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A note on a algorithm studying the uniform controllability of
a class of semidiscrete hyperbolic problems

IoNEL ROVENTA AND MIHAI-ADRIAN TUDOR

ABSTRACT. We propose an algorithm which is based on the the technique introduced in [23].
The aim of the algorithm is to study, in a simple way, the approximation of the controls for a
class of hyperbolic problems. It is well-known that, the finite-difference semi-discrete scheme
for the approximation of controls can leads to high frequency numerical spurious oscillations
which gives a loss of the uniform (with respect to the mesh-size) controllability property of the
semi-discrete model. It is also known that an appropriate filtration of the high eigenfrequencies
of the discrete initial data enable us to restore the uniform controllability property of the whole
solution. But, the methods used to prove such results are very constructive and use difficult
and fine computations. As an example, which proves the effectiveness of our algorithm, we
consider the case of the semidiscrete one dimensional wave equation. In this particular case,
we are able to prove the uniform controllability, where the initial data are filtered in a range
which contains as many modes as possibles, taking into account previous results obtained in
literature (see [18]).
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1. Introduction

In the las decades the approximation of controls of PDE’s becomes and important
field of research, due to the necessity of understanding and implementing smart de-
vices for controlling phenomena in real life which are described by hyperbolic equa-
tions. Unfortunately, even if we consider the simplest numerical approximation of
such equations, we cannot assure the convergence of the approximate controls. This
lack of convergence is motivated by of the non-uniform (with respect to the mesh-size)
controllability property of the semi-discrete model when we are dealing with natural
settings initial data.

This is the case of the finite-difference semi-discrete scheme for the approximation
of boundary controls of the one-dimensional wave equation. It is proved that in this
case we have high frequency numerical spurious oscillations which lead to a loss of the
uniform (with respect to the mesh-size) controllability property of the semi-discrete
model. In [18, 22] it is considered an appropriate filtration of the high eigenfrequencies
of the discrete initial data and in this case the uniform controllability property of the
whole solution is obtained. The strategy for restoring the uniform controllability
property starting with the equivalence between a control problem and a problem of
moments. The next step consist of constructing explicit solutions for the problem of
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moments by using biorthogonal sequences. The last step is to define and evaluate
a sequence of discrete controls in order to prove the convergence to a control of the
continuous problem. Similar problems and more details can be found in [I, 16, 28,

’ ]

Moreover, we emphasise that another important purpose it is also to allow filtra-
tions which contain as many modes as possible which will consistently help to improve
the precision of the approximation. In this context, we refer to [2, 12, 13, 16, 17, 31].

We starts by recalling the well-known problem which study the boundary exact
controllability property for the one-dimensional (1-D) linear wave equation: for any
T > 2 and (w°,w!) € L?(0,1) x H=1(0,1) we can assure the existence of a control
function u € L?(0,T) such that the solution of the wave equation

wy(t,x) — wm(t x)=0 z€(0,1),t >0,
w(t,0) = 0,w(t, 1) = u(t) t>0, (1)
w(0,z) = 0(:r:),w’(O, z) = w'(z) z € (0,1),

verifies
w(T, ) =w'(T,") =0.
Let N e N* and h = 5 +1 For any T' > 0, we consider the following semi-discrete
space approximation of the wave equation given by

w)(t) — =20, Orwt) _ o < <N, £>0,

wo(t) =0 t € (0,7T), (2)
w1 (E) = un(t) t€(0,7),
w;(0) = wf,  wi(0) =wj 1<j<N.

Note that, (2) represents a system of N linear equations with N unknowns wy, ws, ... wy.

Since the quantity w,(t) approximates w(t, z;), the solution of (1) at time ¢ and in the
point x; = jh, for each j € {0,1,..., N+1}, we shall choose the classical discretization
by points

wj =w'(jh), w;=w'(jh) (1<j<N). (3)
Given T' > 2, h > 0 and (w9, w}))i1<j<n € C*, it is also well known that there
exists a control function u;, € C°([0,77]) such that the solution of the equation (2)
verifies

wi(T) =wjy(T) =0 (1<j<N).

Our aim is to simplify the study of the existence of a uniformly bounded sequence
of controls (up)p>o (with respect to the mesh size h) for the problem (2) and then
to prove that this family (or a subfamily) converges to a control of the continuous
problem (1). Moreover, our general aim is to construct an algorithm which can be
used for many other similar problems.

