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Functions
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Abstract. In this article, we studied the geometric properties of generalized Wright-Bessel
functions. For this purpose, we determined sufficient conditions for univalency, convexity,

starlikeness and close-to-convexity of the generalized Wright-Bessel functions in the open unit

disk.
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1. Introduction

In recent years, the geometric properties of well-known special functions such as
Bessel, Wright, Mittag-Leffler have been a subject that has been systematically dis-
cussed. The most researched geometric properties are starlikeness, convexity, and
close-to-convexity. Raducanu [12], Bansal and Prajabat [13] worked on some geomet-
ric properties of Mittag-Leffler functions. The starlikeness and convexity conditions
normalized Bessel functions were studied intensively by Ponnusamy and Baricz [16].
Prajabat [14] obtained some conditions for geometric properties of Wright functions.
Bansal et al. [15] examined some geometric properties of τ -confluent hypergeomet-
ric functions. Recently, Eker and Ece investigated geometric properties of Rabotnov
functions [18] and Miller-Ross functions [17]. Motivated by these works, we obtained
sufficient conditions for close-to-convexity, univalency, starlikeness and convexity of
the generalized Wright-Bessel functions.

In 1966, H.K. Pathak investigated the following special function, which is called
the Generalized Wright-Bessel (-Lommel) function:

Definition 1.1. [1] The Generalized Wright-Bessel (-Lommel) function is defined as

Jµv,λ(z) =
(z

2

)v+2λ ∞∑
k=0

(−1)k
(
z
2

)2k
Γ(λ+ k + 1)Γ(v + λ+ 1 + kµ)

where µ > 0, v, λ ∈ R.

In this function, with some special parameter choices, we can get some well known
special functions, like Lommel function, Struve function, Bessel function and Wright
function. For example, for µ = 1 it contains Lommel and Struve functions and if we
take λ = 0 and µ = 1, we can get the familiar Bessel function. For more details we
refer to [2]. (See also [3],[4]).
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The main aim of the present article is to determine geometric properties of General-
ized Wright-Bessel function. For this, we need the following notation and definitions.

Let A denote the class of functions f which are analytic in the open unit disk
U = {z ∈ C : |z| < 1} and normalized by the conditions f(0) = f ′(0)−1 = 0. Equiv-
alently; if f ∈ A, then it has the following Taylor-Maclaurin series representation:

f(z) = z +

∞∑
k=2

akz
k, (z ∈ U). (1)

Also, let S be the subclass of A consisting of univalent functions. A function f ∈ A
is called starlike (with respect to the origin), denoted by f ∈ S∗, if f is univalent in
U and f(U) is a starlike with respect to the origin. It is well-known that f ∈ S∗ if
and only if

Re

(
zf ′(z)

f(z)

)
> 0, (z ∈ U).

Furthermore, a function f ∈ A that maps U onto a convex domain is called convex
function. We denote by C the class of all functions f ∈ A that are convex. f ∈ C if
and only if

Re

(
1 +

zf ′′(z)

f ′(z)

)
> 0, (z ∈ U).

Next, a function f ∈ A is called close-to-convex, if the range f(U) is close-to-
convex, i.e. the complement of f(U) can be written as the union of nonintersecting
half-lines. We denote by K all close-to-convex functions. f ∈ K if and only if

Re

(
f ′(z)

g′(z)

)
> 0, (z ∈ U, g ∈ C).

For these classes it is convenient to give the following chain of proper inclusions:

C ⊂ S∗ ⊂ K ⊂ S.

A univalent function f is in the class UCV of uniformly convex functions if for
every circular arc γ contained in U with center ξ ∈ U the image arc f(γ) is convex (see
[6]). On the other hand, Rønning [7] defined the class of parabolic starlike functions
Sp as follows:

Sp = {f : f(z) = zF ′(z), F ∈ UCV }.

