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Abstract. This paper deals with the existence and uniqueness results for a class of impulsive

implicit fractional initial value problems of the convex combined Caputo fractional derivative.

The arguments are based on Banach’s contraction principle, Schauder’s and Mönch’s fixed
point theorems. We will also establish the Ulam stability and give some examples to illustrate

our results.
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1. Introduction

In recent years, fractional calculus has shown to be a very useful method for dealing
with the complexity structures encountered in a variety of fields. It is concerned with
the extension of integer order differentiation and integration of a function to non-
integer order. The reader is directed to the publications [1, 2, 3, 9, 10, 11, 20, 21],
for more details. Numerous books and papers have recently appeared in which the
authors discussed the existence, stability, and uniqueness of solutions for various
problems with fractional differential equations and inclusions using various fractional
derivatives and conditions. One may see the papers [25, 15, 19, 8], and the references
therein. Several papers in the literature discuss the Ulam stabilities of various types of
differential and integral equations, see [17, 22, 24, 16, 27, 30, 28, 29] and the references
therein.

The theory of impulsive differential equations is essential in describing many phe-
nomena, it has received too much attention in the literature. For more details, we
recommend [7, 23, 14].

In [23], the authors established existence and uniqueness results to the following
k-generalized ψ-Hilfer problem with nonlinear implicit fractional differential equation
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with impulses involving both retarded and advanced arguments:

(
H
k D

ϑ,r;ψ

θ+i
x
)

(θ) = f
(
θ, xθ(·),

(
H
k D

ϑ,r;ψ

θ+i
x
)

(θ)
)
, θ ∈ Ji, i = 0, . . . , β,

(
J k(1−ξ),k;ψ

θ+i
x
)

(θ+
i ) =

(
J k(1−ξ),k;ψ

θ+i−1

x

)
(θ−i ) + Li(x(θ−i )); i = 1, . . . , β,

α1

(
J k(1−ξ),k;ψ
a+ x

)
(a+) + α2

(
J k(1−ξ),k;ψ

θ+β
x

)
(b) = α3,

x(θ) = $(θ), θ ∈ [a− λ, a], λ > 0,

x(θ) = $̃(θ), θ ∈
[
b, b+ λ̃

]
, λ̃ > 0,

where H
k D

ϑ,r;ψ
a+ ,J k(1−ξ),k;ψ

a+ are the k-generalized ψ-Hilfer fractional derivative of or-
der ϑ ∈ (0, k) and type r ∈ [0, 1], and k-generalized ψ-fractional integral of order
k(1 − ξ) respectively, where ξ = 1

k (r(k − ϑ) + ϑ), k > 0, $ ∈ C ([a− λ, a],R),

$̃ ∈ C
([
b, b+ λ̃

]
,R
)

, f : [a, b]×PCξ,k;ψ

([
−λ, λ̃

])
×R −→ R is a given appropriate

function specified latter, α1, α2, α3 ∈ R such that α1 + α2 6= 0, Ji := (θi, θi+1]; i =
0, . . . , β, a = θ0 < θ1 < . . . < θβ < θβ+1 = b < ∞, x(θ+

i ) = lim
ε→0+

x(θi + ε) and

x(θ−i ) = lim
ε→0−

x(θi + ε) represent the right and left hand limits of x(θ) at θ = θi and

Li : R→ R; i = 1, . . . , β, are given continuous functions. They based their arguments
on the Banach contraction principle and Schauder’s fixed point theorem.

In this article, we present the combined Caputo fractional derivative which is a
convex combination of the left Caputo fractional derivative of order κ1 and the right
Caputo fractional derivative of order κ2. The main feature of the convex combined
Caputo fractional operator is that it is a two sided operator, this property plays a
decisive role in the fractional modeling. See [4], for more information.

In this paper, we study the existence and stability results for the following implicit
impulsive fractional problem:

C
0 D

κ1,κ2;γ
κ ϕ(θ) = f(θ, ϕ(θ), C0 D

κ1,κ2;γ
κ ϕ(θ)), θ ∈ (θ, θ+1],  = 0, . . . , β, (1)

∆ϕ|θ = I(ϕ(θ− )),  = 1, . . . , β, (2)

ϕ(0) = ϕ0, (3)

where C0 D
κ1,κ2;γ
κ represents the convex combined Caputo fractional derivative of order

(κ1, κ2) ∈ (0, 1], γ ∈ [0, 1], f : Θ × R × R → R is a given function, where Θ = [0,κ].
I : R→ R, and ϕ0 ∈ R , 0 = θ0 < θ1 < . . . < θβ < θβ+1 = κ.
Let ∆ϕ|θ = ϕ(θ+

 )−ϕ(θ− ), with ϕ(θ+
 ) = lim

h→0+
ϕ(θ + h) and ϕ(θ− ) = lim

h→0−
ϕ(θ+h)

represent the right and left limits of ϕθ at θ = θ respectively.
This article is organized as follows: Section 2 represents some definitions and pre-

vious results. In Section 3, we present the existence results for the problem (1)-(3)
that are based on Banach’s contraction principle and Schauder’s fixed point theorem.
In section 4, we study an existence result of a problem similar to problem (1)-(3) in
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a Banach space. Moreover, the Ulam stability of this problem is discussed. Finally,
we give some examples to show the applicability of our results.

2. Preliminaries

In this section, we introduce some notations, definitions and previous results which
are used throughout this paper.

Let Ξ be a Banach space and consider C(Θ,Ξ), where Θ = [0,κ], the Banach space
of all continuous functions from Θ to Ξ with the norm

‖ϕ‖∞ = sup{‖ϕ(θ)‖ : θ ∈ Θ}.

Consider the following sets of functions:

PC(Θ,R) =
{
ϕ : [0,κ]→ R : ϕ ∈ C((θ, θ+1],R),  = 0, . . . , β,

and there exist ϕ(θ− ), ϕ(θ+
 ),  = 1, . . . , β, withϕ(θ− ) = ϕ(θ)

}
.

Let PC([0,κ],R) is a Banach space with the norm

‖ϕ‖PC = sup
θ∈Θ
‖ϕ(θ)‖.

PC1(Θ,Ξ) =
{
ϕ : [0,κ]→ Ξ : ϕ ∈ C((θ, θ+1],Ξ),  = 0, . . . , β,

and there exist ϕ(θ− ), ϕ(θ+
 ),  = 1, . . . , β, with ϕ(θ− ) = ϕ(θ)

}
.

PC1([0,κ],Ξ) is a Banach space with the norm

‖ϕ‖PC1
= sup
θ∈Θ
‖ϕ(θ)‖.

Definition 2.1 ([13]). Let κ1 > 0. The left and right Riemann-Liouville fractional
integrals of a function ϕ ∈ C(Θ,Ξ) of order κ1 are given respectively by

0I
κ1

θ ϕ(θ) =
1

Γ(κ1)

∫ θ

0

(θ − %)κ1−1ϕ(%)d%,

and

θI
κ1
κ ϕ(θ) =

1

Γ(κ1)

∫ κ

θ

(%− θ)κ1−1ϕ(%)d%.

