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a- Schurer Durrmeyer operators and their approximation
properties

MouD Ra1z, RUCHI SINGH RAJAWAT, AND VISHNU NARAYAN MISHRA*

ABSTRACT. The key goal of the present research article is to introduce a new sequence of linear
positive operator i.e., a-Schurer Durrmeyer operator and their approximation behaviour on
the basis of function 7(z), where 7 infinitely differentiable on [0,1], n(z) = 0, n(1) = 1 and
n'(z) > 0, for all z € [0,1]. Further, we calculate central moments and basic estimates for
the sequence of the operators. Moreover, we discuss the rate of convergence and order of
approximation in terms of modulus of continuity, smoothness, Korovkin theorem and Peeter’s
K-functional. In the subsequent sections local, global and A-Statistical result are studied.
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1. Introduction

In 1912 Bernstein [1] introduced a well-known positive linear operators for the con-
tinuous functions that defined on the interval [0, 1]. The Bernstein operators preserve
a simpler, more easy and more constructive way that proves the first Weierstrass
approximation theorem for the case [0, 1] as follows:

- mi_opl,mw)g(’?), )

where Py, (u) = (L)u™(1 —u)=™, u € [0,1].
In 1962, Schurer [2] presented the following linear positive operators;

T, :Cl0,1+1] — [0,1],
define for all f € [0,1+1] by

l+q

Tiolf  9) Zf('>sl,q7i<y>,ye[o,u, 2)

where S}, ¢,i(y) is a basis Bernstein-Schurer polynomials given by
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Remark: If ¢ = 0 the sequence (2) becomes the classical Bernstein operator.
Recently, Chen et al. [3] presented a generalization of the Bernstein operators based
on positive parameter o (0 < o < 1) as follows:

S (fiu) = ZP ( )ue[ I=10,1], (3)

where P (u) = [(’”k2)<1—a>u+(’?_§)<1—a><1—u>+(’?>au<1—u> ut = (1)t

and m > 2.

For the special case: a = 1, the operator reduces to the well-known Bernstein opera-
tors.

Many modifications are investigated for the above sequences, (1), (2) and (3) viz.
Acu and Radu [1], Kajla and Acar [5], Agrawal et al. [6], Acu and Cetin [7], Aral
and Erbay [3], Cai and Xu [9], Cetin [10], Aslan and Izge [I1], Mishra and Sharma
[19], Mishra et al. ([30], [16], [31]), Gandhi et al. [32], Gairola et al. ([33], [34],[35]),
Mohiuddine et al. [12], Rao et al. ([13], [14]), Raiz et al.( [15], [17]).

Recently, Kajla and Acar [18] construct a Durrmeyer type modification of the oper-
ators (3) as follows:

M (a0 = (m+ D3 QU | @nitiatere ()

t=

where

QL (u) = [(mt_ 2)(1a)u+ <T__22)(1a)(1u)+(72)au(1u)] ut = (1—u)™

where m > 2 and studied some approximation properties. Recently Agrawal et al. [22]
introduced Bernstein-Durrmeyer type operator (4) by means of an infinitely differen-
tiable function n(u) on I satisfying the properties n(0) = 0, n(1) = 1 and n'(u) > 0,
for u € I as follows.

For g € C(I),

M%,%(g(s);u)=(m+1)2cg<“>( (u ))/ QW) (g o~ (2)dz  (5)

t=0
Inspired by the above developments, We introduce a new sequence of operators e.g.,
a—Schurer Durrmeyer operator (5) as follows:

m+l
Tr(nc,x—i)-l,n(h(t); u) = Z +l ] Loy, (6)

where Ly, 1) = féQm-H,j(z)(h o U_l)ZdZ-

In the remaining sections, we study some direct approximation theorems via modulus
of continuity, rate of convergence, order of approximation locally and globally for
better approximation results.

