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Some inequalities for sums involving the distance in metric
spaces

SILVESTRU SEVER DRAGOMIR

ABSTRACT. Let (X,d) be a metric space and z; € X, p; >0, ¢ € {1,...,n} with >, p; = 1.
In this paper we show among others that

n n 2
2r~t [Z prd® (zy, ) — <Zpkd(xk,x)> }
k=1 k=1

P

n
< D pipd® (wiywy) <2707y pid®P (w4, 1)
1<i<j<n i=1

for p > 1 and = € X. Some examples for normed and inner product spaces are also given.
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1. Introduction

Let X be a nonempty set. A function d : X x X — [0, 00) is called a distance on X
if the following properties are satisfied:
(d) d(z,y) =0 if and only if z = y;
(dd) d(x,y) = d(y,z) for any z,y € X (the symmetry of the distance);
(ddd) d(z,y) < d(x,z)+ d(z,y) for any z,y,z € X (the triangle inequality).
The pair (X, d) is called in the literature a metric space.
Important examples of metric spaces are normed linear spaces. We recall that,
a linear space F over the real or complex number field K endowed with a function

[I] : E = [0,00), is called a normed space if ||-||, the norm, satisfies the properties:
(n) ||z|| = 0 if and only if = 0;
(nn) |laz|| = |af||z|| for any scalar a € K and any vector z € E;

(nnn) ||z +y| < ||z|| + ||ly|| for each x,y € E (the triangle inequality).
Further, we recall that, the linear space H over the real or complex number field
K endowed with an application (-,-) : H xH — K is called an inner product space, if
the function (-, ), called the inner product, satisfies the following properties:
(i) {(x,z) >0 for any x € H and {(x,z) = 0 if and only if z = 0;
(il) (ax + By, z) = a{x,z) + B (y, z) for any scalars «, 8 and any vectors z,y, z;
(iii) (y,z) = (z,y) for any z,y € H.
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It is well know that the function ||z|| := \/(z, z) defines a norm on H and thus an
important example of normed spaces are the inner product spaces.

A fundamental inequality in metric spaces, which obviously follows by the triangle
inequality and mathematical induction, is the generalised triangle inequality, or the
polygonal inequality which states that: for any points x1,x2, ..., Tp—1,Zn (n > 3) in a
metric space (X, d), we have the inequality

d(x1,2,) < d(z1,22) + ... +d(Tp_1,2n). (1)
The following result in the general setting of metric spaces holds [3].

Theorem 1.1. Let (X,d) be a metric space and x; € X, p; > 0, i € {1,...,n} with
iy pi = 1. Then we have the inequality

Z png -7517-73] < lnf lzpz Ti, X ‘| (2)

1<i<j<n

The inequality is sharp in the sense that the multiplicative constant ¢ = 1 in front of

7inf 7 cannot be replaced by a smaller quantity.

We have:

Corollary 1.2. Let (X,d) be a metric space and x; € X, i € {1,...,n}. If there exists
a closed ball of radius r > 0 centered in a point x containing all the points x;, i.e.,
z; € B(z,r) == {y € X : d(x,y) < r}, then for any p; > 0, i € {1,...,n} with
i pi = 1 we have the inequality

Z pip;d (z;,2;) <. (3)
1<i<j<n

The inequality (2) and its consequences were extended to the case of b-metric spaces
in [4] and for natural powers of the distance in [1].
In the recent note [2] we provided some upper and lower bounds for the sum

Zl§i<j§n pipjd® (i, 25),
25~ linf e x [2?:1 pid® (zi,2)], if s > 1,
Y. pipgd (@) < (4)

1<i<j<n infyex Doy pid® (z,2)], f0<s<1
and
2 s—1 3
<ng> S pipid(iay) | <Y pipid® (i), (5)
1= Zi=1 Pi 1<i<j< 1<
<i<j<n <i<j<n

for s > 1, where (X, d) is a metric space, z; € X, p; > 0,4 € {1,...,n} with > |, p; =
1.
In this paper we show among others that

n n 2
ZPde (zk, @) — <Zpkd(xkaz))
k=1 k=1
> pipid® (wi,xy) <2207 pid® (w, @

i=1

1<i<j<n

p
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forp>1andx, x; € X, p; > 0,4 € {1,...,n} with >1 | p; = 1. Some examples for
normed and inner product spaces are also given.