Definition 2.2 ([4, 26]). Let κ1, κ2 > 0. The combined Riemann fractional integral
of a function ϕ ∈ C(Θ,Ξ) of order (κ1, κ2) is defined by

0I
κ1,κ2
κ ϕ(θ) = 0I

κ1

θ ϕ(θ) +θ I
κ2
κ ϕ(θ),

where 0I
κ1

θ and θI
κ2
κ are the left and right fractional integrals of Riemann-Liouville

of order κ1 and κ2 respectively.

Definition 2.3 ([13]). Let κ1 ∈ (n, n + 1], n ∈ N0. The left and right Caputo
fractional derivatives of a function ϕ ∈ Cn+1(Θ,Ξ) of order κ1 are given respectively
by

C
0 D

κ1

θ ϕ(θ) =
1

Γ(n+ 1− κ1)

∫ θ

0

(θ − %)n−κ1ϕ(n+1)(%)d%,
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and
C
θ D

κ1
κ ϕ(θ) =

(−1)n+1

Γ(n+ 1− κ1)

∫ κ

θ

(%− θ)n−κ1ϕ(n+1)(%)d%.

Definition 2.4 ([4, 26]). Let κ1, κ2 ∈ (n, n + 1], n ∈ N0, γ ∈ [0, 1]. The convex
combined Caputo fractional derivative of a function ϕ ∈ Cn+1(Θ,Ξ) of order (κ1, κ2)
is given by

C
0 D

κ1,κ2;γ
κ ϕ(θ) = γ C

0 D
κ1

θ ϕ(θ) + (−1)n+1(1− γ)Cθ D
κ2
κ ϕ(θ),

where C
0 D

κ1

θ is the left Caputo derivative and C
θ D

κ2
κ is the right one.

Lemma 2.1 ([13]). If ξ ∈ Cn+1(Θ,Ξ) and κ1, κ2 ∈ (n, n+1], n ∈ N0, γ ∈ [0, 1], then
we have

0I
κ1

θ
C
0 D

κ1

θ ξ(θ) = ξ(θ)−
n∑
=0

ξ()(0)

!
θ,

and

θI
κ2
κ

C
θ D

κ2
κ ξ(θ) = (−1)n+1

[
ξ(θ)−

n∑
=0

(−1)ξ()(κ)

!
(κ − θ)

]
.

Consequently, we may have

0I
κ1,κ2
κ

C
0 D

κ1,κ2;γ
κ ξ(θ) = γ 0I

κ1

θ
C
0 D

κ1

θ ξ(θ) + (−1)n+1(1− γ) θI
κ2
κ

C
θ D

κ2
κ ξ(θ)).

In particular, if 0 < κ1, κ2 ≤ 1, then we obtain

0I
κ1,κ2
κ

C
0 D

κ1,κ2;γ
κ ξ(θ) = ξ(θ)− γξ(0)− (1− γ)ξ(κ).

Remark 2.1. If we take γ = 1
2 and κ1 = κ2, the convex combined Caputo fractional

derivative coincides with the Riesz-Caputo derivative.

2.1. Measure of Noncompactness.

Definition 2.5 ([6]). Let X be a Banach space and let ΩX be the family of bounded
subsets of X. The Kuratowski measure of noncompactness is the map ζ : ΩX −→
[0,∞) defined by

ζ(χ) = inf

ε > 0 : χ ⊂
β⋃
j=1

χj , diam(χj) ≤ ε

 ,

where χ ∈ ΩX .

The map ζ satisfies the following properties:
• ζ(χ) = 0⇔ χ is compact (χ is relatively compact);
• ζ(χ) = ζ(χ);
• χ1 ⊂ χ2 ⇒ ζ(χ1) ≤ ζ(χ2);
• ζ(χ1 + χ2) ≤ ζ(Ω1) + ζ(Ω2);
• ζ(cχ) = |c|ζ(χ), c ∈ R;
• ζ(convχ) = ζ(χ).

Lemma 2.2 ([12]). Let Ω ⊂ PC1(Θ, X) be a bounded and equicontinuous set. Then,
a) The function ϑ→ ζ(Ω(ϑ)) is continuous on Θ, and

ζc(Ω) = sup
ϑ∈Θ

ζ(Ω(ϑ)),
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b) ζ

(∫ κ

0

ϕ(%)d% : ϕ ∈ Ω

)
≤
∫ κ

0

ζ(Ω(%))d%, where

Ω(ϑ) = {ϕ(ϑ) : ϕ ∈ Ω}, ϑ ∈ Θ.

2.2. Some Fixed Point Theorems.

Theorem 2.3 (Banach’s fixed point theorem [13]). Let X be a Banach space and
H : X −→ X a contraction, i.e. there exists  ∈ [0, 1) such that

‖H(ξ1)−H(ξ2)‖ ≤ ‖ξ1 − ξ2‖, for all ξ1, ξ2 ∈ X.

Then H has a unique fixed point.

Theorem 2.4 (Schauder’s fixed point Theorem [13]). Let X be a Banach space, D
a bounded, closed, convex subset of X, and T : D −→ D a compact and continuous
map. Then T has at least one fixed point in D.

Theorem 2.5 (Mönch’s fixed point theorem [18]). Let D be a non-empty, closed,
bounded and convex subset of a Banach space X such that 0 ∈ D and let H : D −→ D
be a continuous mapping. If the implication

Ω = convH(Ω) or Ω = H(Ω) ∪ {0} ⇒ ζ(Ω) = 0,

holds for every subset Ω of D, then H has at least one fixed point.

3. Existence Results

Consider the following fractional differential problem:

C
0 D

κ1,κ2;γ
κ ϕ(θ) = µ(θ), for each θ ∈ (θ, θ+1],  = 0, . . . , β, (4)

∆ϕ|θ = τ,  = 1, . . . , β, (5)

ϕ(0) = ϕ0, (6)

where µ : Θ→ R is a continuous function and τ are real constants.

Lemma 3.1. Let κ1, κ2 ∈ (0, 1], γ ∈ [0, 1], and µ : Θ → R be continuous. Then, the
problem (4)-(6) has a unique solution given by:

ϕ(θ) =



ϕ0 −
1

Γ(κ2)

∫ θ1

0

sκ2−1µ(s)ds+
1

Γ(κ1)

∫ θ

0

(θ − s)κ1−1µ(s)ds

+
1

Γ(κ2)

∫ θ1

θ

(s− θ)κ2−1µ(s)ds, if θ ∈ [0, θ1],

ϕ0 −
1

Γ(κ2)

+1∑
l=1

∫ θl

θl−1

(s− θl−1)κ2−1µ(s)ds

+
1

Γ(κ1)

∑
l=1

∫ θl

θl−1

(θl − s)κ1−1µ(s)ds

+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1µ(s)ds+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1µ(s)ds

+

∑
l=1

τl, if θ ∈ (θ, θ+1].