In the following || - || means the uniform norm on C[I]. Let e;(t) = t*, i € NU{0}.
By simple calculation one has

1 (a) i o ! m+1 j+i _ _ (m+l)'(]+7’)'
AQmHJ(Z)ZdZ—/O ( ; )z+(1 Z)_j!((m+l)+i+1)!' (7)
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2. Preliminary results

Lemma 2.1. [20] for the operators (3), we have

[

<>s<’”< 0iu) =

(2) St (er;u) =

(3) 5 (earu) = +M (1 w);

(4) S (e3;u) = M w?(1 — ) + A=)y (1 )1 - 2u).

In the light of the above Lemma, we have

Lemma 2.2. For the operator 7t +)l n( ;u). Given by (6) for each u € I, we get
( ) m+ln(lau)_1
(2) M, (n(0);u >:m[<m+z><>+q;

(8) Mithy o (7 (0):0) = g Lm0 () + ((m1)+2(1—-a))n(w) (1~
n(w)) + 3(m + On(u) +2];

(4) M2, (P 0) = e nraenes (1) (0 + D° = 3(0m + 1) —
4(m+1) 4+ 6(m + Da — 12a + 12) + n*(u) (9(m + 1)* — 6(m + l)a — 3(m + 1) +
30c — 30) + n(u) (18(m + 1) — 18 + 18) + 6];

(5) Moy, (0 (1) ) = Gy iem e [ (00) () = 6(m-+1)% = (m+
D2 +54(m + 1) +12(m + 1)%a — 60(m + Da + 720 — 72) + 53 (u) (16(m + 1)® —
36(m+1)? —12(m+1)%a—124(m+1)+156(m+ 1) — 264a+264) +n? (u) (72(m+
D)2 +24(m+1) — 96(m + )a + 336c — 336 + n(w) (96(m + 1) — 144a + 144) + 24].

Proof. In the light of (7) and Lemma 2.1 a is obvious, now for b

Mg‘r(zx-)&-l,n(n(z);u) = Z Q(fn)_;'_l) J / Q(m+l),g
L S =@
= ((TTL—{—Z)—FQ){].ZOQWHFZJ -J+ ZQm+l,] :|
1
TN [(m+ D)n(u) +1],
m+l

M"(q'?*)f’l,n(nz(z); u) m + l Z Q(nL-‘,-l) n / Qm-{—l,] )Z dZ

Zerl m+l](77( )) J +2Zm+l Qm—HJ( ( )) +32m+l Qm-‘rl](n(u)) “J
(m+10)+2)((m+1)+3) '
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Using Lemma 2.1, we have
1
(m+0D)+2)((m+1)+3)

+2(1 — a)n(u)(1 —n(u)) + 2 + 3(m + l)n(u)} .

/\/lfgilm(nQ(z); u) =

[<m T 02(n(w)? + (m 4 1)

Similarly, remaining parts can be easily proved so we quit the detail.

Lemma 2.3. For the operators (6), we have

(1) m+l77( (2) = n(u);u) = (17;37)(1)25

. _ 2(m+)—2a—u)n(u)(1—m(u)+2) .
(2) M), ((0(2) = n(u))?su) = AmED-2aunton)2),

(
(3) Mtk (1(2) = 1) %) = G e DTG [774(”)(12(m+
)2 —228(m +1) + 24(m + 1) — 24(m + ) + 552a — 432) + n (u) (24(m + 1)? +
476(m + 1) +48(m + l)a — 110a — 864) + n* (w) (12(m +1)? — 30(m + 1) — 24(m +

Dov+ 4260 — 186) + n(w) (32(m + 1) — 144 — 176) + 24} .

Suppose h € C(I). Then, the norm of the function h is given by
1Al = sup [h(u)].

Lemma 2.4. For h € C(I), we have ||Mm+lm( s < IR

Proof. By Lemma 2.2, QmH]( (u)) >0, foraluel,

m-+1

\Mm+ln<h;u> <m0+ 3 Q0000 [ @@ @l

m—+1

< AI(m+1D) +1) ZQ,W n(w)) / Qi (2)dz

= || FIIM, (L) = ||,

m-+1,n

for all u € I. sup,,¢; |./\/lm+l n(h;u)’ < ||A||.
Hence, completes the proof of the Lemma 2.4. O

Lemma 2.5. For any m +1 € N, one has
(@) 2, 2 2
Mo ((0(2) = n(u)u) < mAnﬂ»lm(u)v

where )‘m+ln( u) = 2 (u) + m+l)+2 and 7 (x) = n(u)(1 —n(u)).