We recall that the discretization of the wave equation (with finite-differences schemes
but also finite-element schemes) is known for a long time (see [14] and [15]) to lead to
high-frequency spurious solutions generated by the discretization process that make
the discrete controls diverge when the mesh-size goes to zero.

In order to restore the uniform controllability property we refer to different strate-
gies proposed in literature:

e a Tychonov regularization of the HUM cost functional (see [14, 31]);
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e a change of the numerical scheme (mixed finite elements [5], vanishing viscosity
[3, 20, 24], different types of finite difference schemes [27]), non-uniform meshes
([10, 11]) and an approximation of discrete controls [7].

e a filtering technique (see [20]) which are successfully used in [6, 18, 19, 25] for
treating the cases of wave or beam equation, having the strategy to consider the
control acting only on low-frequency part of the solution or, finally, to cut the
furious frequencies (range of filtration) of the initial conditions.

This last possibility is considered in the present paper. Note that, in our case,
even if the initial condition is filtered, the control will excite all frequencies and
this creates a lot of technical difficulties. For more details about filtered spaces and
resolvent estimates, the interested reader is referred [3, 9, 20].

The main result of our paper is to introduce an algorithm which simplify the
methodology used to study the existence of a uniformly bounded sequence of controls
(un)n>0 (with respect to the mesh size h) of problems which can be described as in
(an example is given in (2)) which converges to a control of the continuous problem
of the general form (8) (an example is given in (1)).

Our approach is based on the technique introduced in [23], when an appropriate
filtration of the high eigenfrequencies of the discrete initial data enable us to restore
the uniform controllability property of the whole solution.

Algorithml. Let us consider two operators A, and A, which have the prop-
erty that the families of eigenvalues are purely imaginary, i. e. have the form
(iAhn)1<|n|<n, Tespectively (id,)nez-. The steps of the algorithm are presented in
the following sentences.

(1) We define a Weierstrass product P, such that

Pm()\hn) = Omn (1 < ‘m‘v |n| < N)v

(2) We evaluate the Weierstrass product P, on the real axis, i. e. we get an
increasing and one to one function ®p,, : [0,00) — [0, 00) such that

| P ()| < exp(Phm (7)) (x € R);
(3) We are looking for a range Np,,, such that

o0 /
/71 Gl gy < o6 and 63, (Nm) 2 Nl (1< ] < N
Do (Nnm) hm
(4) Let M = max{l < m < N| Np,, = O(1)} be the range of filtration. Then, there
exists T > 0 such that for any T' > Ty and any initial data filtered in the range
M there exists a uniformly bounded sequence of controls (up), in L(0,T) for
problem of type (16) (see the case of problem (2));

(5) The family (up), has a subfamily which is weakly convergent to a control u €
L2(0,T) for the continuous problem of type (8) (see the case of problem (1)).

Remark 1. Note that, in the above algorithm we need only to get accurate estimates
for the Weierstrass product P, in order to find the function Wy,,. Then, the choose of
the two ranges Ny, and M has a clear statement, for which the uniform controllability
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property holds. We have considered only the case of problems of type (16) and (8),
for which the associated operators A; and A have purely imaginary eigenvalues of
the form (iAnn)1<jnj<n, respectively (i, )nez-.

‘We mention also that the choice of an appropriate approximation ((w?, w}))lg j<N
for the initial datum (wg, w1 ) is very important if we want to ensure the existence of
a bounded sequence of controls. This is why we consider in the convergence result a

filtered version of the initial condition (w?,w!) given by

(w?\/[’ wll\/[) = Z an®" (‘T)’ (4)
|n|<M,n#0
where M € N* (M will depend on the mesh size h in what follows) and ®" are the
eigenvectors of an operator A (see for example (10)).

On the other hand, we say nothing about a multiplier M,,, since we apply the
methodology used in [23] in the conditions imposed at Step 3, we can guarantee the
existence of a multiplier, i.e. Mp,, : C — C an entire function of exponential type
independent of m and h, which belongs to L? on the real axis and verifiy

Mpm(Anm) = 1, [Mpm ()] < exp (—dpm(x) + Npm + 1) (x eR, 1< |m| < N).

