2

((m+ l) + 2)((m+ l) + 1)
≥ ε

3

}
.

Therefore, J1 ⊂ J2 ∪ J3 ∪ J4 and thus, we get∑
k∈J1

ank ≤
∑
k∈J2

ank +
∑
k∈J3

ank +
∑
k∈J4

ank.

As n→∞, we get

stA − lim
n
||T (α)

m+l(e2;u)− u2||1+u2 = 0.

�

Theorem 6.2. Let h ∈ C2
B [0,∞), we get

stA − lim
m+l
||T (α)

m+l(g)− g||C2
B [0,∞) = 0.

Proof. Using Taylor’s expansion, we obtain

g(t)− g(u) + g′(u)(t− u) +
1

2
g′′(ξ)(t− u2),

where t ≤ ψ ≤ u. Applying on both sides T
(α)
m+l(·; ·), we get

T
(α)
m+l(g;u)− g(u) = g′(u)T

(α)
m+l(λu;u) +

1

2
g′′(ψ)T

(α)
m+l(λ

2
m+l;u).
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This implies that

||T (α)
m+l(g)− g||CB [0,∞)||T

(α)
m+l(e1; ·)||CB [0,∞)+||g′′||CB [0,∞)||T

(α)
m+l(e1; ·)2||CB [0,∞)

= S1 + S2. (22)

By (21), we obtain

lim
m+l

∑
k∈N :||T (α)

m+l(g)−g||CB [0,∞)

a(m+l)k ≤ lim
m+l

∑
k∈N :S1≥ ε3

a(m+l)k + lim
m+l

∑
k∈N :S2≥ ε3

a(m+l)k .

Then,

stA − lim
m+l
||T (α)

m+l(g)− g||CB [0,∞) → 0 as m→∞.

This completes the proof of the above theorem. �

Theorem 6.3. Let g ∈ CB [0,∞), we have

||T (α)
m+l(g)− g||CB [0,∞) ≤Mω2(g;

√
δ),

where
δ = ||T (α)

m+l((e1 − ·); ·)||CB [0,∞) + ||T (α)
m+l((e1 − ·)

2; ·)||CB [0,∞).

Proof. Let g ∈ C2
B [0,∞) and using (22), we get

||T (α)
m+l(g)− g||CB [0,∞) ≤ ||g′||CB [0,∞)||T

(α)
m+l((e1 − ·); ·)||CB [0,∞) +

1

2
||g′′||CB [0,∞)

||T (α)
m+l((e1 − ·)

2; ·)||CB [0,∞) ≤ δ||g||C2
B [0,∞).

(23)

For all g ∈ CB [0,∞) and h ∈ C2
B [0,∞) from (23), we have

||T (α)
m+l(h)− g||CB [0,∞) ≤ ||T

(α)
m+l(g)− T (α)

m+l(h)||CB [0,∞) + ||T (α)
m+l(h)− h||CB [0,∞)

+ ||(h)− g||CB [0,∞) ≤ 2||h− g||CB [0,∞) + ||T (α)
m+l(h)− h||CB [0,∞)

≤ 2||(h)− g||CB [0,∞) + δ||h||C2
B [0,∞).

By definition of Peetre’s K-functional, we get ||T (α)
m+l(g) − g||CB [0,∞) ≤ 2K2(g; δ).

Using (8), we get

||T (α)
m+l(g)− g||CB [0,∞) ≤M

{
ω2(g;

√
δ) +min(1, δ)||g||CB [0,∞)

}
,

using (21), we get

stA − lim
m+l

δ = 0, then stA − lim
m+l

ω(g;
√
δ) = 0.

Considering above results, we can easily calculate rate of A-statical convergence

T
(α)
m+l(g;u) to g(u) in the space CB [0,∞). Hence, we arrive at our desired result. �
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[29] M.A. Özarslan and H.A. Ktuğlu, Local approximation for certain king type operators, Filomat

27 (2013), no. 1, 173–181. DOI: 10.2298/FIL1301173O
[30] V.N. Mishra, K. Khatri, L.N. Mishra, and Deepmala, Inverse result in simultaneous approxima-

tion by Baskakov-Durrmeyer-Stancu operators, J. of Inequ. and Appl. 2013 (2013), Art. 586.

DOI: 10.1186/1029-242X-2013-586
[31] L.N. Mishra, A. Srivastava, T. Khan, S.A. Khan, and V.N. Mishra, Inverse Theorems For

Some Linear Positive Operators Using Beta And Baskakov Basis Functions, AIP Conference

Proceedings 2364 (2021), no. 1, 020–028. DOI: 10.1063/5.0062925
[32] R.B. Gandhi, Deepmala, and V.N. Mishra, Local and global results for modified Szász - Mirakjan

operators, Math. method. Appl. Sci. 40(7) (2017), 2491–2504. DOI: 10.1002/mma.4171

[33] A.R. Gairola, Deepmala, and L.N. Mishra, Rate of Approximation by Finite Iterates of q-
Durrmeyer Operators, Proc. Natl. Acad. Sci. India, Sect. A Phys. Sci. 86(2) (2016), 229–234.

DOI: 10.1007/s40010-016-0267-z
[34] A.R. Gairola, S. Maindola, L. Rathour, L.N. Mishra, and V.N. Mishra, Better uniform approx-

imation by new Bivariate Bernstein Operators, International Journal of Analysis and Applica-
tions 20 (2022), 1–19. DOI: 10.28924/2291-8639-20-2022-60

[35] A.R. Gairola, A. Singh, L. Rathour, and V.N. Mishra, Improved rate of approximation by

modification of Baskakov operator, Operators and Matrices 16 (2022), no. 4, 1097–1123. DOI:
10.7153/oam-2022-16-72

(Mohd Raiz, Ruchi Singh Rajawat and Vishnu Narayan Mishra) Department of Mathematics

Faculty of Science, Indira Gandhi National Tribal University, Lalpur, Amarkantak
484887, Madhya Pradesh, India

E-mail address: mohdraizp@gmail.com, ruchirajawat6795@gmail.com,

vishnunarayanmishra@gmail.com

https://doi.org/10.18576/amis/170110
https://doi.org/10.1016/j.jmaa.2016.12.075
https://doi.org/10.1016/j.jmaa.2016.12.075
https://doi.org/10.3934/mfc.2021024
https://doi.org/10.3934/mfc.2021024
https://doi.org/10.1073/pnas.60.4.1196
https://doi.org/10.1016/1385-7258(88)90007-8
https://doi.org/10.1137/0709026
https://doi.org/10.1216/rmjm/1030539612
https://doi.org/10.4064/SM161-2-6
https://doi.org/10.2298/FIL1301173O
https://doi.org/10.1186/1029-242X-2013-586
https://DOI.org/10.1063/5.0062925
https://DOI.org/10.1002/mma.4171
https://DOI.org/10.1007/s40010-016-0267-z
https://doi.org/10.28924/2291-8639-20-2022-60
https://doi.org/10.7153/oam-2022-16-72
https://doi.org/10.7153/oam-2022-16-72

	1. Introduction
	2. Preliminary results
	3. Rate of convergence
	4. Local approximation
	5. Weighted approximation
	6. A-Statistical approximation
	References

