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Stability of a Schrodinger Equation with Internal Fractional
Damping
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ABSTRACT. In this paper, we are concerned with the stabilization of a linear Schrédinger
equation in an n-dimensional open bounded domain under Dirichlet boundary conditions with
an internal fractional damping. We reformulate the system into an augmented model and
prove the well-posedness of it by using semigroup method. Based on a general criteria of
Arendt-Batty, we show that the system is strongly stable. By combining frequency domain
method and multiplier techniques, we establish an optimal polynomial energy decay rate.
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1. Introduction

We consider the following multidimensional Schrédinger equation
we(z,t) + aly(x, t) + 1y0*y(x,t) =0  in Q x [0, 00),
y(z,t) =0 on 99 x [0,00),
y(z,0) = yo(z) on £,

b

(P)

where Q is a bounded domain of IR",n € IN*, with a regular boundary 9, a and
~ are two positive constants. Moreover g is the initial data belong to an appropri-
ate functional space. The term 0“" stands for the generalized Caputo’s fractional
derivative of order o with respect to the time variable (see [10]), which is defined by

1 t
0% Mw(t) = ] / (t—s) e M Dy(s)ds, 0<a<l, >0, (1)
0

Nl -«
where I' denotes the Gamma function.

In [13], Machtyngier and Zuazua have shown that the L?(2)-energy of the solution
of (P), with o = 1, decays exponentially to zero. Their proof relies on an observability
inequality established previously by the first author in [9].

Recently, A. Guesmia et al. [9] studied the well-posedness and stability for two
linear Schrédinger equations in n-dimensional open bounded domain under Dirichlet
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boundary conditions with an infinite memory, the system is defined by

iy (x, t) + aAy(z,t) — i/o f(&)Ay(z,t —s)ds =0 in Q x [0,00),
y(z,t) =0 on 99 x [0, c0),
y(z, —t) = yo(, t) on  x [0, 00),

and

iy (x,t) + aAy(z,t) —|—i/oo f(s)y(z,t —s)ds=0 in Q x [0, 00),
0

y(x,t) =0 on 99 x [0, 00),

y(z, —t) = yo(z,t) on  x [0,00).
Under the conditions

feC?*Ry), f(0)>0and lim f(s) =0,
S§—00
they establish the well-posedness (existence, uniqueness and smoothness of solutions)
in the sense of semigroup theory. Then, a decay estimate depending on the smoothness
of initial data and the arbitrarily growth at infinity of the relaxation function f is
established for each equation. The proofs are based on the semigroup approach, the
multipliers method and some arguments devised in [11] and [12].
Very recently, in [1], Ammari et al., studied the wave equation with internal frac-

tional damping. The system considered is as follows:

u(z,t) — Au(z, t) + 70 Mu(z,t) =0 in Q x [0, +00),

u(z,t) =0 on 99 x [0, 400),
U(Z‘,O) = U,O(Qf)7 ut(x,()) = ul(x) on {2,
where
XM (t) = _t /t(t - s)*ae*n@*ﬂdi”(s) ds, 0<a<l1l, n>0 (2
F(l — Oé) 0 ds ’ ’ -

The authors proved that the energy decays polynomially as t—2/(1=2),

Recently, A. Benaissa and S. Rafa [5] studied the well-possedness and asymptotic
stability of a similar wave equation with general boundary condition of diffusive type,
that is

6ttu—Axu:0 zEQ,t>O
u=0 x €T, t>0

+oo
oyu = fC/ w(9)p(x,9,t) d xel,t>0 3)
O (z,9,t) —T—OEIV +n)op(z,0,t) — Qup(9) =0 e, d€R,t>0
u=up(x), u=ui(x) ret=0
¢($7§,0):¢0($,€) xerlvfeIR'

The authors showed a general decay rate result of the system, from which the usual
damping of fractional derivative type is a special case.

Let us mention here that the main approach used in [9], is based on the introducing
of suitable Lyapunov functionals. Unfortunately, this method does not seem to be
applicable in the case of a singular memory term.

The main result of this article is to obtain an accurate and optimal estimate of the
energy decay for a fractional damping.
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This work is organized as follows.In Section 2, we reformulate the system (P) into
an augmented system (P’). In section 3, We prove the existence and uniqueness of
our problem by Semigroup Theory.In section 4,we study the asymptotic stability of
the above model. The proof strongly relies on spectral analysis,we prove the strong
stability by the theorem of Arendt and Batty [2]. Then we base on the J. Pruss
theorem [18] to show that the stability is non-exponential. Finally, we establishe the
optimality of the polynomial decay of the energy which will depend on the parameter
a by the theorem of A. Borichev and Y. Tomilov [4].