The structure of the paper is as follows: Section 2 is devoted to some preliminaries
on continuous and discrete moment problems and spectral analysis concerning the
controllability of the controllability and discrete wave equation. Section 3 is devoted
to the construction and evaluation of a biorthogonal sequence of the family of expo-
nential functions. Section 4 is devoted to the uniform controllability and convergence
results. Finally, Section 5 is devoted to some conclusions concerning the algorithm for
constructing uniformly bounded sequences for families of exponential functions with
no real parts and other further extensions.

2. Preliminaries on spectral properties and moment problems

In this section we introduce some notations and we recall some well-known properties
concerning the boundary null-controllability problem for the linear wave continuous
and discrete equations. In this sense, following the technique used in [22] and [23]
we transform the controllability problems into a equivalent problems, via variational
results (see Lemma 2.1).

2.1. The continuous moment problem. We start this section by presenting the
continous problem and how spectral estimates are used to obtain the moment problem.
To do that we need the following variational result from [21, 22].

0
Lemma 2.1. Let T > 0 and ( Zl > € L*(0,1) x H=(0,1). The function u €
L?(0,T) is a control for (1) in time T if and only if, we have

T 1
| wtemse = [ wt@mo.s)de + @l o0,y 6)
0 0

0
for every Zl € H(0,1) x L*(0,1), where ( : ) € HE(0,1) x L%(0,1) is the
t

solution of the adjoint backward problem



228 I. ROVENA AND M.A. TUDOR

Vi (t, @) — Vg (t,x) =0 te(0,7), z€(0,1)

v(t,0) =v(t,1) =0 te(0,7) 6
o(T,z) = v°(x) x € (0,1) (6)
v (T, ) = vl(x) x € (0,1),

and (-, ) -1 g2 denotes the duality product between the spaces H=1(0,1) and H}(0,1).

Let L : D(L) — L?(0,1) be the unbounded operator in L?(0, 1) (with the properties
that (D(L), L) is maximal monotone) defined by
D(L) = H*(0,1) N H;(0,1),
(7)
Lu = —ugy, (u € D(L)).
Note that L is a skew-adjoint operator in L?(0, 1) with compact resolvent where that
the eigenvalues and the corresponding eigenfunctions of L are given by

Vp = n’n?, ©" = V/2sin(nwz) (n € N¥),

and the eigenfunctions (¢"),en- form an orthonormal basis in L?(0, 1).

v

By denoting Z = , (6) is equivalent with

Ziy(t)+ AZ(t)=0 t€(0,7)
0
mm_zm_<a>, (8)

v
where A : D(A) — H(0,1) x L?(0,1) is the skew adjoint operator defined by
D(A) = H*(0,1) N Hg(0,1) x Hy(0,1),

. 0 -1 (9)
A= 8, 0 )

The main spectral properties of the operator (D(A), .A) are described in the following
sentences.

Lemma 2.2. The eigenvalues of the operator (D(A), A) are given by (i\n)nez-,
where

Ap=nm (n€Z"), (10)
and the corresponding eigenfunctions are given by

i1 n 1 n o
Moreover, the families (®"),, ;. and (\/W(I) )nGZ* form an orthonormal basis in
L2(0,1) x H71(0,1) and H}(0,1) x L?(0,1), respectively.

The following result gives us the moment problem associated with (1), as is pre-
sented in [22].

Theorem 2.3. Problem (1) is null-controllable in time T > 2 if and only if, for any
0
initial data < Zl > € L?(0,1) x H=Y(0,1) with the Fourier expansion

()= s, (12)

nez*
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there exists u € L?(0,T) such that

T i (_1)|n\+1
/ u(tyetntgp = TN\ g0 e g0y, (13)
0

2.2. The discrete moment problem. In a similar way, as in the continuous case,
by considering the semi-discrete space approximations of system (1), using again
discrete spectral properties, we obtain the corresponding moment problem. In this
section and the remaining part of the paper we study the semi-discrete control problem
(2).