(7)
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Proof. Suppose that ϕ satisfies (4)-(6). Then, from Lemma 2.1, if θ ∈ [0, θ1], then

ϕ(θ) = γϕ(0) + (1− γ)ϕ(θ−1 ) + 0I
κ1,κ2

θ1
µ(θ)

= γϕ0 + (1− γ)ϕ(θ−1 ) +
1

Γ(κ1)

∫ θ

0

(θ − s)κ1−1µ(s)ds

+
1

Γ(κ2)

∫ θ1

θ

(s− θ)κ2−1µ(s)ds.

For θ = 0, we have

(1− γ)ϕ(θ−1 ) = (1− γ)ϕ0 −
1

Γ(κ2)

∫ θ1

0

sκ2−1µ(s)ds.

Thus,

ϕ(θ) = ϕ0 −
1

Γ(κ2)

∫ θ1

0

sκ2−1µ(s)ds+
1

Γ(κ1)

∫ θ

0

(θ − s)κ1−1µ(s)ds

+
1

Γ(κ2)

∫ θ1

θ

(s− θ)κ2−1µ(s)ds.

If θ ∈ (θ1, θ2], then we have

ϕ(θ) = γϕ(θ+
1 ) + (1− γ)ϕ(θ−2 ) +

1

Γ(κ1)

∫ θ

θ1

(θ − s)κ1−1µ(s)ds

+
1

Γ(κ2)

∫ θ2

θ

(s− θ)κ2−1µ(s)ds.

For θ = θ1, we have

(1− γ)ϕ(θ−2 ) = (1− γ)ϕ(θ+
1 )− 1

Γ(κ2)

∫ θ2

θ1

(s− θ1)κ2−1µ(s)ds,

and

ϕ(θ+
1 ) = ϕ(θ−1 ) + τ1.

Then,

ϕ(θ) = ϕ0 −
1

Γ(κ2)

∫ θ1

0

sκ2−1µ(s)ds+
1

Γ(κ1)

∫ θ1

0

(θ1 − s)κ1−1µ(s)ds

− 1

Γ(κ2)

∫ θ2

θ1

(s− θ1)κ2−1µ(s)ds+
1

Γ(κ1)

∫ θ

θ1

(θ − s)κ1−1µ(s)ds

+
1

Γ(κ2)

∫ θ2

θ

(s− θ)κ2−1µ(s)ds+ τ1.

If θ ∈ (θ2, θ3], then we have

ϕ(θ) = γϕ(θ+
2 ) + (1− γ)ϕ(θ−3 ) +

1

Γ(κ1)

∫ θ

θ2

(θ − s)κ1−1µ(s)ds

+
1

Γ(κ2)

∫ θ3

θ

(s− θ)κ2−1µ(s)ds.
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For θ = θ2, we have

(1− γ)ϕ(θ−3 ) = (1− γ)ϕ(θ+
2 )− 1

Γ(κ2)

∫ θ3

θ2

(s− θ2)κ2−1µ(s)ds.

Thus,

ϕ(θ) = ϕ0 −
1

Γ(κ2)

∫ θ1

0

sκ2−1µ(s)ds+
1

Γ(κ1)

∫ θ1

0

(θ1 − s)κ1−1µ(s)ds

− 1

Γ(κ2)

∫ θ2

θ1

(s− θ1)κ2−1µ(s)ds+
1

Γ(κ1)

∫ θ2

θ1

(θ2 − s)κ1−1µ(s)ds

− 1

Γ(κ2)

∫ θ3

θ2

(s− θ2)κ2−1µ(s)ds+
1

Γ(κ1)

∫ θ

θ2

(θ − s)κ1−1µ(s)ds

+
1

Γ(κ2)

∫ θ3

θ

(s− θ)κ2−1µ(s)ds+ τ1 + τ2.

By repeating the same procedure, for θ ∈ (θ, θ+1], we get

ϕ(θ) = ϕ0 −
1

Γ(κ2)

+1∑
l=1

∫ θl

θl−1

(s− θl−1)κ2−1µ(s)ds+
1

Γ(κ1)

∑
l=1

∫ θl

θl−1

(θl − s)κ1−1µ(s)ds

+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1µ(s)ds+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1µ(s)ds+

∑
l=1

τl.

Conversely, assume that ϕ satisfies (7). Since the Caputo derivative of constant is
zero, if θ ∈ [0, θ1], we obtain C

0 D
κ1,κ2;γ
κ ϕ(θ) = µ(θ), and if θ ∈ (θ, θ+1],  = 0, . . . β,

we get C0 D
κ1,κ2;γ
κ ϕ(θ) = µ(θ). Also we can easily prove that ∆ϕ|θ = τ. �

Definition 3.1. By a solution of the problem (1)-(3) we mean a function ϕ ∈
PC(Θ,R) that satisfies the equation (1) and the conditions (2)-(3).

Lemma 3.2. Let f : Θ × R × R → R be a continuous function. Then the problem
(1)-(3) is equivalent to the following integral equation:

ϕ(θ) =



ϕ0 −
1

Γ(κ2)

∫ θ1

0

sκ2−1f(s, ϕ(s), g(s))ds

+
1

Γ(κ1)

∫ θ

0

(θ − s)κ1−1f(s, ϕ(s), g(s))ds

+
1

Γ(κ2)

∫ θ1

θ

(s− θ)κ2−1f(s, ϕ(s), g(s))ds, θ ∈ [0, θ1],

ϕ0 −
1

Γ(κ2)

+1∑
l=1

∫ θl

θl−1

(s− θl−1)κ2−1f(s, ϕ(s), g(s))ds

+
1

Γ(κ1)

∑
l=1

∫ θl

θl−1

(θl − s)κ1−1f(s, ϕ(s), g(s))ds

+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1f(s, ϕ(s), g(s))ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1f(s, ϕ(s), g(s))ds+

∑
l=1

Il(ϕ(θ−l )), θ ∈ (θ, θ+1],
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where g ∈ C(Θ,R) satisfies the following functional equation

g(θ) = f(θ, ϕ(θ), g(θ)).

We are now in a position to prove the existence result of the problem (1)-(3) based
on the Banach’s contraction principle.

Let us put the following conditions:
(B1 ) The function f : Θ× R× R→ R is continuous.
(B2 ) There exist constants λ > 0 and 0 < L < 1 such that

|f(θ, ξ, δ)− f(θ, ξ̄, δ̄)| ≤ λ|ξ − ξ̄|+ L|δ − δ̄|,

for any ξ, ξ̄, δ, δ̄ ∈ R and θ ∈ Θ.
(B3 ) There exists constant C > 0 such that

|I(δ)− I(δ̄)| ≤ C|δ − δ̄|,

for any δ, δ̄ ∈ R and  = 1, . . . , β.