Given two functions f, g ∈ A, where f is given by (1.1) and g(z) is given by

g (z) = z +

∞∑
k=2

bkz
k,

the Hadamard product (or convolution) f ∗ g is defined (as usual) by

(f ∗ g) (z) = z +

∞∑
k=2

akbkz
k = (g ∗ f)(z) , z ∈ U.

For more details about the univalent functions theory we refer to [5], [6].
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It is clear that the generalized Wright-Bessel function Jµv,λ(z) is not in the family
A. Thus, let us take into consideration the following normalization:

Jµv,λ(z) = 2v+2λΓ(v + λ+ 1)Γ(λ+ 1)z1−λ−
v
2 Jµv,λ(

√
z)

= z +

∞∑
k=2

(−1)k−1

4k−1
Γ(λ+ 1)Γ(v + λ+ 1)

Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)
zk.

To discuss the geometric properties of normalized generalized Wright-Bessel func-
tions, here we define modified form:

Jµv,λ(z) =
z

1 + z
∗ Jµv,λ(z)

= z +

∞∑
k=2

1

4k−1
Γ(λ+ 1)Γ(v + λ+ 1)

Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)
zk.

(2)

In order to present our results we need the following interesting results.

Lemma 1.1 ([8]). Let f define by (1) and suppose that

1 ≥ 2a2 ≥ · · · ≥ kak ≥ · · · ≥ 0

or
1 ≤ 2a2 ≤ · · · ≤ kak ≤ · · · ≤ 2.

Then f is regular and univalent in U.

Following the proof of Ozaki it can be proved that if a function f satisfies the
conditions given in Lemma 1.1, then f is close-to-convex with respect to the convex
function −log(1− z).

Lemma 1.2 ([9]). If the function f ∈ A, satisfy |(f(z)/z) − 1| < 1 for each z ∈ U,
then f is univalent and starlike in U1/2 = {z : |z| < 1/2}.

Lemma 1.3 ([10]). If the function f ∈ A, satisfy |f ′(z)−1| < 1 for each z ∈ U, then
f is convex in U1/2.

Lemma 1.4 ([11]). Assume that f ∈ A. Then the following results hold true:

(i) If
∣∣∣ zf ′(z)
f(z) − 1

∣∣∣ < 1
2 , then f ∈ Sp.

(ii) If
∣∣∣ zf ′′(z)
f ′(z)

∣∣∣ < 1
2 , then f ∈ UCV .

2. Main results

Theorem 2.1. Let v, µ > 0 and λ ≥ −1/2. If λ + v ≥ 0, 462, then Jµv,λ(z) given in

(2) is close-to-convex with respect to convex function −log(1−z) and hence univalent
in U.

Proof. Define

Jµv,λ(z) = z +

∞∑
k=2

Akz
k

where

Ak =
Γ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)
k ≥ 2 and A1 = 1. (3)
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We note that under the stated conditions Ak > 0 and 2A2 ≤ 1 for all k ≥ 1.
We will use Lemma 1.1 to prove that f is close-to-convex with respect to−log(1−z).

Therefore, we need to show that {kAk} is a decreasing sequence of positive real
numbers. Using (3), we obtain

kAk − (k + 1)Ak+1 =
Γ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)
X(k)

where

X(k) =
k

Γ(v + λ+ 1 + (k − 1)µ)
− k + 1

4(λ+ k)Γ(v + λ+ 1 + kµ)
.

It is well known that the function Γ(x) is increasing on (x0,∞) where x0 ≈ 1.462.
Since under the hypotheses of our theorem

4k(λ+ k)Γ(v + λ+ 1 + kµ) ≥ (k + 1)Γ(v + λ+ 1 + (k − 1)µ),

we conclude that kAk − (k + 1)Ak+1 > 0. This completes the proof of the Theorem
2.1. �

Example 2.1. The function J
1
2

1,− 1
2

(z) is univalent in U. (Figure 1). However, the

function J
1
2
1
10 ,−

1
2

(z) is not univalent in U. (Figure 2)

Figure 1. Mapping of J
1
2

1,− 1
2

(z) over U.

