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Neutrosophic 2)-Cesaro Summability of a Sequence of Order «
of Neutrosophic Random Variables in Probability
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ABSTRACT. In this paper, we define the notions of neutrosophic 2)-Cesaro summability of a
sequence of order a, neutrosophic 9)-lacunary statistical convergence of order a, neutrosophic
strongly 9)-lacunary statistical convergence of order o and neutrosophic strongly 2)-Cesaro
summability of order « in neutrosophic probability. Besides, we prove some relations among
them.
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1. Introduction

The notion of ideal was introduced by Kuratowski in 1933 on [16], an ideal ) on a
space X is a collection of elements of X which satisfies: (1) @ € 9); (2) If A, B € ) then
AUB€9;and (3)if BC Q) and A C B, then A € 9). This notion has been grown
in several concepts of general topology. On the other hand, the idea of statistical
convergence was known to A. Zygmund as early as 1935 and in particular after 1951
when Steinhaus [5] and Fast [0] reintroduced statistical convergence for sequences
of real numbers, several generalizations and applications of this notion have been
investigated. Recently, many studies associated to statistical convergence on ideal
spaces have formulated. One of then was presented by Kisi and Guler [17] in which
they studied Cesaro summability of random variables in probability.

Smarandache [41] presented a new branch of philosophy, with dealing with the begin,
nature and scope of neutralities, as well as their interactions with different situations.
The principal thesis of neutrosophy is that every idea has not only a certain degree
of truth, as is generally assumed in many-valued logic contexts, but also a falsity
degree and an indeterminacy degree that have to be considered independently from
each other. Smarandache looks like to understand such indeterminacy both in a
subjective and an objective sense, i.e. as uncertainty as well as imprecision, vagueness,
error and so on. Neutrosophy is a new mathematical theory which is a generalizing
from classical logic and fuzzy logic, such as neutrosophic set theory, neutrosophic
probability, neutrosophic statistics and neutrosophic logic.

Recently, Bisher and Hatip in 2020 [7] used the notion of random variable and
indeterminacy of a neutrosophic set and they gave the first view of neutrosophic
random variables in which they presented some basics notions. later on, Granados in
2021 [8] proved new notions on neutrosophic random variables and then Granados and
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Sanabria [9] studied independence neutrosophic random variables. In 2020, Granados
et al. [10, 11] studied some neutrosophic probabilities distributions (discrete [10] and
continuous [11]) based on neutrosophic random variables.

In this paper, we define the notion of neutrosophic %)-Cesaro Summability of a
Sequence of Order « of Neutrosophic Random Variables in Probability. Granados
[12] defined the notion of neutrosophic statistical convergence as follows:

Let {Xn, }nen be a sequence of neutrosophic random variables where each Xy, is
defined on the same event space S with respect to a given class of subsets of S as the
class A of events and a given probability function P : A — R. The sequence {Xn, }nen
is said to be neutrosophic statistically convergent in probability to a neutrosophic
random variable X', where X : § — R, if for any ¢, > 0,

1
ILm E|k§n:P(|XNk—XN\25)25}|:0, (1)
or equivalently,
1
ILm E\kgnzl—P(P{Nk—Xm<5)2§}|:0. (2)

2. Preliminaries

In this section, we present some well-known notions which will be useful for the
development of this paper.

Definition 2.1. (see [15]) Let X be a non-empty fixed set. A neutrosophic set A is
an object having the form {z, (nA(z),0A(x),vA(z)) : « € X}, where pA(z),dA(x)
and v.A(x) represent the degree of membership, the degree of indeterminacy , and the
degree of non-membership respectively of each element x € X to the set A.

Definition 2.2. (see [14]) Let K be a field, the neutrosophic filed generated by K
and I is denoted by (C U I) under the operations of I, where I is the neutrosophic
element with the property I? = I.

Definition 2.3. (see [13]) Classical neutrosophic number has the form a + bI where
a,b are real or complex numbers and [ is the indeterminacy such that 0. = 0 and
I? = I which results that I™ = I for all positive integers n.

Definition 2.4. (see [13]) The neutrosophic probability of event A occurrence is

NP(A) = (ch(A),ch(neutA), ch(antiA)) = (T,I,F) where T,I, F are standard or
non-standard subsets of the non-standard unitary interval |~0,17].

Now, we present some notions of neutrosophic random variables [7].

Definition 2.5. Consider the real valued crisp random variable X which is defined
as follows:
X:Q—>R

where (2 is the events space. Now, they defined a neutrosophic random variable Xy
as follows:

%NQ%R(I)
and
Xn=X+1
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where [ is indeterminacy.

Theorem 2.1. Consider the neutrosophic random variable Xy = X + I where cu-
mulative distribution function of Xn is Fx,(z) = P(Xny < z). Then, the following
statements hold:

(2) fxy(@) = fx(z—1).

Where Fx,, and fx, are cumulative distribution function and probability density func-
tion of Xy, respectively.