Theorem 3.3. Assume that the assumptions (B1)-(B3) hold. If

λκκ2(β + 2)

(1− L)Γ(κ2 + 1)
+

λκκ1(β + 1)

(1− L)Γ(κ1 + 1)
+ Cβ < 1,

then the problem (1)-(3) has a unique solution on Θ.

Proof. Consider the operator ℵ : PC(Θ,R) −→ PC(Θ,R) defined by:

ℵϕ(θ) = ϕ0 −
1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1g(s)ds

+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1g(s)ds+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1g(s)ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1g(s)ds+
∑

0<θ<θ

I(ϕ(θ− )).

Clearly the fixed points of the operator ℵ are solutions of the problem (1)-(3).
Let ϕ, z ∈ PC(Θ,R) and θ ∈ Θ. Then

|ℵϕ(θ)− ℵz(θ)| ≤ 1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1|g(s)− h(s)|ds

+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1|g(s)− h(s)|ds

+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1|g(s)− h(s)|ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1|g(s)− h(s)|ds

+
∑

0<θ<θ

|I(ϕ(θ− ))− I(z(θ− ))|,



412 W. RAHOU, A. SALIM, J. E. LAZREG, AND M. BENCHOHRA

where g and h are two functions verifying the functional equations:

g(θ) = f(θ, ϕ(θ), g(θ)),

h(θ) = f(θ, z(θ), h(θ)).

Then, by (B2), we have

|g(θ)− h(θ)| = |f(θ, ϕ(θ), g(θ))− f(θ, z(θ), h(θ))|
≤ λ|ϕ(θ)− z(θ)|+ L|g(θ)− h(θ)|,

which implies

|g(θ)− h(θ)| ≤ λ

1− L
|ϕ(θ)− z(θ)|.

Thus,

|ℵϕ(θ)− ℵz(θ)| ≤ λ

(1− L)Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1|ϕ(θ)− z(θ)| ds

+
λ

(1− L)Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1|ϕ(θ)− z(θ)| ds

+
λ

(1− L)Γ(κ1)

∫ θ

θ

(θ − s)κ1−1|ϕ(θ)− z(θ)| ds

+
λ

(1− L)Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1|ϕ(θ)− z(θ)| ds

+

β∑
=1

C|ϕ(θ)− z(θ)|

≤

[
λκκ2(β + 2)

(1− L)Γ(κ2 + 1)
+

λκκ1(β + 1)

(1− L)Γ(κ1 + 1)
+ Cβ

]
‖ϕ− z‖PC .

Consequently, by the Banach’s contraction principle, the operator ℵ has a unique
fixed point which is solution of the fractional problem (1)-(3). �

Remark 3.1. Let us put

q1(θ) = |f(θ, 0, 0)|, λ = q∗2 , L = q∗3 , C = p∗1, p
∗
2 = max

=1,...,β
|I(0)|.

Then, the hypothesis (B2) implies that

|f(θ, ξ, δ)| ≤ q1(θ) + q∗2 |ξ|+ q∗3 |δ|,

for θ ∈ Θ, ξ ∈ R, δ ∈ R and q1 ∈ C(Θ,R+), such that

q∗1 = sup
θ∈Θ

q1(θ).

And, from hypothesis (B3), we have

|I(δ)| ≤ p∗1|ξ|+ p∗2,

for each δ ∈ R,  = 1, . . . , β.
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Theorem 3.4. Assume that the hypotheses (B1)-(B3) hold. If

q∗2κκ2(β + 2)

(1− q∗3)Γ(κ2 + 1)
+

q∗2κκ1(β + 1)

(1− q∗3)Γ(κ1 + 1)
+ βp∗1 < 1,

then the impulsive implicit fractional problem (1)-(3) has at least one solution.

Proof. In this proof, we will use Schauder’s fixed point theorem. The proof will be
given in several steps.

Step 1: The operator ℵ : PC(Θ,R) −→ PC(Θ,R) is continuous.
Let {ϕn}n∈N be a sequence such that ϕn −→ ϕ in PC(Θ,R). Then, for each θ ∈ Θ,
we have

|ℵϕn(θ)− ℵϕ(θ)| ≤ 1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1|gn(s)− g(s)|ds

+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1|gn(s)− g(s)|ds

+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1|gn(s)− g(s)|ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1|gn(s)− g(s)|ds

+
∑

0<θ<θ

|I(ϕn(θ− ))− I(ϕ(θ− ))|.

By (B2), we have

|gn(θ)− g(θ)| = |f(θ, ϕ(θ), gn(θ))− f(θ, ϕ(θ), g(θ))|
≤ λ|ϕn(θ)− ϕ(θ)|+ L|gn(θ)− g(θ)|.

Then,

|gn(θ)− g(θ)| ≤ λ

1− L
|ϕn(θ)− ϕ(θ)|.

Thus,

|ℵϕn(θ)− ℵϕ(θ)| ≤ λ

(1− L)Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1|ϕn(s)− ϕ(s)|ds

+
λ

(1− L)Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1|ϕn(s)− ϕ(s)|ds

+
λ

(1− L)Γ(κ1)

∫ θ

θ

(θ − s)κ1−1|ϕn(s)− ϕ(s)|ds

+
λ

(1− L)Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1|ϕn(s)− ϕ(s)|ds

+

β∑
=1

C|ϕn(θ)− z(θ)|.
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By applying the Lebesgue dominated convergence theorem, we get

|ℵϕn(θ)− ℵϕ(θ)| −→ 0 as n −→∞.

Hence,

‖ℵϕn − ℵϕ‖PC −→ 0 as n −→∞,

which implies that ℵ is continuous.

Let R > 0 such that

R ≥
|ϕ0|+ q∗1κ

κ2 (β+2)
(1−q∗3 )Γ(κ2+1) +

q∗1κ
κ1 (β+1)

(1−q∗3 )Γ(κ1+1) + βp∗2

1− q∗2κκ2 (β+2)
(1−q∗3 )Γ(κ2+1) −

q∗2κκ1 (β+1)
(1−q∗3 )Γ(κ1+1) − βp

∗
1

.

Define the ball

DR = {ϕ ∈ PC(Θ,R) : ‖ϕ‖PC ≤ R}.
Step 2: ℵ(DR) ⊂ DR.

Let ϕ ∈ DR and θ ∈ Θ. Then,

|ℵϕ(θ)| ≤ |ϕ0|+
1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1|g(s)|ds

+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1|g(s)|ds+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1|g(s)|ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1|g(s)|ds+
∑

0<θ<θ

|I(ϕ(θ− ))|.

From hypothesis (B2), we have

|g(θ)| = |f(θ, ϕ(θ), g(θ))|
≤ q1(θ) + q∗2‖ϕ‖PC + q∗3 |g(θ)|
≤ q∗1 + q∗2R+ q∗3 |g(θ)|.

Then,

|g(θ)| ≤ q∗1 + q∗2R

1− q∗3
.