2. Main results

We have the following results:

Theorem 2.1. Let (X,d) be a metric space and x; € X, p; > 0, i € {1,...,n} with
Z?Zl p; = 1. Then we have the inequalities

2
ped® (zg,x (Zpkd Tk, T ) < Z pip;d® (z:, ;) (6)
1<i<j<n
2
prd” (zk, ® (Zpkd Tk, T )

o
IN

Eod bl
”M: gk
—_ —_

IN

forallx € X.
Proof. By the triangle inequality we have
|d (xi,x) —d(xj,z)| <d(z;,2;) < d(x;,x)+d(xj,x) (7)

forall z € X and 4, j € {1,...,n}.
By taking the square in (7), we get

(d (@i, 2) = d (x5, 2)) < d° (i, 25) < (d (w5, @) + d (2, 2))°
namely
d? (zi,2) — 2d (v, 7) d (2, 2) + d* (v}, ) (8)
< d2 (xi’xj)
< d? (xzax) +2d(xi7x)d<x]7 ) +d (32], )7

forall z € X and 4, j € {1,...,n}.
If we multiply (8) by p;p; > 0 and sum over 4, j from 1 to n we get

> pipy [d* (@i, ) = 2d (25, 2) d (25, ) + d° (5, )] 9)
ij=1
<Y pipid® (@i, xj)
ij=1
S Z pipj [d2 (xz,x) + 2d($z,$) d<x]7 ) + d (x.l? )] )
ij=1
for all z € X.
Since

n n
Z pipjd2 (SL’Z‘,SL’) = Zpkd2 (mkv Z plpj mj? s

ij=1 k=1 ij=1

n 2
> pipid (zi,2) d (), (Zmd Tk, X )

i,j=1
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and

n
Z pipjd -Tza-T] Z png xlvxj)a

1,7=1 1<i<j<n

hence by (9) we get

n n 2
0< QZpde (g, ) —2 <Zpkd(:rk,x)>
k=1

k=1

<2 Y pipd® (wi,))

1<i<j<n

n n 2
<2 prd® (wg, 7) +2 <Zpkd($k,$)>
k=1

k=1

for all z € X, and the inequality (6) is proved.

O

Remark 2.1. We observe that the second and third inequalities in (6) are equivalent

to

1<i<j<n
for all z € X.

The case p; =

n’

n n 2
0§nZd2 (g, ) — (Zd(xk,x)> < Z d? (v, ;)
k=1 k=1 1<i<j<n
n n 2
< nZd2 (zg,x) + (Zd(mk,ﬂc)>
k=1 k=1

and
n n 2
Z d? (xi, ) —nz (zg, x (Zd Thy T >
1<i<j<n k=1

for x;, x € X, i €{1,...,n}.

Corollary 2.2. Let (X,d) be a metric space and x; € X, p; >0, i € {1,...,

St pi = 1. Assume that S C X such that

3t o) <

xeSkl

1€ {1,...,n} in (6) and (10) produces the inequalities

n 2
S i (o) zpkd g(Zpkdm,x)) (10)
k=1

(12)

n} with
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then we have the inequalities

0 <sup lZp;CdQ (Jck,m)] — <sup Zpkd (g, x))

eSS b1 mGSkzl
< Z pip;d® (x4, z;)
1<i<j<n
n n 2
< sup ZPde (zr, )| + SUPZPkd(fEk,T/)
€S 1 JJESkzl

< 2sup [Zpde (zg, )

zeS h—1

Proof. If we take the supremum over z € S in (6), then we get

n

n 2
sup | ¥ prd® (xy, ) — (Zp/cd(xmx))
1 k=1

T€eS e
< Z pip;d* (i, ;)
1<i<j<n
n n 2
< sup |3 (w0 0) + (zpkd - z>)
€S 5 k=1

By the properties of supremum we have

n n 2
sup z:pkd2 (g, x) + <Zpkd(xk,x)>
e€S | k=1 k=1
n 2
+ sup (Zpkd(xk,x)>

zeS

< sup [Z prd? (1, )

*€5 (k=1 k=1
n n 2
=sup | > ped” (zx,2) | + | sup > prd (wp, @)
zeS h—1 IeSk:l

and

zeS =1
n n 2
>sup | > prd® (wx,2) | —sup | > prd (v, 2) | =0
€S b—1 zeS =1

since, by Cauchy-Buniakowski-Schwarz inequality we have

n n 2
> owd® (w,w) > (Zpkd (@, x))
k=1 k=1

for all z € X.