Proof. By Lemma 2.3, we have
2.y _ (2m+1) — 20 —uw)n(u) (1 —n(u)) +2
2 1
< m n(u)(1 —n(u)) + m
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2 2
= Gt vy ()

Lemma 2.6. Using Lemma 2.5, for 0 < a < 1 and for each u € [0,1], we get

(1) Tt 1) o0 (1 + w{ME::ZH) (0) =m0} f =1 2w

) gty 4 O M,y (062) = (0520 § = 200001 )

) g+ DM (02) = 0050 | = 122@(( + 20020) +
m(u) + 1.

Proof. (a) Using Lemma 2.3

i+ D{ M, (06) )i} = i (=30

(m41)—o0 (m+1)—o00 ((m + l) + 2)
L m (1 2n(w)
2
(m+1)—o0 (m + l)(l + 7(m+l))

=1-2n(u).
(b)
. (@) B 9. B . 2n—2a—4)T
i e ML (06 —nwPw b= (P20
—  lim (m+1)(2n— 2a —4)T;
(m+1)—o0 (m + l) (1 + (erl )T4

= (2n = 2a = 4n(u)(1 = n(u)) + 1).

where 7 = n(u)(1—n(u))+1),To = (m+1)+2)((m+1)+3), T3 = p(u)(1—n(u))+1),
T, = (1 + ﬁ) Similarly, (¢) can be easily proved. O

3. Rate of convergence
Definition 3.1. For h € C[0, ), the modulus of smoothness for a uniformly con-

tinuous function h is presented as follows:

w(h;0) = | §HF<6|h(8) —h(y)l, s,y €[0,00).

For a uniformly continuous function h in C[0,00) and § > 0, one has,

&)
) = wiw)l < (1+ 8575 Juinio)

Theorem 3.1. For Téﬁl( ) the operators defined by (6) with (m + 1) > 2 and for

each h € C[0,00) N F. Ty(fjl(h u) = h on each compact subset of [0,00), where

FE = {h Tu > 01}:(_1;)2 s convergent as u — oo},
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Proof. Using Lemma 2.2, property (iv) of Krovokin-type theorem [21], it is enough
to show that T;ll(ei;u) — e;(u) for i = 0,1,2. For ¢ = 0. It is obvious, for i =1

lim T( @) Llersu) = lim

(m~+1)—oo (m—+1l)—o0

(m+0n(u)+1Y
(W’M) = e1(n(u)).

Similarly, we can prove for i = 2,

T (eg:u) — ex(u),

m+1l,n
which completes the proof of Theorem 3.1. O
Theorem 3.2. [23] Let L = C|c,d] — Ble, d] be the positive linear operator. Let 7,

be the function defined by
Yu (V) = v —u|, (u,v) € [e,d] X [c,d].
If g € Cg(lc,d]), for any u € [a,b] and 6 > 0, the operator L verifies:
|(Lg)(u) — g(u)| < lg(w)]|(Leo)(u) — LI(Leo)(u) + AH)\/(Leo)(U)(LBZ(U))WW(A)-

Theorem 3.3. Let g € Cp[0,00). Then for the operator T le (1), presented by (6)
with m +1 > 2, we get

\Tﬁl( u) — g(u)| < 2w(g; \),

where
A=\ T (W3 ().
Proof. In view of Lemma 2.2, 2.3 and Theorem 3.1, we have
\T,S:“ll( u) — g(u)| < {1 AT (W (w)? ;u}w<g; A).

Hence, completes the proof of theorem 3.1 by choosing

A= /T ($(u)?; ).