Thus,

|ℵϕ(θ)| ≤ |ϕ0|+
κκ2(q∗1 + q∗2R)(β + 2)

(1− q∗3)Γ(κ2 + 1)
+

κκ1(q∗1 + q∗2R)(β + 1)

(1− q∗3)Γ(κ1 + 1)
+ β(p∗1R+ p∗2)

≤ R.

Hence, ℵ(DR) ⊂ DR.

Step 3: ℵ(DR) is equicontinuous.
Let θ1, θ2 ∈ Θ, where θ1 < θ2 and ϕ ∈ DR. Then,

|ℵϕ(θ2)− ℵϕ(θ1)| =

∣∣∣∣∣ 1

Γ(κ1)

∫ θ2

θ

(θ2 − s)κ1−1g(s)ds+
1

Γ(κ2)

∫ θ+1

θ2

(s− θ2)κ2−1g(s)ds
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− 1

Γ(κ1)

∫ θ1

θ

(θ1 − s)κ1−1g(s)ds− 1

Γ(κ2)

∫ θ+1

θ1

(s− θ1)κ2−1g(s)ds

+
∑

θ1<θ<θ2

I(ϕ(θ− ))

∣∣∣∣∣
≤ 1

Γ(κ1)

∫ θ1

θ

[(θ2 − s)κ1−1 − (θ1 − s)κ1−1]|g(s)|ds

+
1

Γ(κ1)

∫ θ2

θ1

(θ2 − s)κ1−1|g(s)|ds+
1

Γ(κ2)

∫ θ2

θ1

(s− θ1)κ2−1|g(s)|ds

+
1

Γ(κ2)

∫ θ+1

θ2

[(s− θ2)κ2−1 − (s− θ1)κ2−1]|g(s)|ds

+
∑

θ1<θ<θ2

|I(ϕ(θ− ))|

≤ (q∗1 + q∗2R)

(1− q∗3)Γ(κ1)

∫ θ1

θ

[(θ2 − s)κ1−1 − (θ1 − s)κ1−1]ds

+
(q∗1 + q∗2R)(θ2 − θ1)κ1

(1− q∗3)Γ(κ1 + 1)
+

(q∗1 + q∗2R)(θ2 − θ1)κ2

(1− q∗3)Γ(κ2 + 1)

+
(q∗1 + q∗2R)

(1− q∗3)Γ(κ2)

∫ θ+1

θ2

[(s− θ2)κ2−1 − (s− θ1)κ2−1]ds

+
∑

θ1<θ<θ2

p∗1R+ p∗2.

As θ1 −→ θ2, the right-hand side of the preceding inequality tend to zero, then
ℵ(DR) is equicontinuous. According to the three steps and Arzela-Ascoli theorem, we
deduce that the operator ℵ has at least a fixed point which is solution of the problem
(1)-(3). �

4. An Example

Consider the following impulsive problem:

C
0 D

1
2 ,

1
3 ; 14

1 ϕ(θ) =
7 + |ϕ(θ)|+

∣∣∣C0 D 1
2 ,

1
3 ; 14

1 ϕ(θ)
∣∣∣

5
√
πeθ+

1
3

(
1 + |ϕ(θ)|+

∣∣∣C0 D 1
2 ,

1
3 ; 14

1 ϕ(θ)
∣∣∣) , θ ∈ Θ0 ∪Θ1, (8)

∆ϕ|θ= 1
2

=
1

9
ln

(
2 + e+ ϕ

(
1

2

−))
, (9)

ϕ(0) = 1, (10)

where Θ0 = [0, 1
2 ],Θ1 = ( 1

2 , 1].
Set

f(θ, ξ, δ) =
7 + |ξ|+ |δ|

5
√
πeθ+

1
3 (1 + |ξ|+ |δ|)

, θ ∈ [0, 1], ξ ∈ R and δ ∈ R.
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Obviously f is a continuous function, the the hypothesis (B1) is satisfied. And, for
each ξ, ξ̄, δ, δ̄ ∈ R and θ ∈ [0, 1], we have

|f(θ, ξ, δ)− f(θ, ξ̄, δ̄)| ≤ 1

5
√
πe

1
3

[|ξ − ξ̄|+ |δ − δ̄|].

Then, the hypothesis (B2) is satisfied with λ = γ = 1

5
√
πe

1
3

. Let

I1(δ) =
1

9
ln(2 + e+ δ), δ ∈ R+.

Then, for δ, δ̄ ∈ R+, we have

|I1(δ)− I1(δ̄)| =
∣∣∣∣19 ln(2 + e+ δ)− 1

10
ln(2 + e+ δ̄)

∣∣∣∣
≤ 1

9
|δ − δ̄|.

Thus, (B3) is met with C = 1
9 . Also, we have

λκκ2(β + 2)

(1− L)Γ(κ2 + 1)
+

λκκ1(β + 1)

(1− L)Γ(κ1 + 1)
+ Cβ =

3

(5
√
πe

1
3 − 1)Γ( 4

3 )

+
2

(5
√
πe

1
3 − 1)Γ( 3

2 )
+

1

9

≤ 1,

for κ = 1, β = 1 and C = 1
9 . It follows from Theorem 3.3 that the problem (8)-(10)

has a unique solution on [0, 1].

5. Impulsive Implicite Problem in Banach Spaces

This section is devoted to the study of existence and stability of a problem similar to
problem (1)-(3) in a Banach space. Consider the following problem:

C
0 D

κ1,κ2;γ
κ ϕ(θ) = f(θ, ϕ(θ), C0 D

κ1,κ2;γ
κ ϕ(θ)), for each θ ∈ (θ, θ+1],  = 0, . . . , β, (11)

∆ϕ|θ = I(ϕ(θ− )),  = 1, . . . , β, (12)

ϕ(0) = ϕ0, (13)

where C0 D
κ1,κ2;γ
κ is the convex combined Caputo fractional derivative of order (κ1, κ2) ∈

(0, 1], γ ∈ [0, 1], f : Θ × Ξ × Ξ → Ξ is a given function, where Θ = Θ. I : Ξ → Ξ,
and ϕ0 ∈ Ξ , 0 = θ0 < θ1 < ... < θβ < θβ+1 = κ. Let ∆ϕ|θ = ϕ(θ+

 ) − ϕ(θ− ),

with ϕ(θ+
 ) = lim

h→0+
ϕ(θ + h) and ϕ(θ− ) = lim

h→0−
ϕ(θ+h) represent the right and left

limits of ϕθ at θ = θ respectively.