2. Preliminary results
2.1. Augmented model. This section is concerned with the reformulation of the
model (P) into an augmented system. For that, we need the following claims.
Theorem 2.1 (see [15]). Let p be the function:

u() = 1€|2V/2 _so <€ <400, 0 << 1. (4)

Then the relationship between the ‘input’ U and the ‘output’ O of the system
0i0(x,€) +€20(,€) +n0(x, &) — Ut)u(€) =0, —oo <& < +o00,7>0,t>0, (5)

H(I,f,O) = 90(.%‘,5), (6>
+o00o
O(t) = (m) sinfam) [ p(©)8(z,) de M
is given by
O(t) = I'""*"U(¢), (8)
where
1

(A0 = g [ =7 (e

(o)

Here, taking the input U(z,t) = y(z,t), then combining (1) with (8), we obtain

t
O(t) = I'"*My(x,t) = I‘(ll—a)/o (t—s)""e " y(x,5)ds = 0"y (x,1).
By substituting this equality into Theorem 2.1, we get
00(x, €, t) + (& +m)0(w,&,1) — Ut)u(&) =0, (2,6t) € QxR x RT,
0(x,€,0) =0, (2,§) € A x R,
+oo
0 yla.t) — (1) sinfam) [ €060 dE=0. (2,60 € QxR
(9)
From the representation (9), system (P) can be written as an augmented model
+oo
wle.t) — aity(e.t) +7 [ p(©6( & )dedr =0 w € e,
00(x,€,1) + (& +m)f(x, &, 1) — (§y =0 e LRt >0,
y(z,t) =0 x €00t >0,
y(z,0) = yo(x) x €,
0(x,£,0)=0 reNEEeR,

(P)
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-1

with ¥ = yr~ ! sin(ar).

The energy of system (P’) is given by

1 Y
Et) = 5”9”%2(9) + §||9||2L2(Qx(—oo,+oc))- (10)

Lemma 2.2. Let (y,60) be a regular solution of the problem (P'), then the energy E(t)
satisfies

+oo
2 2
fs // (€2 +1)|0(, &, 1) |2dedw < 0. (11)

Proof. A simple computation gives the result. O

We shall need the following Lemma in all Sections.
Lemma 2.3 (see [6]). If A € D, =Q\| — o0, —n] then
+oo 2

oo AFNMHE? sin

3. The well-posedness of the problem

In this section, we prove an existence and uniqueness result of our problem based on
the semigroup theory. For that, we write problem (P’) in a matrix form by posing
U = (y,0)T, then problem (P’) takes the form

oV = AU,
{ ‘I’t(o) =Wy = (y0,60)", (12)
where the operator A is defined by
+o0 T
av = (aidy =7 [ w8 de € o) +uE) . (3)

with domain
(y,0) in H:y € H?(Q)N H(Q),
+oo
oy ] aidy=7 [ uepdc e 2@, "

(€24 0) 8 % y(@)p(€) € I2Q % (o0, +00)) |
€160 € L2(Q X (—00, +00))

where
H = L2(Q) x LS x (~00, +00)),
equipped with the inner product

<\P,@>H:/ngd:cjtc/ﬂ/:oeédgcm

for W = (y,0), ¥ = (§,0) € H.
The main result in this section is given by the following theorem.

Theorem 3.1. (1) If ¥q € D(A), then system (12) has a unique strong solution
U e C%Ry,D(A)NCHIR,,H).
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(2) If Og € H, then system (12) has a unique weak solution
U e C%Ry,H).

Proof. We use the semigroup approach. According to Lumer-Philips theorem, it
suffices to show that A is a maximal monotone operator.

First, we prove that A is monotone. For any ¥ € D(A), and using the inner
product and integration by parts, we easily arrive at

—+oo
RAT, W)y = —7/ / (€2 + )|, &) dédr < 0. (15)
Hence A is monotone. Secondly, we prove that the operator I — A is surjective. Given
= (f1, f2)T € H, we prove that there exists ¥ € D(A) satisfying
U— AV = F, (16)

this means

“+oo
y—aidy+ 7 / ()0, €)dE = . (17)

0+ (€2 +m0(x,&) — n(E)y = fo-

Using (17)2, we get
ol ) + ey

0(z, &) = 18
(@.6) = Zgr (18)
By substituting (18) into (17)1, we get
+oo
- ~ fQ(xag)
—aiAy+ Aoy = f1 — T ra—— 1
y — aily + Aoy = f1 7/_00 £2+n+1u(€)d§, (19)
where
+oo 2
~ = (6)
Ay = ——dE€.
’ 7/,oo GETE
The variational formulation corresponding to (19) is
B(y, w) = L(w), (20)

where B : H} () x H}(Q) —Q is the sesquilinear form given by

B(y,w) = /Q (y — aily + Apy) wdz

and £ : Hi(2) —@ is the antilinear functional defined by

/flwdxf / /oo §5f2+f7i1 (€)déda.