Theorem 2.2. Let v, µ > 0 and λ ≥ −1/2. If λ+ v ≥ 0, 462 and

(λ+ 1)(v + λ+ 1)[|µ|] >
2 +
√

2

4

where [|µ|] denotes the greatest integer value of µ, then Jµv,λ(z) given in (2) is starlike
in U.
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Figure 2. Mapping of J
1
2
1
10 ,−

1
2

(z) over U.

Proof. Let p(z) be the function defined by

p(z) =
z(Jµv,λ)′(z)

Jµv,λ(z)
, (z ∈ U).

Since

Jµv,λ(z)

z
6= 0, (z ∈ U),

the function p is analytic in U and p(0) = 1. To prove our theorem, we need to show
that Re (p(z)) > 0, z ∈ U. It is easy to show that, if |p(z) − 1| < 1, z ∈ U, then
Re (p(z)) > 0. For λ ≥ −1/2 we have

Γ(λ+ 1)

Γ(λ+ k)
≤ 1

(λ+ 1)k−1
(k ∈ N). (4)

Furthermore, since

Γ(v + λ+ 1 + (k − 1)µ) ≥ Γ(v + λ+ 1 + (k − 1)[|µ|])

where λ+ v ≥ 0, 462 and [|µ|] denotes the greatest integer value of µ, we have

Γ(v + λ+ 1)

Γ(v + λ+ 1 + (k − 1)µ)
≤ 1

(v + λ+ 1)[|µ|](k−1)
. (5)
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Under the hypotheses of the theorem, using (2), (4) and (5), we can write∣∣∣∣∣(Jµv,λ)′(z)−
Jµv,λ(z)

z

∣∣∣∣∣ =

∣∣∣∣∣
∞∑
k=2

(k − 1)Γ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)
zk−1

∣∣∣∣∣
<

∞∑
k=2

(k − 1)Γ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)

<
∞∑
k=2

(k − 1)

4k−1
1

(λ+ 1)k−1
1

(v + λ+ 1)[|µ|](k−1)

=

∞∑
k=2

k − 1

(4(λ+ 1)(v + λ+ 1)[|µ|])k−1

=
4(λ+ 1)(v + λ+ 1)[|µ|]

(4(λ+ 1)(v + λ+ 1)[|µ|] − 1)2
,

(6)

and ∣∣∣∣∣J
µ
v,λ(z)

z

∣∣∣∣∣ =

∣∣∣∣∣1 +

∞∑
k=2

Γ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)
zk−1

∣∣∣∣∣
> 1−

∞∑
k=2

Γ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)

≥ 1−
∞∑
k=2

1

4k−1(λ+ 1)k−1
1

(v + λ+ 1)(k−1)[|µ|]

= 1−
∞∑
k=2

1

(4(λ+ 1)(v + λ+ 1)[|µ|])k−1

=
4(λ+ 1)(v + λ+ 1)[|µ|] − 2

4(λ+ 1)(v + λ+ 1)[|µ|] − 1
,

(7)

for z ∈ U. From (6) and (7), we get

|p(z)− 1| =

∣∣∣∣∣z(J
µ
v,λ)′(z)

Jµv,λ(z)
− 1

∣∣∣∣∣ =

∣∣∣∣∣∣ (J
µ
v,λ)′(z)− Jµv,λ(z)

z

Jµv,λ(z)

z

∣∣∣∣∣∣
<

4(λ+ 1)(v + λ+ 1)[|µ|]

(4(λ+ 1)(v + λ+ 1)[|µ|] − 1)(4(λ+ 1)(v + λ+ 1)[|µ|] − 2)
.

Hence we deduce that |p(z)− 1| < 1 if

(λ+ 1)(v + λ+ 1)[|µ|] >
2 +
√

2

4
.