Definition 5.1. By a solution of the problem (11)-(13) we mean a function ϕ ∈
PC1(Θ,Ξ) that satisfies the equation (11) and the conditions (12)-(13).
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Lemma 5.1. Let f : Θ × Ξ × Ξ → Ξ be a continuous function. Then the problem
(11)-(13) is equivalent to the following integral equation:

ϕ(θ) =



ϕ0 −
1

Γ(κ2)

∫ θ1

0

sκ2−1f(s, ϕ(s), g(s))ds

+
1

Γ(κ1)

∫ θ

0

(θ − s)κ1−1f(s, ϕ(s), g(s))ds

+
1

Γ(κ2)

∫ θ1

θ

(s− θ)κ2−1f(s, ϕ(s), g(s))ds, θ ∈ [0, θ1],

ϕ0 −
1

Γ(κ2)

+1∑
l=1

∫ θl

θl−1

(s− θl−1)κ2−1f(s, ϕ(s), g(s))ds

+
1

Γ(κ1)

∑
l=1

∫ θl

θl−1

(θl − s)κ1−1f(s, ϕ(s), g(s))ds

+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1f(s, ϕ(s), g(s))ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1f(s, ϕ(s), g(s))ds+

∑
l=1

Il(ϕ(θ−l )), θ ∈ (θ, θ+1].

Let us set the following assumptions:
(B4 ) The function f : Θ× Ξ× Ξ→ Ξ is continuous.
(B5 ) There exist constants λ > 0 and 0 < L < 1 such that

‖f(θ, ξ, δ)− f(θ, ξ̄, δ̄)‖ ≤ λ‖ξ − ξ̄‖+ L‖δ − δ̄‖,

for any ξ, ξ̄ ∈ Ξ, δ, δ̄ ∈ Ξ and θ ∈ Θ.
(B6 ) There exists constant C > 0 such that

‖I(δ)− I(δ̄)‖ ≤ C‖δ − δ̄‖,

for any δ, δ̄ ∈ Ξ and  = 1, . . . β.
(B7 ) For each θ ∈ Θ and bounded sets B1, B2 ⊆ Ξ, we have

ζ(f(θ,B1, B2)) ≤ λζ(B1) + Lζ(B2).

(B8 ) For each θ ∈ Θ and bounded set B2 ⊆ Ξ,  = 1, . . . , β, we have

ζ(I(B2)) ≤ Cζ(B2).

Remark 5.1 ([5]). It is worth noting that the hypotheses (B5) and (B7) are equiv-
alent as well as the hypothesis (B6) and (B8).

Remark 5.2. Let us put

q1(θ) = ‖f(θ, 0, 0)‖, λ = q∗2 , L = q∗3 , C = p∗1, p
∗
2 = max

=1,...,β
‖I(0)‖.

Then the assumption (B5) implies that

‖f(θ, ξ, δ)‖ ≤ q1(θ) + q∗2‖ξ‖+ q∗3‖δ‖,

for θ ∈ Θ, ξ ∈ Ξ, δ ∈ Ξ and q1 ∈ C(Θ,R+), such that

q∗1 = sup
θ∈Θ

q1(θ).
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And from hypothesis (B6), we have

‖I(δ)‖ ≤ p∗1‖ξ‖+ p∗2,

for each δ ∈ Ξ,  = 1, . . . , β.

Theorem 5.2. Assume (B4)-(B6) are verified. If

q∗2κκ2(β + 2)

(1− q∗3)Γ(κ2 + 1)
+

q∗2κκ1(β + 1)

(1− q∗3)Γ(κ1 + 1)
+ βp∗1 < 1,

then the problem (11)-(13) has at least one solution.

To prove the existence of solution of the problem (11)-(13), we will use the concept
of measure of noncompactness and Mönch’s fixed point theorem.

Proof. Transform problem (11)-(13) into a fixed point problem.
The proof will be given in several steps.

Step 1: The operator ℵ : PC1(Θ,Ξ) −→ PC1(Θ,Ξ) is continuous.
Let {ϕn}n∈N be a sequence such that ϕn −→ ϕ in PC1(Θ,Ξ). Then for each θ ∈ Θ,
we have

‖ℵϕn(θ)− ℵϕ(θ)‖ ≤ 1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1‖gn(s)− g(s)‖ds

+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1‖gn(s)− g(s)‖ds

+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1‖gn(s)− g(s)‖ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1‖gn(s)− g(s)‖ds

+
∑

0<θ<θ

‖I(ϕn(θ− ))− I(ϕ(θ− ))‖.

By (B5), we have

‖gn(θ)− g(θ)‖ = ‖f(θ, ϕ(θ), gn(θ))− f(θ, ϕ(θ), g(θ))‖
≤ λ‖ϕn(θ)− ϕ(θ)‖+ L‖gn(θ)− g(θ)‖.

Then,

‖gn(θ)− g(θ)‖ ≤ λ

1− L
‖ϕn(θ)− ϕ(θ)‖.

Thus,

‖ℵϕn(θ)− ℵϕ(θ)‖ ≤ λ

(1− L)Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1‖ϕn(s)− ϕ(s)‖ds

+
λ

(1− L)Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1‖ϕn(s)− ϕ(s)‖ds
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+
λ

(1− L)Γ(κ1)

∫ θ

θ

(θ − s)κ1−1‖ϕn(s)− ϕ(s)‖ds

+
λ

(1− L)Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1‖ϕn(s)− ϕ(s)‖ds

+

β∑
=1

C‖ϕn(θ)− z(θ)‖.

By applying the Lebesgue dominated convergence theorem, we get

‖ℵϕn(θ)− ℵϕ(θ)‖ −→ 0 as n −→∞.
Hence,

‖ℵϕn − ℵϕ‖PC −→ 0 as n −→∞,
which implies that ℵ is continuous.

Let R > 0 such that

R ≥
‖ϕ0‖+

q∗1κ
κ2 (β+2)

(1−q∗3 )Γ(κ2+1) +
q∗1κ

κ1 (β+1)
(1−q∗3 )Γ(κ1+1) + βp∗2

1− q∗2κκ2 (β+2)
(1−q∗3 )Γ(κ2+1) −

q∗2κκ1 (β+1)
(1−q∗3 )Γ(κ1+1) − βp

∗
1

.

Define the ball

DR = {ϕ ∈ PC1(Θ,Ξ) : ‖ϕ‖PC1
≤ R}.

Step 2: ℵ(DR) ⊂ DR.
Let ϕ ∈ DR and θ ∈ Θ. Then

‖ℵϕ(θ)‖ ≤ ‖ϕ0‖+
1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1‖g(s)‖ds

+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1‖g(s)‖ds+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1‖g(s)‖ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1‖g(s)‖ds+
∑

0<θ<θ

‖I(ϕ(θ− ))‖.

From (B5), we have

‖g(θ)‖ = ‖f(θ, ϕ(θ), g(θ))‖
≤ q1(θ) + q∗2‖ϕ‖PC1

+ q∗3‖g(θ)‖
≤ q∗1 + q∗2R+ q∗3‖g(θ)‖.

Then,

‖g(θ)‖ ≤ q∗1 + q∗2R

1− q∗3
.

Thus,

‖ℵϕ(θ)‖ ≤ ‖ϕ0‖+
κκ2(q∗1 + q∗2R)(β + 2)

(1− q∗3)Γ(κ2 + 1)
+

κκ1(q∗1 + q∗2R)(β + 1)

(1− q∗3)Γ(κ1 + 1)
+ β(p∗1R+ p∗2)

≤ R.
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Hence, ℵ(DR) ⊂ DR.