4. Local approximation

The local approximation result Cg[0, 00), that denotes the space of real valued bounded
and continuous functions with norm that is studied here ||g|| = supg<, <o |9(u)]. For
each g € Cp[0,00) and A > 0, Peetre’s K-functional is discussed as:

K2(g; A) = inf{[lg — hl[ + AllR"|| - h € CB[0, 00)},
where
C%[0,00) = {h € Cp[0,00) : b, " € Cp[0,0)}.
By Devore and Lorentz ([24], p. 177 Theorem 2.4) there exits an absolute constant

C' > 0 such that
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Here wa(g; A) is defined modulus of smoothness of second order as:
wa(g; VA) = sup  sup |g(u+2g) — 2g(u+ h) + h(u)|.
0<g<vX u€[0,00)
Now, for g € Cgl0,0), v > 0 and (m + 1) > 1. Here we consider the auxiliary
operator Tr(nail(-; -) as follows:

(9)

7 (g5u) = T, (g w) + g(u) — g<“”+””@’*1)

(m+1)+2
Lemma 4.1. Let h € C? 210,00), then for each w >0 and m +1 > 2, we have

T4, (hy ) — h(u)] < G (u)][B"]],

where
1

(m+D+2)(m+D)+3)((m+)+4)((m+1)+5)
" 2(m+1) —2a—n(u) — (1 —n(u)) +2
(m+1)+2)((m+1)+3) '

Proof. Using the definition (9), for the estimated operator (5), we have

T4 (1u) = 1, T ($usu) = 0 and [T, (g:w)] < 3|lg]- (10)

¢’m+l -

Taking Taylor’s expansion and g € C%[0, 00), we get
t

h(t) = h(u) + (t — u)h' (u) + / (t —v)h" (v)dv. (11)

u

Applying on Tr(nall(-; -) both sides in above given equations, we get

T3 (hsu) = h(w) = B ()T (= ) + T, — < / (t— v)h”(v)dv)

- T&“ﬁ;( /u e u)h”(v)dv;u) - /u <(Wﬂwl> (“’”””(u)“ - v) B (v)do.

(m+1)+2
1
/ (t — v)I" (v)do
0
Then, we obtain

L(W) <((m +Dn(u) +1) v) W (o)

(m+1)+2

Since

< (¢ —u)?[|n"]]. (13)

((m +Dn(u) +1) 2
S( (m+1)+2 “) IR

(14)
Taking (13) and (14) in (12), we have

(@) p(e) 2, ((m + Dn(w) +1)
742 (g5 - o] < {70 = wpti + (LD LD
= Pt (u)]]g"]|-
Hence, completes the proof of the Lemma 4.1 O
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Theorem 4.2. Suppose g € C%[0,00), then there exists a positive constant C such
that
T30 (gi) = g(w)| < Ceon(gs /() + (s T (i w)),

where Y, 41 are discussed in Lemma 4.1.

Proof. In the light of the definition T( @) V1(+) for h e C3[0,00) and g € Cp|0,00), we
get

‘Tﬁz(g;w—g( ) ‘Tfnaﬂ(g hyu)| + (g = ) )| + T3, (hi ) = h(u)]
((m 4 Dn(u) +1)
+’g< (m+1)+2 >_g(u)’

<dllg — hll + Yot @)R"]] + w(g; T (Pus ).
Using definition of Peetre’s K-functional

T4 (gu) — g(u)| < Cwalgs Vbmei(w)) +w(g: T, (s w)).

Hence, we arrived our desired result.
Let B1 > 0 and B2 > 0, be two fixed real values we recall Lipschitz-type space here

[29] as:

Liphi™ (v) = {g € Cpl0,00) : [g(t) — g(u)| < M |t - g|’* }’
(t+ Bru+ Bau?)? :u,t € (0,00)

where M is positive constant and 0 < v < 1. 0

Theorem 4.3. Let g € Lipg/}*gz (v) and u € [0,00). Therefore the operators that have
been defined by (6), we have

o Vansr(u) '\ ?
T&ll(gv u) —g(u)| < M(W) ) (15)

where v € (0,1] and vpy4(u) = Tészl( 25 u).