In the following sentences we recall some well known facts about the spectral
properties of our problem. Let us consider the corresponding homogeneous adjoint
problem

v;’(t) _ Uj+1(t)—2v}gl'2(t)+vj—1(t) =0 1<j<N,t>0,
’UN+1( ) :00 te (07T),
/ .
vj(T) vy, ( )= v 1<j<N.
We define the matrix 4, € Myxn(R) as follows:
2 -1 0 0 - 0 0
-1 2 -1 0 ... 0 0
0 -1 2 -1 ... 0 0
Ap = 45 : : - - : :
0 o0 -1 2 -1 0
0 O 0o -1 2 -1
0 0 0o -1 2
The adjoint problem 14) can be rewritten in a matricial form as follows:
+ ApVi(t) =0, t > 0, (15)
V Vf?v Vh(T) = Vhla

€ CV and the initial data is
Vo

h ) — ( )1<i<N ) c 2N,
h 1<]<N

0
Et) ) and Z) = ( “;hl ), then (15) has the following
h

where V3, (t) = (v1(¢), ..., vn (¢

Now, if we set Z,(t) = (

equivalent vectorial form

{ gé(o + ApZy(t) =0, t >0, (16)

(T) =z,

0 —In

where the operator A is given by A; = A 0 ) and Iy is the identity
h

matrix of size N. It is known that the eigenvalues of A; are given by the family

(i )\h”)lﬁm\SN’ where

2 h
A = 3 sin (”g) (1< |n| <N), (17)



230 I. ROVENA AND M.A. TUDOR

and the corresponding eigenvectors (®} ) <|»|<n which forms an orthonormal basis in
C2N are given by

1 n
N G IR (18)
—Ph
where
sin(nmh)
n sin(2nmh
(er)i<ini<n = (_ - ) | ecn
sin(nwhN)
are the eigenvectors of Ay.
Based on [18, 22] we transform our controllability problem into a moment problem.

Proposition 2.4. For any T > 0 system (2) is null-controllable at time T if, and
only if, for any initial data (w?,wjl-)lngN = Zliln\SN an®} there exists up €
CY([0,T],C) which verifies

/Tu (t) e”Pnnt dt = ﬂa (1<|n] < N) (19)
o h sin(nwh) "’ -
We recall that a sequence (6,,,)1<|m|<n C L? (—%, %) is biorthogonal to the family
of exponential functions (e)‘h"t)1<‘n|<N in L? (—%, %) if
z .
/ O (D)t dt = 5 (1< |ml, [n] < N). (20)
T
-3
We consider the following filtered version of the initial condition (w®,w!) given by
(w?VthlVI) = Z an@n(x)’ (21)
|n|<M,n#0

where M € N* (M will depend on the mesh size h in what follows).

We mention also that the choice of an appropriate approximation ((w?, w}))lg <N
for the initial data (w9,,wj,) is important in order to ensure the existence of a
bounded sequence of controls. The next step is to chose the initial data of the semi-
discrete problem (2) as an approximation of (w9,,w},)) in such way to ensure the
boundedness of the sequence of controls (up)p>o-

Hence, we consider as initial data for the semi-discrete equation (2) of the form
(W, w)h<jen = Y an(h)®}, (22)
1<|n|<M
where ay,,(h) is related to a, by the following relations (see [20, Page 758]):
0, [n| > M,
= 2
an(h) { 1(dmn 4 1) gy 4+ 1 (2 1) a,, |n| <M. (23)

nmw 2 \nm

Taking into account the above ideas, if (6,,)1<|m|<n is a biorthogonal sequence to
the family of exponential functions (e”‘hnt)lgn‘SN in L? (—%, %) we can construct a
control thanks to the following formula (see [22, Page 758]):

_1\n+1 ) .
up(t) = Z (l)ihe_”‘h"?an(hwn (t - T) . (24)

sin(nmh) 2
1<[nl<M
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3. The construction and estimates of the sequence of biorthogonals

In this section we construct and evaluate a biorthogonal sequence (6,,)1<|m|<n to the
family (eiAhnt)lngL‘SN in L2 (—Z,Z). Then we are able to estimate the norm of vy,
from (24). In order to do that, we proceed as follows:

o we define a family (Vp,,)1<|m|<ny Which verifies:

- \Ilhm()\hn) = 6mn7
— are entire functions of exponential type in L? on the real axis;
e U, . is obtained as a product between a Weierstrass product P,, and a multiplier
My, (see the proof of Theorem 3.4 below);
e P, is defined in the simplest way to get a function with zeros on each eigenvalue
A

e My, is introduced in [18, Proposition 2.2.], in order to ensure the L? property

of W},,,, on the real axis;

e The inverse Fourier transforms of (¥p,)1<|m|<ny and Paley-Wiener’s Theorem

gives us the possibility to define a biorthogonal family (6nm)1<jm|<n ;

e Finally, Plancherel’s Theorem allow to estimate the norms ||04m || L2 r)-

Firstly, we define the Weierstrass product P,,, with the property that P, (Ap,) =
dmn and we recall the estimate of the product P,, on the real axis obtained in [18].
In the sequel, C' > 0 denotes an absolute constant (independent on N and h).