(13)
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Remark 2.2. Assume that S C X such that
sup d* (zy, = 0,
zeS lz ]

then we have the inequalities

2
0<nsupl2d Tk, T ]—(Supzd Tk, T >

€S =1 zeS

< Z d? (@i, x5)

1<i<j<n

< nsup [Zd Tk, T

zeS =1

< 2nsup [Zd Tk, T )]

mGSkl

(SupZd Tp, T >2

z€eS

We have the following generalization

Theorem 2.3. Let (X,d) be a metric space and x; € X, p; > 0, i € {1, ...,

Z?Zl p; = 1. Then we have the inequalities

> prd® (w,w) — (Z prd (., x))
k=1 k=1

< Y pippd® (wiay) <2770 pid® (w,7)

1<z<_]<n i=1

p

forp>1 and x € X. The second inequality also holds for p > %
Proof. From (7) we get
|d (@i, 2) = d (g, 2) [ < d* (i, 25) < [d (23, 0) + d (,2)] 7,
namely
[d® (zi, %) — 2d (z;,2) d (z,z) + d (a:j,x)]p < d* (zi,x;)

for all z € X and 4, j € {1,...,n}.
If we multiply (17) by p;p; > 0 and sum over ¢, j from 1 to n we get

Z pipj [ (w5, 2) — 2d (x5, 2) d (zj, ) + d* (z;, @ )}p

ij=1
n
<Y pipd (v w) =2 Y pipyd® (wi, ;)
i,j=1 1<i<j<n
2
<3 by [d i) + d g, 2
i,j=1

for all z € X.

<ld(zi,x)+ d(xj,x)]Qp ,

n} with

(16)

(17)
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By the convexity of power function, we have

ST Ti, T 2p
d@ne) T d@ D17 - Lrpn o 0y 4 a2 (a;,2)]

2 2
namely
[d (Ihz) +d (xjvx)]zp < 221771 [d2p (Ihx) + d2p (Ijv'r)] ) (19)
forall z € X and 4, j € {1,...,n}.
Therefore

n

Z pipj [d (xi, x) + d (x;, m)]zp < 221 Z PiDj [d2p (x5, x) + d*P (a:j,x)] (20)

ij=1 ij=1
n
= 2% Zpidzp (s, x).
i=1
By Jensen’s discrete inequality for the power function we also have

{ szzl pipj [d* (zi, ) — 2d (x5, @) d (x, ) + d? (x;,2)) }p

ZZj:l Dipj
< ZZj:1pipj [d2 (zi, ) — 2d (24, 2) d (x5, ) + d? (x, 2 )}p
N ZZj:lpipj ’
namely
n n 2 P
P ZWF (zk, ) — (Zpkd(xk,w)> (21)
k=1 k=1
Zplp] -/I;za ) Qd(‘/l"ia‘r)d(‘rj7 )+d (‘/I’.]7 )]p
1,j=1
for all x € X.

By making use of (18), (20) and (21), we get (16).
Since the inequality (19) also holds for p > %, hence the last part of the theorem
is also proved. O

Corollary 2.4. With the assumptions of Theorem 2.3 and if

sup [Zpkd Ly L )] < 00,

IGSkl

for S C X, then we have

p

2°~1 | sup (Zpkd (g, x )) - (suprkd T, & )> (22)

reS b1 xESk 1

> pip;d® (wi,3;) < 2% 'sup [sz (i, 2 ]

1<i<j<n z€S
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Proof. By taking the supremum in (16) we derive

p

n 2
27~ sup Zpkd T, T (Zpkd(zk,ﬂﬁ)) (23)
k=1

zeS 1

< ) pipd® (wi,35) < 277 sup [ZPdQ i, )}

1<i<j<n z€S i=1

Since
sup Zpkd T, T (Zmﬂ%ﬁ))
€S 5 k=1
_ § S
Mo ]S (zpkdm,x))
€S | k=1 k=1
- S
> |sup prd® (zi,2) | — (sup Y  prd (zp, @ ;
zeS (; )> <wESZ )
hence by (23) we obtain (22). O

Remark 2.3. The case of uniform weights p; = 1, i € {1,...,n} in (16) and (22) is

as follows
) p—1 n 27P
(712) nz (xg, @ Zd T, T (24)
k=1
< Z d?P (z;,25) < 22P~ anpd (x4, )
1<i<j<n =1
and

p

(2) oy (S o) - (st | e

< Z d* x“xj)<22p Lpsup (de Ti, T ))