Proof. For v =1 and u € [0, 00), we have

T3t i(o: ) = gw)| < T (lg(t) — g(w)|:)
< MTS‘L( -l u)
(t+ Bi(u) + fau?)2
It is obvious, that
1 1

)

t+ B1(u) + Bou? < (t 4 B1(u) + Bou?)2
for each u € [0, 00), we get
M ~(a)
— (1
Bt + Bt U

T (g3u) — g(u)| <
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From Holder’s inequality, the Theorem 4.3 now holds for v = 1,7 € [0,00) and for

v €10, oo)w1thp—7andq—ﬁ,weget

< (7hdate) - nw )

(@) |t — ul? . )2
<M(Tm+l)((t+ﬁ1(u)+ﬂ2u2)’u .

: 1 1
Since TR0 TR < R OETTE: for each u € (0, oo)7 we get

\Téﬁll( u) — g(uw)

~

Tt —u?)  \?
<M(t+ﬁ1( )+ Ba® “)

Hence, it completes the proof of the Theorem 4.3. (]

7 (g;u) — g(u)

Now, we take n'" term order of Lipschitz type maximal function suggested by
Lenze [25] as:

t#u,t€(0,00) |’U - ’U,‘

, u€0,00) and n € (0,1]. (16)
Theorem 4.4. Suppose g € Cp[0,00) and n € (0,1]. For each u € [0,00), we get

T4 (g w) — g(w)| < (g w) (Vimsa (1)),

R

Proof. We know that
\T&“L( w) = g(u)| <

By equation (16), we get

< T (lg(v) — g(w)]; ).

\T,Eﬁl(g, u) — g(u)

< @n((QQU)(TmHW —ul™; )

From Hoélder’s inequality with p = % and ¢ = we have

2
2—r?

\T,Sﬁl(m W) — g(w)| < (g ) E) 0 — ul"s ).

5. Weighted approximation

From [21], let Byi,2[0,00) = {g(u) : |g(u) < M,(1 + u?)} be functional weighted
space, M, is constant determined by g and in By ,2[0,00), u € [0,00), C1442[0,00)
is the space continuous function with norm

l9(w)
U w2 = sup -—-—=,
ol = sup 5505
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and

Cﬁu? [0,00) = {9 C Cy4q2[0,00) : lim M = K}.

Ju|—oo 1+ u2

K a constant depends on g.
The modulus of continuity for the function with b > 0 and a closed interval [0, ] as:

wy(g;0) = sup  sup [g(v) —g(u)|. (17)
[lv—u|<8 u,0€[0,b]

Modulus of continuity goes to zero in equation of g € C1,2[0,00).

Theorem 5.1. Let g € Cﬁug [0,00) and its modulus of continuity wq1(g;d) defined
on [0,a + 1] € [0, 00), we have

1T (g5u) — g(u)lepon < 6My(1 + a2)dmi(a) + 2wari(g; /3(m + D)a),

where Tfﬁ)_l( ) = ,(nall(fa a).

Proof. By ([20], p. 378) for u € [a,b] and v € (0, ), we obtain

9(0) = gl £ 60451 + o~ + (14 25 o).

Using T( ) ; both sides, we have

+ 7l (1++/|v—ul

< 601y 1+ a2 7 0 - (2 o0

7 9(v) — g(u)

From Lemma 2.3 u € [a, ], we get

g a0 < 04,1+ it + (Y N ).

Choosing 6 = §,,41(a).
Hence, it completes proof of the above Theorem. O

Theorem 5.2. If the operator given by (6), i.e. TT(:H( -), from CHuz[O, o0) to
B 142[0,00) satisfy the conditions

im0 0) — il =0,

where i = 0,1,2 for each g € C’ﬁuz [0,00), we get

lim ||, +l(97) 9ll14u2 = 0.

m4l—oc0
Proof. In order to prove this theorem it is enough to show that

. () i _
olim 1T i (n()) = ' [[1 02 = 0.