For every 1 < |m| < N, we define the function

z A n
Pm(Z) - H (/\hn B 1) H /\hm i Ah'n (Z < C) (25)

1<|n|<N
n#m n#m

The exponential type of P, is treated to [18, Lemma 2.4 and proof of Proposition
2.2], hence we have a constant Lo > 0 which quantify the exponential type. Moreover,
concerning the behavior of the product P, on the real axis, we have an optimal

estimate in [18, Proposition 2.2.] and it is shown that for every x € R, there exists a
constant C' > 0 such that for any 1 < |m| < N, we have that
[P (%)| < Cexp(d(z))  (z €R), (26)
where )
o(x) = z|h - 27
D i () ez ) 0

Secondly, we introduce another entire function, called multiplier, with rapid decay
on the real axis to compensate the grow of the product P,, on the real axis. We use
the technique introduced in [23]. To begin with, let us consider ¢ : [0,00) — [0, 00)
a continuous, increasing and onto function. We define the following sequence of real
numbers (ay)n>1 by

olean) =n (n>1). (28)

We recall a useful result from [23] (for more details, see [25, Lemma 4.4]).

Lemma 3.1. Let 0 <y < x. Then
A=) p

Z In (&) = —/ Mdu, (29)

X
J=Ay)+1 raw
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where A(u) = #{a, < u} = [p(ew)] for any u > 0.
For 1 < m < N, let us consider the function

0 if0<z<z,
Ol =\ 27, <gh +/ 2 - 1) if 2 <,

and let ¢ : [0,00) — [0,00) be defined by ¢(x) = @pm(x + Apm). The function ¢
is continuous, increasing and onto and we construct the sequence of real numbers
(an)n>1 by (28). The following technical result is useful to evaluate the type of our
multiplier function in Proposition 3.3 below. Note that the symbol O denotes the
Bachman-Landau notation.

>

Lemma 3.2. Let 6 € (0,1), 1 <m < 0N and Npy, = qﬁhm(% + O(h)). There exists
1
a constant L > 0, which is independent of h, such that g — < L < 0.

a
n>Npm+1 "

Proof. We remark that the sequence (ay,),>1 verifies

S
e o e e
¢ n=Npm+1 n=Npm+1 d)hm(n) = Ahm

oo o0 /
T e,
Nim ¢hm(t) = Ahm G (Npm) t = Xum

Taking into account that qﬁ,;i(th) = 2+ O(h) it follows that
1

= / a1 = /
S (Noum) (£ — X WW RO (t— Ay )1/ 22 — 1

P 1=u+ %7 we infer that

dt.

If we consider the change of variable given by

0 2 0 2 1
/ u— 2 + hd\pmu + 1 b / 2 7%
_ hm + 2
1+0(h) 14+0(n) (u 1 hAwm ) ( 1 h2>‘hm )

1 Bhpm —1+O(h) + Mpm ™
= ——— | arctan ——=— — arctan

< .
/ h2)\2 / h2)\2 / h2\? - h2\?2
1— h.m 1— 4hm 1— 4hm

Finally, since ¢ € (0,1) and 1 < m < N we deduce that L = en < ) <

mmh — 3
COS( T) cos =

0. O

The following result gives us the multiplier we need in order to construct the
biorthogonal sequence.

Proposition 3.3. Let § € (0,1). For each 1 < m < JN there exists a function

My : C — C with the properties:

(1) My, is an entire function of exponential type independent of m and h, which
belongs to L? on the real azis and verifies My, (Apm) = 1.
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(2) |Mpm(z)| < exp (—@nm(x) + Npm + 1) for all x € R, where Ny, is given by
2
Nim = [0 (3 +00))| +1= 000 (30)

Proof. Using the same argument as in [23] we define Mp,,, : C — C as follows

0o Sin (Z_a)\lwn )
Mum(2) =[] —2= (31)
n=Npm Qn

where the sequence (ay,),>1 is defined in (28).
Based on the following estimate

o0

0o sin(zf)\hm) [2=Ahm | Z i
Immies) ..

a
n n=Npm " < €L|Z—>\hm|
2=Anm - ’
n=Npm an

and using Lemma 3.2 we get that M}, is an entire function of exponential type L.
Moreover, My, belongs to L?(R) and My, (Anm) = 1.