This completes the proof of the Theorem 2.2. �

Example 2.2. The function J
14
10

1,− 1
2

(z) is starlike in U. (Figure 3)

Theorem 2.3. Let v, µ > 0 and λ ≥ −1/2. If λ+ v ≥ 0, 462 and

(λ+ 1)(v + λ+ 1)[|µ|] > 2
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Figure 3. Mapping of J
14
10

1,− 1
2

(z) over U.

where [|µ|] denotes the greatest integer value of µ, then Jµv,λ(z) given in (2) is convex
in U.

Proof. Let p(z) be the function defined by

p(z) = 1 +
z(Jµv,λ)′′(z)

(Jµv,λ)′(z)
, (z ∈ U).

Then p(z) is analytic in U and p(0) = 1. To prove Jµv,λ(z) is convex in U, we need

to show that |p(z) − 1| < 1, z ∈ U. For z ∈ U, using (2), (4), (5) and the fact that
k(k − 1) ≤ 2k for all k ≥ 1, we get

∣∣∣z(Jµv,λ)′′(z)
∣∣∣ =

∣∣∣ ∞∑
k=2

k(k − 1)Γ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)
zk−1

∣∣∣
<

∞∑
k=2

k(k − 1)Γ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)

≤
∞∑
k=2

k(k − 1)

4k−1(λ+ 1)k−1(v + λ+ 1)(k−1)[|µ|]

≤ 2

∞∑
k=2

1

(2(λ+ 1)(v + λ+ 1)[|µ|])k−1

=
2

2(λ+ 1)(v + λ+ 1)[|µ|] − 1
.

(8)
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Furthermore, using (2), (4), (5) and the fact that k ≤ 2k−1 for all k ≥ 1, we get∣∣∣(Jµv,λ)′(z)
∣∣∣ =

∣∣∣∣∣1 +

∞∑
k=2

kΓ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)
zk−1

∣∣∣∣∣
> 1−

∞∑
k=2

kΓ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)

≥ 1−
∞∑
k=2

k

4k−1(λ+ 1)k−1(v + λ+ 1)(k−1)[|µ|]

≥ 1−
∞∑
k=2

1

(2(λ+ 1)(v + λ+ 1)[|µ|])k−1

=
2(λ+ 1)(v + λ+ 1)[|µ|] − 2

2(λ+ 1)(v + λ+ 1)[|µ|] − 1
,

(9)

under the given hypotheses. From (8) and (9), we obtain∣∣∣∣∣z(J
µ
v,λ)′′(z)

(Jµv,λ)′(z)

∣∣∣∣∣ < 1

(λ+ 1)(v + λ+ 1)[|µ|] − 1
,

and the last expression is less than 1 by our assumption. This completes the proof of
the Theorem 2.3. �

Example 2.3. The function J3
1,1(z) is convex in U. (Figure 4)

Figure 4. Mapping of J3
1,1(z) over U.

Theorem 2.4. Let v, µ > 0 and λ > −1/2. If λ + v ≥ 0, 462, then Jµv,λ(z) given in

(2) is univalent and starlike in U1/2.

Proof. Under the hypotheses of the theorem, the straightforward calculation would
yield
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∣∣∣∣∣J
µ
v,λ(z)

z
− 1

∣∣∣∣∣ =

∣∣∣∣∣
∞∑
k=2

Γ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)
zk−1

∣∣∣∣∣
<

∞∑
k=2

1

4k−1(λ+ 1)(k−1)(v + λ+ 1)(k−1)[|µ|]

=

∞∑
k=2

1(
4(λ+ 1)(v + λ+ 1)[|µ|]

)(k−1)
=

1

4(λ+ 1)(v + λ+ 1)[|µ|] − 1
.

In view of Lemma 1.2, Jµv,λ(z) is starlike in U1/2, if the last expression less than 1, or

equivalently, if (λ + 1)(v + λ + 1)[|µ|] > 1
2 . But, this is already a consequence of the

hypotheses of the theorem. This completes the proof of the Theorem 2.4. �

Example 2.4. The function J1
2, 13

(z) is starlike in U1/2. (Figure 5)

Figure 5. Mapping of J1
2, 13

(z) over U1/2.