Step 3: ℵ(DR) is equicontinuous.
Let θ1, θ2 ∈ Θ, where θ1 < θ2 and ϕ ∈ DR. Then,

‖ℵϕ(θ2)− ℵϕ(θ1)‖ ≤ 1

Γ(κ1)

∫ θ1

θ

[(θ2 − s)κ1−1 − (θ1 − s)κ1−1]‖g(s)‖ds

+
1

Γ(κ1)

∫ θ2

θ1

(θ2 − s)κ1−1‖g(s)‖ds

+
1

Γ(κ2)

∫ θ2

θ1

(s− θ1)κ2−1‖g(s)‖ds

+
1

Γ(κ2)

∫ θ+1

θ2

[(s− θ2)κ2−1 − (s− θ1)κ2−1]‖g(s)‖ds

+
∑

θ1<θ<θ2

‖I(ϕ(θ− ))‖

≤ (q∗1 + q∗2R)

(1− q∗3)Γ(κ1)

∫ θ1

θ

[(θ2 − s)κ1−1 − (θ1 − s)κ1−1]ds

+
(q∗1 + q∗2R)(θ2 − θ1)κ1

(1− q∗3)Γ(κ1 + 1)

+
(q∗1 + q∗2R)(θ2 − θ1)κ2

(1− q∗3)Γ(κ2 + 1)

+
(q∗1 + q∗2R)

(1− q∗3)Γ(κ2)

∫ θ+1

θ2

[(s− θ2)κ2−1 − (s− θ1)κ2−1]ds

+
∑

θ1<θ<θ2

p∗1R+ p∗2.

As θ1 −→ θ2, the right-hand side of the inequality above tend to zero, then ℵ(DR) is
equicontinuous.

Step 4: The implication of Mönch’s theorem.
Let B be a subset of DR such that B ⊂ ℵ(B) ∪ {0}. Therefore, the function θ −→
b(θ) = ζ(B(θ)) is continuous on Θ. Then, for θ ∈ Θ, we have

b(θ) = ζ(B(θ))

= ζ
{
ℵϕ(θ), ϕ ∈ B

}
= ζ

{
ϕ0 −

1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1g(s)ds

+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1g(s)ds+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1g(s)ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1g(s)ds+
∑

0<θ<θ

I(ϕ(θ− )), ϕ ∈ B

}
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≤ 1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1{ζ(g(s))ds, ϕ ∈ B}

+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1{ζ(g(s))ds, ϕ ∈ B}

+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1{ζ(g(s))ds, ϕ ∈ B}

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1{ζ(g(s))ds, ϕ ∈ B}+
∑

0<θ<θ

{ζ(I(ϕ(θ− ))), ϕ ∈ B}.

From (B7), we have

ζ(g(θ)) = ζ(f(θ, ϕ(θ), g(θ))

≤ λζ(ϕ(θ)) + Lζ(g(θ)).

Thus,

ζ(g(θ)) ≤ λ

1− L
ζ(ϕ(θ)).

Also, we have for each θ ∈ Θ and  = 1, . . . , β,∑
0<θ<θ

ζ(I(ϕ(θ− ))) ≤ βCζ(ϕ(θ)).

Then,

b(θ) = ζ(B(θ))

≤ λ(β + 1)

(1− L)Γ(κ2)

∫ θ

θ−1

(s− θ−1)κ2−1{ζ(ϕ(s))ds, ϕ ∈ B}

+
λβ

(1− L)Γ(κ1)

∫ θ

θ−1

(θ − s)κ1−1{ζ(ϕ(s))ds, ϕ ∈ B}

+
λ

(1− L)Γ(κ1)

∫ θ

θ

(θ − s)κ1−1{ζ(ϕ(s))ds, ϕ ∈ B}

+
λ

(1− L)Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1{ζ(ϕ(s))ds, ϕ ∈ B}

+ βC{ζ(ϕ(s))ds, ϕ ∈ B}

≤

[
λκκ2(β + 2)

(1− L)Γ(κ2 + 1)
+

λκκ1(β + 1)

(1− L)Γ(κ1 + 1)
+ βC

]
ζc(B).

Therefore,

ζc(B) ≤

[
λκκ2(β + 2)

(1− L)Γ(κ2 + 1)
+

λκκ1(β + 1)

(1− L)Γ(κ1 + 1)
+ βC

]
ζc(B).

And, by Remark 5.2, we have

ζc(B) ≤

[
q∗2κκ2(β + 2)

(1− q∗3)Γ(κ2 + 1)
+

q∗2κκ1(β + 1)

(1− q∗3)Γ(κ1 + 1)
+ βp∗1

]
ζc(B),
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which implies that ζc(B) = 0. Then we deduce that the operator ℵ has a fixed
point that is the solution of the problem (11)-(13), according to Mönch’s fixed point
theorem. �

6. Ulam-Hyers Stability

In this section, we will establish the Ulam stability for the problem (11)-(13).

Definition 6.1 ([1, 21]). Problem (11)-(13) is Ulam-Hyers stable if there exists a real
number Cf > 0 such that for each ε > 0 and for each solution ϕ ∈ PC1(Θ,Ξ) of the
inequality
∥∥C

0 D
κ1,κ2;γ
κ ϕ(θ)− f

(
θ, ϕ(θ), C0 D

κ1,κ2;γ
κ ϕ(θ)

)∥∥ < ε, θ ∈ (θ, θ+1],  = 0, . . . , β,

∥∥∆ϕ|θ − I(ϕ(θ− ))
∥∥ ≤ ε,  = 1, . . . , β,

(14)

there exists a solution ϕ̄ ∈ PC1(Θ,Ξ) of the problem (11)-(13) with

‖ϕ(θ)− ϕ̄(θ)‖ < Cfε, θ ∈ Θ.

Definition 6.2 ([1, 21]). Problem (11)-(13) is generalized Ulam-Hyers stable if there
exists φf ∈ C(R+,R+), φf (0) = 0 such that for each solution ϕ ∈ PC1(Θ,Ξ) of the
inequality (14) there exists a solution ϕ̄ ∈ PC1(Θ,Ξ) of the problem (11)-(13) with

‖ϕ(θ)− ϕ̄(θ)‖ < φfε, θ ∈ Θ.

Remark 6.1. A function ϕ ∈ PC1(Θ,Ξ) is a solution of the inequality (14) if and
only if there exist a function σ ∈ PC1(Θ,Ξ) and a sequence σ;  = 1, . . . , β (which
depend on ϕ), such that
(1) ‖σ(θ)‖ ≤ ε, θ ∈ (θ, θ+1],  = 0, . . . , β and ‖σ‖ ≤ εψ,  = 1, . . . , β,
(2) C

0 D
κ1,κ2;γ
κ ϕ(θ) = f(θ, ϕ(θ), C0 D

κ1,κ2;γ
κ ϕ(θ)) + σ(θ), θ ∈ (θ, θ+1],  = 0, . . . , β,

(3) ∆ϕ|θ = I(ϕ(θ− )) + σ,  = 1, . . . , β.