In order to prove the second property of the function Mjy,,, using Lemma 3.1 we
proceed exactly as in [23] and the proof is complete. 0

3.1. The biorthogonal sequence. Taking into account the estimates from the
previous sections we are able to construct a biorthogonal sequence (9m)1§|m\g N to

the family (ei’\""t)1<\n\<N'

Theorem 3.4. There exist ho, To > 0 such that for any T > Ty and h € (0, hg) there
exists a biorthogonal sequence (Onm)1<|m|<n to the family of exponentials (ei )"mt)

in L? (—%, %) and the following estimate holds

1<|n|<N

2

Z BmOnm <C Z |5m‘262tha (32)

1<|m|<N T T 1<|m|<N
<Im|< LQ(—g,g) <Im|<

where C'is a positive constant independent of m and h and (Bm)1<|m|<n is any finite
sequence.

Proof. Firstly, we consider P, and M}, the functions from (25) and (31), respec-
tively. In the case m < 0 we define My, (2) = M_pm(—2). Let 1 <|m| < N and let
us consider the function

sind(z — Apm)

Upm(2) = P(2) Mpm(2) 50z — )

(z € C). (33)
Note that the function ¥y, verifies
¢ \Ilhm()‘hn) = Onm (1 < |n|7 |m| < N);

e U, . is entire function of exponential type L, independent of A and m;
o Uy, € L2(R).
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Let us consider the Fourier transform of Wy, defined as
1 .
Chm(t) = —/ U (z)e ™ da, (34)
27T R

and from Paley-Wienner Theorem it follows that (u.,(t) has compact support in
(—L, L), it belongs to L? (—~L, L), and

L
/ Chm(t)ei Armt p — lIjhm()\hm) = Onm (1 < |n|7 |m| < N)
—L

Hence (Cum)1<|m|<n is a biorthogonal sequence to (e’ ’\’mt)1<|n|<N in L2 (—L,L).

Moreover, from Plancherel’s Theorem we have that the following estimate holds
I¢hmll g2 < CeNrm. (35)

Let Ty = 2(L + Lo) and T > Ty. The proof of the existence of a new biorthogonal

in L? (—Z, L) verifying (32) is similar to [24, Theorem 3.2]. Hence, using the same

strategy we can construct easily a biorthogonal sequence (0pm)mez+ to the family

G /\,Lt)nEZ* in L? (—Z,Z) and (32) is proved. .

4. Uniform controllability results

The aim of this section is to show that a control for the continuous system (1) may be
obtained as a limit of controls of the corresponding semidiscrete problems (2), when
the initial data are filtered in the range dN, for any § € (0,1). The main idea is to
construct controls uy, by using the biorthogonal sequence (6,,)1<jm|<n from Theorem
3.4 and to evaluate their norms with the aid of estimate (32).

Using Proposition 3.3, for any for any ¢ € (0,1) and 1 <m < §N we can choose

N = [onn (2 +0m) | +1= 000,

hence, we define the range of filtration as M = max{l < m < N| Np,,, = O(1)} = N.
Let Ty the constant appearing in Theorem 3.4.

Theorem 4.1. Let T > Ty. There exists ho > 0 such that for any ((w},w;))1<j<n €
C?N of the form

(W, w)h<jen = Y. an(h)®}, (36)

1<|n|<M
with (an(h))1<inj<m uniformly bounded in 12, there exists a control u, € L*(0,T) for
problem (2) such that the family (up)n verifies

lunllz0r) <€ (0 <h < ho), (37)
where C' > 0 is a constant independent of h.