Theorem 2.5. Let v, µ > 0 and λ ≥ −1/2. If λ+ v ≥ 0, 462 and

(λ+ 1)(v + λ+ 1)[|µ|] >
2 +
√

2

4

where [|µ|] denotes the greatest integer value of µ, then Jµv,λ(z) given in (2) is convex
in U1/2.

Proof. Under the hypotheses of the theorem, the straightforward calculation would
yield



392 G. AKIN AND S. SÜMER EKER

∣∣(Jµv,λ)′(z)− 1
∣∣ =

∣∣∣∣∣
∞∑
k=2

kΓ(λ+ 1)Γ(v + λ+ 1)

4k−1Γ(λ+ k)Γ(v + λ+ 1 + (k − 1)µ)
zk−1

∣∣∣∣∣
<

∞∑
k=2

k

4k−1(λ+ 1)k−1(v + λ+ 1)(k−1)[|µ|]

=

∞∑
k=2

k

(4(λ+ 1)(v + λ+ 1)[|µ|])(k−1)

=
8(λ+ 1)(v + λ+ 1)[|µ|] − 1

(4(λ+ 1)(v + λ+ 1)[|µ|] − 1)2
.

In view of Lemma 1.3, Jµv,λ(z) is convex in U1/2, if

8(λ+ 1)(v + λ+ 1)[|µ|] − 1 < (4(λ+ 1)(v + λ+ 1)[|µ|] − 1)2.

The last inequality holds if

(λ+ 1)(v + λ+ 1)[|µ|] >
1

4
(2 +

√
2).

This completes the proof of the Theorem 2.5. �

Example 2.5. The function J1
2,1(z) is convex in U1/2. (Figure 6)

Figure 6. Mapping of J1
2,1(z) over U1/2.

The following results can be proved in a manner that is analogous to the proofs of
the earlier results in this section. Therefore, we omit the details.

Theorem 2.6. Let v, µ > 0 and λ ≥ −1/2. If λ+ v ≥ 0, 462 and

(λ+ 1)(v + λ+ 1)[|µ|] >
1

8
(5 +

√
17)

where [|µ|] denotes the greatest integer value of µ, then the function Jµv,λ(z) given in

(2) is belongs to the class of Sp.
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Example 2.6. The function J1
1
2 ,1

(z) is in the class Sp.

Theorem 2.7. Let v, µ > 0 and λ ≥ −1/2. If λ+ v ≥ 0, 462 and

(λ+ 1)(v + λ+ 1)[|µ|] > 3

where [|µ|] denotes the greatest integer value of µ, then the function Jµv,λ(z) given in

(2) is belongs to the class of UCV .

Example 2.7. The function J2
2,2(z) is in the class UCV .
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Mayerová, D. Flaut (Eds.), Models and Theories in Social Systems, Studies in Systems, Decision

and Control 179, Springer, Cham, (2019), 403–415. DOI:10.1007/978-3-030-00084-4 22
[13] D. Bansal, J.K. Prajapat, Certain geometric properties of the Mittag-Leffler functions, Complex

Var. Elliptic Equ. 61 (2016), no. 3, 338–350.

[14] J.K. Prajapat, Certain geometric properties of the Wright functions, Integral Transforms Spec.
Funct. 26 (2015), no. 3, 203–212.

[15] D. Bansal, A. Soni, M.K. Soni, Geometric properties of τ -confluent hypergeometric function,

Anal.Math.Phys. 10 (2020), 73. DOI:10.1007/s13324-020-00426-8
[16] S. Ponnusamy, A. Baricz, Starlikeness and convexity of generalized Bessel functions, Integral

Transform Spec Funct. 21 (2010), no. 9, 641–653.
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