It is not hard to verify that B is continuous and coercive, and L is continuous. Owing
to the Lax-Milgram theorem, we deduce that for all w € H}(Q) the problem (20)
admits a unique solution y € Hg(£2). Applying the classical elliptic regularity, it
follows that y € H?(Q2). Therefore, the operator I — A is surjective. O
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4. Asymptotic behavior

4.1. Strong stability of the system. To prove that the semigroup (etA)tZO is
strongly asymptotically stable, we shall apply a version of the Arendt-Batty and
Lyubich-Vu for Hilbert spaces [2], [17].

Theorem 4.1 ([2], [17]). Let A be the generator of a uniformly bounded Cy-semigroup
{5(t)}+>0 on a Hilbert space H. If:

(i) A does not have eigenvalues on iIR.

(ii) The intersection of the spectrum o(A) with iIR is at most a countable set,
then the semigroup {S(t)}i>0 is asymptotically stable, i.e, ||S(t)z]lx — 0 as t — o0
for any z € H.

Our next main result in this part is the following theorem.

Theorem 4.2. The Cy-semigroup et is strongly stable in H; i.e, for all Uy € H,
the solution of (12) satisfies

lim || Wl = 0.
t—o00

Proof. For the proof of Theorem 4.2, we need the following two lemmas.
Lemma 4.3. For all A € IR, we have i\l — A is injective, that is
ker(ixI — A) = {0}.

Proof. Let A € IR such that i) is an eigenvalue of the operator A and let ¥ = (y,0) €
D(A) be a corresponding eigenvector such that

AU = iAD. (21)

Equivalently,

+oo
iy - aidy+7 [ 0m,ule)d = )

X+ (& + m)0(2,) — pl)y = 0.
From (15) and (21), we get

0= ReAw 0y =7 [ [ (€ niote. o dear 23
It’s clear that
0(x,&) =0 a.e. in Qx (—o0,~+00). (24)
By substituting (24) into (22)2, we get
y =0, (25)
that is ¥ = 0. O

Lemma 4.4. Ifn>0and A€ IR orn =0 and A € IR*, then i\ — A is surjective.
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Proof. Case 1: X\ # 0. Let F' = (f1, f)7 € H be given. We look for ¥ = (y,0)" ¢
D(A) solving
(X — A)U = F. (26)
Equivalently, we have
+o0

Dy - aidy +7 [ 6w (e = (o) o)

N+ (62 +m)O(E,x) — u(&)y = fal,€).
By (27)2 we can find 0 as

fol, &) + n(&)y

bz ) = 25 L 29
Using (28) to obtain
+oo
i —aidy+7 [ PO 60 fio) (29)

Solving system (29) is equivalent to finding y € H2(Q) N H(Q) such that

M/ywdm—az/Aywdw—i—v/ / §2+77+ )\d§Wd90—/f11Ud$
b (30)

For all w € H} (D).

Consequently, problem (30) is equivalent to the problem
B(y, w) = L(w) (31)
where the sesquilinear form
B: HXQ) x HY(Q) —»T
and the antilinear form
L:H(Q) =T
are defined by

g(y,w) = z)\/ywdx—az/ Aywdw+'y/ /Oo %dfmdm

and

It is not hard to verify that B is continuous and coercive, and L is continuous. Owing
to the Lax-Milgram theorem, we deduce that for all w € H}(2) the problem (31)
admits a unique solution y € H}(Q). Applying the classical elliptic regularity, it
follows that y € H%(Q). Therefore, the operator i\l — A is surjective.
Case 2: A=0 and n # 0.
The system (27) is reduced to the following

+oo

~aidy+7 [ 0. OuOd = h) @)
(€& + )€ a) - w(E)y = Fola, ).
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By (32)2 we can find 0 as
a2, &) + &)y

bz ) = LS L (33)
Using (33)to obtain
“+o0
—aidy+7 [ PG g o), (39)