Proof. Let (0,)1<|nj<m be the biorthogonal given by Theorem 3.4. Let uj, € L?(0,T)
be the control given by Proposition 2.4 defined in (24). From (24) and the estimates
for the norm of (6,,)1<jnj<n given by (32), we have

/OTuh(t)th:/OT > W@Mhngan(hwn(t_g) @t

1<|n|<M
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2
< Y M mPete < Y ) <o

| sin(nmh)|?
1<|nl<M 1<|nl<M

where C'is a constant independent of h. Hence, we deduce that (37) holds. g

The results from Theorem 4.1 gives the conditions which ensure the boundedness of
the sequence of discrete controls, hence we pass to study the convergence properties.

Theorem 4.2. Let T > Ty and let (w9, w};) be given by (21). Suppose that the
discrete initial data ((U)?,’LU}))lSjSN € C2N werify (22) - (23) and

(an(h))n = (an)n in €2 when h — 0. (38)

Then the family of controls (uy)n, C L?(0,T) for problem (2), given by Theorem
4.1, has a subfamily which is weakly convergent to a control u € L?(0,T) for the
continuous problem (1).

Proof. Since the family of controls given by Theorem 4.1 is bounded in L?(0,T) there
exists a subfamily, denoted in the same way, which converges weakly to a function u
from L2(0,T). We prove that u is control for the continuous problem (1), i.e verifies
(13).

Let n € Z*. From (10) and (17) we deduce that

Ahn — Ap when h — 0. (39)
Taking into account that, for each n € Z, we have
eAnnt _y eAnt in [2(0,T) when h — 0 (40)
and
La (h) — La in L?(0,7) when h — 0 (41)
sin(nmh) " nmwo ’ ’

by passing to limit in (19), as h tends to zero, and using (38), (39), (40) and (41)
we obtain that u verifies the continuous moment problem (13). Consequently, u is a
control for problem (1) and the proof ends. O

5. Conclusions and further results

In the present paper we prove that our algorithm is efficient and offers a simplified
and powerful tool in order to prove the uniform controllability results for hyperbolic
type problems. More precisely, based on Algorithm 1 we are able to re-obtain the
best optimal range of filtration in literature N, as is revealed in [18].

Moreover, using Algorithm 1, even the range of filtration v/N obtained in [22] can
be derived. We remark that the estimates of P, has a strongly influence on the range
on filtration. In this case, the estimate on real axis of P,, gives the function

P (z) = {

ha? if 2] < %,

< <
itz >4, ~ (=msN).

S

and the following remark holds.



236 I. ROVENA AND M.A. TUDOR

Remark 2. For any 1 < m < VN, Apm < ﬁ and Npm = Onm (\/ﬁ) we have

1
Z — < oo. This fact is motivated by the following estimates

a
n>Npm+1 "

Lo L g [T @,

e ne Ny +1 (07%% vN t— /\hm % t— )\hm

_/ﬁgﬁﬂf&+/w444i44f&
VN = Anm L 2Vht(t — Aam)
~—_— ———

= =1
where
1 1 L N
I =2h ( -0 <>) + 2hAppy In — " — o)
h 1
\/E @) (ﬁ) - )\hm
and

<
L< | —=dt=0()
Q—A tv/ht M

Hence, using Algorithm 1, the range of filtration can be chosen in the range v'N.

Taking into account the results presented in this paper we can conclude that our
proposed algorithm simplify the methods used for the range of filtration (depends
only on the estimates we have on the real axis for the Weierstrass product), when
we deal with a large class of uniform controllability problems. This also confirm that
the results presented in this paper represent an important step in order to treat very
general problems.

In this sense, let us mention further perspectives and open questions related to our
work. In this paper, we are doing an important step for a more long-term remaining
open question consists in finding the filtering scale in a general setting. This scale
should depend on the defect of uniform discrete spectral gap and on the asymptotics
of the discrete/continuous eigenvalues. The present study is very efficient in order to
reach this goal.

Moreover, we intend to extend our algorithm even in the case when do not know
exactly the eigenvectors and eigenvalues of our discrete operator (localization of the
discrete eigenvectors/eigenvalues), especially for complex eigenvalues with nonzero
real parts. This is the case studied in [21] or, for problems with vanishing viscosity
3, 4, 24].

On the other hand, a very natural question is to ask if we can extend Algorithm 1
for non-uniform mesh grids. We need to generalise our technique based on a deeper
understanding of the phenomena under study, being again in the difficult situation
when we do not know exactly the eigenvectors and eigenvalues of our discrete opera-
tor.
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