3. Main results

Definition 3.1. {Xy, } is called neutrosophic 2)-statistically convergent of order o«
in probability to a neutrosophic random variable Xy if for any ¢,4d,v > 0,

{mGN:nia|{k<m:m(|.’f]vk—:£jv|>€)>5}|>’Y}62}7

PSN (D)~

and it will be denoted by X, Xn.

Definition 3.2. {Xy, } is called neutrosophic 9-lacunary statistically convergent of
order « in probability to a neutrosophic random variable Xy if for any &,4,v > 0,

1
{tem: b <1 93w~ xn 22 261 20 b e,
t

PSNo (D)
R

and it will be denoted by Xy, XnN.

Definition 3.3. {Xy,} is called neutrosophic strongly 9)-lacunary convergent or
PVy(2)-convergent of order v in probability to a neutrosophic random variable Xy
if for any €, > 0,

{teN:hﬂmem—xN2@26}}6@,

t ker,

and it will be denoted by X, M) Xy

Definition 3.4. {Xy, } is called neutrosophic strongly 9-Cesaro summable of order
« in probability to a neutrosophic random variable Xy if for any ¢, > 0,

{neN: niazm(\xm Xy ze) > 5}} e,
k=1

and it will be denoted by X, mm_W) Xy,

Theorem 3.1. If0 < a < 3 <1 then PSN()* C PSN(D)”.

Proof. From the assumption, we can say that

1 1
gk <n:P( Xy, — Xn|2e) 20 = k< n:P(IXw, - Xn| 2 ¢€) 2},
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Therefore,

fn e N: LIk <n:B(En, — Xl > ) 25 2 )

C{neN: |k <n:P(En, - Xn|>) >} =),
For v > 0. Hence, we have PSN(2)* C PSN(D)”. O
Theorem 3.2. Ifliminfyq; > 1. If Xy, — M0 %0 then xy, —2NVe@)",
Xy,

Proof. If liminf; ¢ > 1, there exists v > 0 such that ¢4 > 1+~ for all £ > 1. Since

kg 1 ¢ kg 1\“
hy = k¢ —ki—1, we have ;Tta < <M> and =L < () . Let € > 0 and we define
Y Y

< e =
the set S by

t

ke
1

tok=1
Hence, S € §(2)). Thus,

k¢ kt—1

SRR |29 = 1 Y B, — Xl 2 ) - o S B(Ew, -~ Xn] 2 9)
tog=1

t kel tog=1

ke ke—1
ky ki q
= XN, —Xn| > e)— Xy, — Xn| >
ne ke k§=1‘43(| N — XN| > €) Rk k§=1 PB(Xn, —Xn|>¢)

IN

].

1 (0% (a7
For each k; € S. Take, p = <+’7> 0 — (5) 5'. Hence,
Y v

{tENZ hia > P(lxn, — Xy >0) <P} €3(D).

t kel
O
Theorem 3.3. If {Xn, } is neutrosophic strongly Q) -Cesaro summable of order o, then

it is neutrosophic )-statistical convergent of order a in probability to a neutrosophic
random variable X .

Proof. Let Xp, 73C°<°—N[Ema> Xy and € > 0 given. Then,

nio‘ émxm ~Xn[ze) 2 T%\k <n:P(1Xn, — Xn|>€) > 6},
and so

nrlxa imxm —Xn[2e) 2 n%\k <n:P(Xy, — Xyl =€) > 6}

k=1
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Thus, for a given p > 0,

)
fneN: b <n:P(xy, — Xyl 2 ) 25} 2 9}

Q{nEN::aZiBﬂ%Nk—XMZE)Z(Sp}e@.

k=1

Hence, X, % Xn. O

Theorem 3.4. Let a bounded {Xn, } be neutrosophic ) -statistical convergent of order
a to Xn. Therefore, {Xy,} is neutrosophic strongly 9)-Cesdro summable of order «
to %N-

Proof. Let’s consider {Xy, } is bounded and Xy, PIN@)" Xn. Since {Xn,} is

bounded, we obtain PB(|Xy, — Xn| >¢) < M for all k € N. For £ > 0, we have
IR 1
2 B(xN, — Xn| > e) < —M{k <n: P(|Xw, — X[ > €) 2 5} +6
k=1
Therefore, for any v > 0,

{nEN: n%z%(mzvk —Xn|>¢) Z’Y}

k=1

g{nEN:n—laHkSn:iBﬂ%Nk*3€N|Z€)Z5}|Z%}€@-

Hence, Xn, PCW—W> XnN. [l
Theorem 3.5. For 6 = {k;},
PVNo (D)™ PSNo(D)™

(1) If X, M0 xe o then Xy, N0 xy.
(2) PYNo(D)* is proper subset of PSNg()*.