1<i<j<n z€8 i=1



SOME INEQUALITIES FOR SUMS INVOLVING THE DISTANCE 221
3. Applications

If (E,]|-]]) is a normed linear space and z; € E, i € {1,...,n}, p; > 0 (i € {1,...,n})
with Y"1 | p; = 1, then by (6) we have the inequalities

0< Zpk ok — a* — (Zpk . — iv||> (26)
Z pip;j ||z — x]”

1§z<]§n

2
n n
2
< Zpk lze — 2| + (Zpk |zr — m||>
k=1 k=1

and
n 2
0<bup2pk |k —x)* = ( sup > i [l — 2 (27)
zeS 1 xesk:l
2
> gl —
1<i<j<n
n n 2
<sup Y prllzk — 2?4 sup D prllon — 2
wESkzl weSk:I
for x € X.

If we consider the weighted centre of gravity =, := Z?zl p;x;, then by taking
x =Tp in (26) we get

2
n n
0< S pi s — T (Zpk s - xpn) (28)
k=1 k=1
< Y ppj e —

1<i<j<n

n n 2
< pullon -zl + (zpk e — wp||>
k=1 k=1

From (28) we get

2
n n
2 — 2 —
> vz =l = ook — 7)) < (Zpk l[zx — $p||> (29)
k=1 k=1

1<i<j<n

forz; € E,ie{l,...,n}, p; >0 (i € {1,..,n}) with Y  p; = 1.
If we take p; = %, i € {1,...,n}, then by (29) we get

n n 2
Yo izl —n )l - 7)) < (Z [Ez8 JC||> : (30)
k=1 k=1

1<i<j<n

— 1 n )
where T = -3 " | x;.
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We observe that if (F, (-,-)) is an inner product space, then

2
> pipyllmi—ay)® =

1<i<j<n 2y

2
pipj |zi — 4]

DO =
]

1

I
N =
[]=

2 2
Dip;j {szll — 2Re (x4, ;) + ||z;]| }
=1

S
&
Il

)

B pillwil|” — 2Re <pruzpjxj +Y o)l
i=1 i=1 j=1 j=1

2

n
2
ZP@ [Js]|” —
=1

n
E DiZ;
i=1

and

n n
2 2 — —2
> pellen = Tl* = 3w [lonl - 2Re (w4, 75) + 7517
k=1 k=1

n n
= > [|zkl* — 2Re <Zpkxk7xp> + |71
k=1 k=1
n n 2
= Zpk ||13k||2 - Zpkéﬂk
k=1 k=1

which shows that, in the case of inner product spaces

3

n
2 —2
Y pwjlle—al* = pellen — Tl (31)
k=1

1<i<j<n

forw; € E,ie{l,...,n}, p; >0 (i €{1,..,n}) with Y  p; = 1.

However, in the general case of normed linear spaces the identity (31) does not hold
for all sequences of vectors and probability densities as above. Therefore the inequality
(29) can be seen as an error bound in approximating >, o, ., pipj |2 — $j||2 by

Sor ok llzk — anHZ in the general case of normed linear spaces.
From the inequality (16) we also obtain

P

2
n n
2271 1> " [l — l|® - (Zpk lzx — $||> (32)
k=1 k=1

n

2 — 2

< > pipg i —alT <2227y pa s — 2
1<i<j<n i=1

for z, ; € E,i € {1,..,n}, p; > 0 (i €{l,..,n}) with - | p; = 1. The second
inequality in (32) also holds for p > %
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In particular, we derive
P

2
n n
2 Tk e — Tl * = | D ek — Tl (33)
k=1 k=1

n

2 _ 2

< E pipj ||z — ;]| < 221 E pillzi — 7|7
1<i<j<n i=1

forz; € E,ie{l,...,n},p; >0 (i €{l,..,n}) with 1, p; = 1.
Finally, in the case of inner product spaces, we may point out an upper bound as
follows.

Proposition 3.1. Let (E, (-,-)) be an inner product space, z; € E, (i € {1,...,n}) and
assume that there exists the vectors a, A € E so that either
Re(A—x;,x; —a) >0, forie{l,..,n},
or, equivalently,
o @ +A
! 2
Then for any p; > 0 (i € {1,...,n}) with ., p; = 1 one has the inequality

1
’ < [A—al, forie{l,..,n}.

1
2 2
> oyl — | < 3 1A—all” (34)
1<i<j<n

1

forp> 3.
Indeed, we have by the last inequality in (32) that
n 2p
_ a+ A 1
> vy llws =gl <20 s las - == | < S A -l

1<i<j<n i=1

which proves the statement.
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