By Lemma 2.2, we get ¢ =0

m(a)
||T7s~?+l( () —u0)||1+u2 = sup | m+l(77() ) |

=0.
u€[0,00) 1+ u?
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Fori=1
(mADn(w)+1
(a) ((m+10)+2)
T — = s
I m+l( () su) = ul| 142 ueb[légo) 1+ u2
1 U 1 1

m+h+2). 0 - su —
((m+1)+2) ue[o,I;o) L+u? ((m+p)+2) ue[O,F;o) 1+ u?
implies that

HTr(naJZZ( () u)_u||1+u2—)0 m+1— oo.

For,i=2
17501 0) = w212
S% [(m+1)2n%(u) + ((m+1) +2(1 — a)n(u)(1 — n(uw) + 3(m + Dn(u) + 2]
T uclone) 1+u?
< (m+1)* . n*(u) + ((m+1)+2(1 = a)(1 —n(u) sup n(u)
S uelo,e0) 1+ u? S1 uef0,00) 1+ u?
+ 3((m+1)) “u n(u) + 2 sup 1

S1 0 uelooe) LHU? St uep00) 1+ 42

where S1 = ((m +1) + 2)((m + 1) + 1) This implies that ||T7(na_£l( 2(v) —u?|| 1402 =0
asm—+ 10— oo,
which completes the proof of the Theorem. O

Theorem 5.3. Suppose g € C o0) and A > 0. Then, we obtain

by Tl — gl
m+l—o0 uG[O,IZo) (]. + ’LL2)1+)‘ ’

1+u2[

Proof. Here ug is a fixed number, we have

wp (D) =g LI (0 = @) T () — ()
welome)  (LHaB)TN = T )T T (L)
[ Torta(1+ 0% ) 9w
< T(a m+l1
T pi(g:57) — g||C0u0]+Hg||1+u25u£)0 (ERDEE S i
= Bl + B2 + B3. (18)

Since [g(a)] < [lgl14ur (1 + u2), we have

lg(u)| gllirur (L +2u?) _ [lgllisu
T3 = sup ——F—— < su < .
3 'u,>’LIL)() (1+u2)i+x = u>£’0 1+ u) ™ = (L +a2)

Assume € > 0, (m +1); > (m +1) implies that

lgll14uz | €
By + B3 <2—"+" + —.
+ < 1+ u? + 3

. lglly 42
For a sufficient large value of ug, we have IIEJQ + &

2
Ty+ Ty < EE for all (m+1)1 > (m+1). (19)
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By theorem 5.1 (m + )2 > (m + 1) such that
By = ||T,51a_21( ) —dllcrou < 5 for all (m+1)2 > (m+1). (20)

Let (m +1)3 = maz (m+ 1)1, (m +1)2), comblmng (18), (19) and (20), we get

7 (giu) — g(u)

sup < €.
u€[0,00) (1 + u2)>\
Hence, it completes the proof of the Theorem. O

6. A-Statistical approximation

Gadjiv and Orhan [27] introduced the concept of statistical approximation theorem

in operator theory. It is a convergent sequence statistically convergent, as is widely

known. However, this is not always the case from [21]. Suppose A = (a,;) be an

infinite suitability matrix with a non-negative value. For an estimated sequence,
= (Av), is defined as:

AU m+l § A(m+1)kVk-

provided the series converges for each (m + l).
A is said to be regular if limy,4; (Av);my; = L. Then v = (vpyy) is said to be a
A-statically convergent to L i.e., St4 — lim v = L if for every € > 0,

lim’m—i—l E A(m+)k = 0.
k:lvy—L|>e

Theorem 6.1. Let A= (b mH)k) be a regular positive summability matriz and v > 0.

Then, we get stq — lim,, || m+l( u) = gll14uzer = 0 for all g € CY, 2. ]0,00) and
v > 0.

Proof. By ([28], p. 191. Theorem 3) it is sufficient to show that A = 0 for this results

stq — (hm H m+l — g1z =0, (21)

where i = {0, 1,2}
In view of Lemma 2.3, we obtain

1

(@) (m+Dn(u) +1

T 2 = —ul.

| m+l(eu u) = ull1 4y ues(légo) 1+u?| (m+1)+2) “
m+Dn—((m+0)+2)+1

- (m+1)+2
Given € > 0, we define as:

L= {lm o+ 1T e ) ] > of.