Proof. We begin proving (1): Let €,6 > 0 and Xn, M Xn. Then, it can

be written
1 5
i O PB(Xn, — Xl 2 €) > o l{k € I P(|Xw, — Xn| > 2) > 6}
t kel t

Hence,

1 1
s O BXw — Xn| > ) > o l{k € L B(1X, — Xn| > 2) 23},
t kel t

which implies that for any v > 0,
1
{teN: Sk € Lo P(| X, — Xn[ 2 €) 2 3} 27}
t

g{teN:hlaZ‘B(|3€Nk—3€N|zs)26'y}ez).

t kel

PSNo(D)*
=

Therefore, Xy, XnN.
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Then, we prove (2): Let {Xx, } be defined by

XN, =

k

{-1+1,1—-1} with probability % — I, if nis the first [\/hQ] integers in the interval Iy

{I—1,1} with probability P(Xn, =0)=1— - — I and P(XN, =1) = ;- — I, if n is other than the first
v hE integers in the interval Iy.

Let 0 <e <1andé > 1. Then, we have

1-17 if nis the first \/h{¥ integers in the interval Iy

P(Xn, — 0 > &) =
L _ I  if nis other than the first Vh§ integers in the interval It.

n

Now,
[Vhi]
hi

1
pallk € I B Xk — 0] 2 ¢) 2 6} <
t
and for any v > 0 we obtain

{t eEN: ia|{k €1, P(|Xp — 0] >¢) > 5}|7}

g{teN

Since the set

{teN fz}

«
hi
is finite and so belong to F, hence we have

{teN:};erg:quk—m > ) za}w} €

PSNo(D)*

which means that Xy, 0. Besides,
1 WhEeI(VheT+ 1)
thZ%G%Nk_m Z6): L Qh(xt
t kel ¢

then

{teN haZ‘B|3€N,€—O|>e)>4+I}

t kel

:{teN:[Wmmw)g}

2h =2
={m+I,m+1+I,m+2+1I}eFY).

For some m € N. Therefore, Xy, does not converge to 0 in PSN()*.
O

Theorem 3.6. Neutrosophic )-statistical convergence in probability of order o im-
plies neutrosophic -lacunary statistical convergence in probability of order « if
liminf, g; > 1.
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Proof. By the assumption liminf; ¢, > 1, there exists a ¢ > 0 such that ¢¢ > 1+ o
for sufficiently large ¢, this means

(03
by 90 hen L < L (LEO)
kt O'+]. ht k? g

PSN(D)

If Xn, Xn, then for € > 0 and for ¢t > 0, we obtain

1
fa |k € 1o - P(| X, — Xn| = ) = 3}
t

1 [1+0\°
§ka< 00> [{k <Eki:P(Xn, — Xn| =) >}
t

Then, for any « > 0, we have

1
{tEN:ha|{k€It:‘]3(|f{N,c—f{N|>€)>5|>'y}
t

(e

1 Yo
C —HEk <k — >eg)>0t >y > — .
c{reN: it < b R -l 20 26} 2012 20 ey

Theorem 3.7. Neutrosophic %)-lacunary statistical convergence in probability of or-
der o implies neutrosophic )-statistical convergence in probability of order o, 0 <
t—1 1 a

hit
a<l, ifsuptz "t — B < 0.
= (k1)

PSNg(D)“
=

Proof. Consider Xy ) XN, and for €, 6, 71,72 > 0 define the sets
k

C= {tGN: %M}EL SPB(| XN, — Xn| > €) >0} <’71}
and
T = {nEN: nit|{k§n:q3(|xzvk —Xn| >¢€) > 6} <’72}-
From assumption, we obtain C € §(2)). Moreover, we can see that

1
Kj =35k €L B(Xn, — Xn| =€) 2 3} <,
J
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for all j € C. Now, let n € N be such that k;_; < n < k; for some ¢t € C. Therefore,
we get

1 1
ol < R((x, — Xn] 2 ) 2 0H < ok < ks B, — Xl 2 0) 2 6]
t—1

{k e L PB( XN, — Xn| 2 ) 2 5}

«

t—1
1
+ « ‘{kEIQ(’B(‘xNk_xN‘ZE)Z(SH
t—1
1
+ot ok € I s R(1Xw, — Xn] =€) = 6}
t—1
kOl
= ﬁ“k € I : P(|Xn, — Xn| 2 €) = 6}
t—111
ko — k1)®
+ %Hk €l P(|Xn, — Xn| =>¢€) >0}
t—1/%2
ke — ke_1)®
tot %Hk €1 : PB(|Xn, — Xn| 2 €) = 6}
t—1"'%
k? (kQ 7]{:1)& (kt 7]{%_1)0‘
= o a’Cl"’ a o K2+"'+ﬁlct
kil - 1hs kg hg
=1 pa
< Su ’C su Ll
< {je(IZ) it tp;(kt_l)a
<’YlB.

Taking o = l[; and by U{n : k;—1 <n < kit € C} C T where C € §(2). Then,
the set 7 belongs to §(2)). O

4. Conclusion

In this paper, the notions of neutrosophic )-Cesaro summability of a sequence of order
«, neutrosophic )-lacunary statistical convergence of order «, neutrosophic strongly
)-lacunary statistical convergence of order « and neutrosophic strongly 2)-Cesaro
summability of order « in neutrosophic probability were defined and some relations
between them were proved. For future works, we suggest the reader to define new sort
of neutrosophic statistical convergence, even though these notions can be extended
for double sequences, triple sequences and higher sequences.
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