Lemma 6.1. The solution of the following perturbed problem

C
0 D

κ1,κ2;γ
κ ϕ(θ) = f

(
θ, ϕ(θ), C0 D

κ1,κ2;γ
κ ϕ(θ)

)
+ `(θ), θ ∈ (θ, θ+1],  = 0, . . . , β,

∆ϕ|θ=θ = I(ϕ(θ− )) + σ,  = 1, . . . , β,

ϕ(0) = ϕ0,

is given by

ϕ(θ) = ϕ0 −
1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1g(s)ds

+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1g(s)ds+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1g(s)ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1g(s)ds+
∑

0<θ<θ

I(ϕ(θ− ))

− 1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1`(s)ds
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+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1`(s)ds+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1`(s)ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1`(s)ds+
∑

0<θ<θ

σ

Moreover, the solution satisfies the following inequality∥∥∥ϕ(θ) −
[
ϕ0 −

1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1g(s)ds

+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1g(s)ds

+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1g(s)ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1g(s)ds+
∑

0<θ<θ

I(ϕ(θ− ))
]∥∥∥

≤

[
κκ2(β + 2)

Γ(κ2 + 1)
+

κκ1(β + 1)

Γ(κ1 + 1)
+ βψ

]
ε.

Theorem 6.2. Assume that (B4)-(B6) hold. If

λκκ2(β + 2)

(1− L)Γ(κ2 + 1)
+

λκκ1(β + 1)

(1− L)Γ(κ1 + 1)
+ Cβ < 1,

then the problem (11)-(13) is Ulam-Hyers stable.

Proof. Let ϕ ∈ PC1(Θ,Ξ) be a solution of the inequality (14) and ϕ̄ ∈ PC1(Θ,Ξ) the
solution of the problem (11)-(13), then

‖ϕ(θ)− ϕ̄(θ)‖ ≤

[
κκ2(β + 2)

Γ(κ2 + 1)
+

κκ1(β + 1)

Γ(κ1 + 1)
+ βψ

]
ε

+
1

Γ(κ2)

∑
0<θ+1<θ

∫ θ

θ−1

(s− θ−1)κ2−1‖g(s)− h(s)‖ds

+
1

Γ(κ1)

∑
0<θ<θ

∫ θ

θ−1

(θ − s)κ1−1‖g(s)− h(s)‖ds

+
1

Γ(κ1)

∫ θ

θ

(θ − s)κ1−1‖g(s)− h(s)‖ds

+
1

Γ(κ2)

∫ θ+1

θ

(s− θ)κ2−1‖g(s)− h(s)‖ds

+
∑

0<θ<θ

‖I(ϕ(θ− ))− I(ϕ̄(θ− ))‖.

By hypothesis (B5), we have

‖g(θ)− h(θ)‖ ≤ λ‖ϕ− ϕ̄‖PC1
+ L‖g(θ)− h(θ)‖.
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Then,

‖g(θ)− h(θ)‖ ≤ λ

1− L
‖ϕ− ϕ̄‖PC1 .

Thus,

‖ϕ(θ)− ϕ̄(θ)‖ ≤

[
κκ2(β + 2)

Γ(κ2 + 1)
+

κκ1(β + 1)

Γ(κ1 + 1)
+ βψ

]
ε

+

[
λκκ2(β + 2)

(1− L)Γ(κ2 + 1)
+

λκκ1(β + 1)

(1− L)Γ(κ1 + 1)
+ Cβ

]
‖ϕ− ϕ̄‖PC1

:= Cfε.

Consequently, the problem (11)-(13) is Ulam-Hyers stable.
If we take φf (ε) = Cfε and φf (0) = 0 then we get the generalized Ulam-Hyers
stability of the problem (11)-(13). �

7. An Example

Set

Ξ = l1 =

{
ϕ = (ϕ1, ϕ2, . . . , ϕn, . . .),

∞∑
n=1

|ϕn| <∞

}
.

Ξ is a Banach space with the norm ‖ϕ‖ =

∞∑
n=1

|ϕn|.

Consider the following impulsive problem:

C
0 D

1
2 ,

1
2 ; 13

1 ϕn(θ) =
|ϕn(θ)|+

∣∣∣(C0 D 1
2 ,

1
2 ; 13

1 ϕn(θ)
)∣∣∣

3eθ+1
(

1 + ‖ϕ(θ)‖+
∥∥∥C0 D 1

2 ,
1
3 ; 14

1 ϕ(θ)
∥∥∥) , for θ ∈ Θ0 ∪Θ1, (15)

∆ϕ|θ= 1
3

=

ϕ

(
1

3

−)
ϕ

(
1

3

−)
+ 17

, (16)

ϕn(0) = 1, (17)

where Θ0 = [0, 1
3 ],Θ1 = ( 1

3 , 1].
Set

f(θ, ξ, δ) =
‖ξ‖+ ‖δ‖+ cos(θ)

3eθ+1(1 + ‖ξ‖+ ‖δ‖)
, θ ∈ [0, 1], ξ ∈ Ξ and δ ∈ Ξ.

Clearly f is a continuous function, the condition (B4) is verified. For any ξ, ξ̄ ∈ Ξ,
δ, δ̄ ∈ Ξ and θ ∈ [0, 1], we have

‖f(θ, ξ, δ)− f(θ, ξ̄, δ̄)‖ ≤ 1

3e
[‖ξ − ξ̄‖+ ‖δ − δ̄‖].

Then, the assumption (B5) is satisfied with λ = γ = 1
3e . Also we have

‖f(θ, ξ, δ)‖ ≤ cos(θ)

3eθ+1
+

1

3e
[‖ξ‖+ ‖δ‖].
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So q1(θ) =
cos(θ)

3eθ+1
, q∗2 = q∗3 = 1

3e . Let

I1(δ) =
δ

δ + 17
, δ ∈ Ξ.

Then, for δ, δ̄ ∈ Ξ, we have

‖I1(δ)‖ =
1

17
‖δ‖+ 1.

Thus, p∗1 = 1
17 , p

∗
2 = 1, And as

q∗2κκ2(β + 2)

(1− q∗3)Γ(κ2 + 1)
+

q∗2κκ1(β + 1)

(1− q∗3)Γ(κ1 + 1)
+ βp∗1 =

3

(3e− 1)Γ( 3
2 )

+
2

(3e− 1)Γ( 3
2 )

+
1

17

≤ 1.

Thus, by Theorem 5.2, the problem has at least one solution. Moreover

λκκ2(β + 2)

(1− L)Γ(κ2 + 1)
+

λκκ1(β + 1)

(1− L)Γ(κ1 + 1)
+ Cβ =

3

(3e− 1)Γ( 3
2 )

+
2

(3e− 1)Γ( 3
2 )

+
1

17

≤ 1.

Then, Theorem 6.2 assures that the problem (15)-(17) is Ulam-Hyers stable.
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