Ly = {(m+l): (m 41y —((m+1)+2)+1 <6}_

(m+1)+2)
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This implies that L; C Ly, which means
( Z Atk < Z a(erl)k)-
k€L, k€L
From this, we get
sta — hm I mH(ei;u) — U||1442 = 0.
For ¢ = 2 and using Lemma 2,2, we have

1
(m+1D)+2)((m+1)+1)

(a)
T
H m+l(627 ) UHI—HLZ uES[lépOO) 1 + u2

{m+wﬁw

+ ((m+1)+2(1 —a))n(u)(1 —n(u) + 3((m + Dn(u) + 2 — UQH

. m +1[(m + Dn?(u) + 3n(u) — 6u?]  ((m+1) +2(1 — a)n(u)(1 — n(u)
- (m+D)+2)(m+1)+1) (m+0)+2)(m+1)+1)
2

(m+D+2)((m+1)+1)

Given € > 0 then, we have the following sets:

Jy = {m—i—l I m_H(el, )—u2||>e}.

7 ::{ Y (m +1)[(m + 1)n? + 31 — 6] >§}

+

C(m4+D+2)(m+1)+1) —

._ C(m 4D +20 = a)n(u) (L =n(u) _ €
s = {m” (m+1)+2)(m+1)+1) 3}'

2 €
Jy = +1: > — 5.
4 {m (mrD)+2)(m+h+1) = 3}
Therefore, J; C Jo U J3 U Jy and thus, we get

Zankg Z@nk+zank+zank-

k€S kEJs kEJs k€
As n — oo, we get

sta — liTIln||T7§1anl(62;u) —u?||1402 = 0.

Theorem 6.2. Let h € C%[0,00), we get
st4 — lim || T5500(9) = glle 0.00) = O-
Proof. Using Taylor’s expansion, we obtain
9(6) — 9(u) + 9 ()t — ) + 36" (€)(t —u?),

where t < ¢ < u. Applying on both sides Tr(nall(ﬁ -), we get

(e [e3 1 [e3%
Tyli(giw) = g(w) = g/ (T2 s w) + 59" (DT (N ).
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This implies that

1T 1(9) = 9llen 000 1T (€15 Ml i0.00) 19" |em0.00) T (€15 )2 e 0,00)

=51+ S5s. (22)
By (21), we obtain
. <1 . .
}qﬂll kEN:Tﬁl;%):—glch [0,00) e Tl?gg kEJ\%Z; ot Tl?g?l kEJ\ZS:zZé o
Then,
sta — hm I m+l( ) = 9llcs,00) — 0 as m — oco.
This completes the proof of the above theorem. O

Theorem 6.3. Let g € Cp[0,00), we have
1752)1(9) = gllesome) < Muws(g Vo),

where ( )
8= IT5 (e — )i Mlenioe) + 1T ((er = )2 )|on0,00)-

Proof. Let g € C3[0,00) and using (22), we get

1
||T7(flz( ) — chB[o 00) < ||9 ||CB[0 oo)H m+l(( =) ')||CB[o,oo) + §||9“||CB[0,0<>)
17521 ((ex = )% ) lesfo.00) < Ollgllez0.00)-
(23)

For all g € Cp[0,00) and h € C%[0, 00) from (23), we have

T3 21 () = gllcsioee) < 1T (9) = Tty (W) llesio.co) + 1T52i(R) = Allcs(0,00)
+11(h) = glleniose < 201k = gllenio.se) + 1T (h) = Allcao.co
< 2[[(h) = gllcs0,00) + 0lIPll 2 [0,00)-

By definition of Peetre’s K-functional, we get ||T7(nll( ) = gllesine) < 2K2(g;0).
Using (8), we get

I73220) = allc o < M{n(gsV8) 4 min(1.Dlglcy o
using (21), we get
sta— lim & = 0, then sty — lim w(g; V) = 0.
m-+l m+l

Considering above results, we can easily calculate rate of A-statical convergence

Tf:_gl(g, u) to g(u) in the space Cp[0, 00). Hence, we arrive at our desired result. O
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