Solving system (34) is equivalent to finding y € H2(2) N HZ () such that

—ai QAywdxw/ /0o £2+nd£ dx—/flwdx V/Q/:O J;?fg (6)dewdz,
(35)

for all w € H}(Q).
Consequently, problem (35) is equivalent to the problem
B(y,w) = L(w), (36)

where the sesquilinear form

B: HLQ) x HY(Q) —»T
and the antilinear form
L:HN Q) =T
are defined by

Bly,w) = —az/Aywdm—i—’y/ /OO o d§ da
o= fmse=a o [ S

It is not hard to verify that B is continuous and coercive, and £ is continuous. Owing
to the Lax-Milgram theorem, we deduce that for all w € H}(Q) the problem (36)
admits a unique solution y € H}(Q). Applying the classical elliptic regularity, it
follows that y € H?(2). Therefore, the operator i\l — A is surjective. O

and

Lemma 4.5. Assume that n = 0. Then, the operator —A is not invertible and
consequently 0 € o(A)

Proof. First, let y, € L?(Q2) be an eigenfunction of the following problem
Ay, = —B2y, in Q,
Yn =0 on 092,
such that

2 2
oy = [ Il d

Next, define the vector F' = (y,,0) € H. Assume that there exists ¥ = (y,0) € D(A)
such that
—-AU = F.
It follows that
€120 — u(€)y =0 on Q. (37)
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2a—5
2

From (37), we deduce that 6(x,&) = |¢] y ¢ L?(Q x (—00,+00)). So, the
assumption of the existence of W is false and consequently, the operator —A is not
invertible. O

Following a general criteria of Arendt-Batty see [2], the Cp— semigroup of contrac-
tions e is strongly stable, if o(A) N4IR is countable and no eigenvalue of A lies on
the imaginary axis. First, using Lemma4.3, we directly deduce that A has non pure
imaginary Next, using Lemmas 4.4 and 4.5, we conclude, with the help of the closed
graph theorem of Banach, that o(A4) NiR = {@} if n > 0 and o(A) NR = {0} if
1n = 0. The proof is thus completed. O

4.2. Lack of exponential stability.

Theorem 4.6 ([18]). Let S(t) = et be a Co-semigroup of contractions on Hilbert
space X. Then S(t) is exponentially stable if and only if

p(A) D {ip: e R} =iR (38)
and
m\ﬁ\—m H(iﬂf - "4)_1||L(X) < 00 (39)
Our main result in this part is the following theorem.

Theorem 4.7. The semigroup generated by the operator A is not exponentially stable.

Proof. Let —2 = (zﬁn)2 be a sequence of eigenvalues corresponding to the sequence
of normalized eigenfunctions y,, of the operator A such that

|Brn| — 00 as m — 0

and
Ay, = —Bry,  inQ,
{ Yn = 0 on 0f.
Our aim is to prove, under some conditions, that if i3, satisfies Eq.(38) then Eq.(39)
does not hold. In other words we want to show that an infinite number of eigenvalues
of A approach the imaginary axis which prevents the Schérdinger system (P) from
being exponentially stable. Indeed we first compute the characteristic equation that
gives the eigenvalues of A. X be an eigenvalue of A with associated eigenvector
U = (y,0)T. Then AV = \V is equivalent to
“+oo
A —aiby+7 [ 6. ule)dE =0 w0)

N0(, ) + (€ +n)0(, €) — pl(E)y = 0.
By (40)2 we can find 0 as
1€y

0 = . 41
@08 = (1)
By replacing (41) in (40) we get
+o0 2
o~ &y .
Ay — aily 'y/_oo £2+77+>\d§—0. (42)

Then

a—i-g . 7£2+n+>\d§). (43)

~ [too 2
iAgn = —iB2yn = yu 7/ 1 (E)yn
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That is
ALY
- 02 a—1
—ig2 =242 . 44
it2=2+20+) (44)
Hence
Ao Y 1
E+ZB”+ e +0()\1_a) =0 (45)
and
1
Ay = —aiff? + e, + O(Alfa ). (46)
Form equation and (45) and (46) we get
5t 1
ot (—aiff? + )t~ +ol Z(l—a)) =0 (47)
Then
¥ 1
€n + - - + o )=0. (48)
A (s e
We deduce that
¥ 1
n = — - . 49
€ (—G,Z,B%)l_a + O( BTZL(lfa) ) ( )

Using (46) and (49), we obtain

v

A = —aifl — ——o5—
al—aﬁg(lfa)

T U 1
(cos(l - a)§ +isin(1 — a)§> + O(W). (50)
From (50) we have in that case BEI=IRN, ~ B, with

™
5 .

B=- cos(1 — a) (51)

al—a

The operator A has a non exponential decaying branche of eigenvalues. Thus the
proof is complete. O

4.3. Residual spectrum of A.
Lemma 4.8. Let A be defined by Eq.(13). Then

—+oo

OB G 62)
— (€2 41n) 0 —y(z)u(©)

with

(y,0) in H :+y006 H*(Q)N H&(Q),

aisy+7 [ (e)ode e @)

— (€2 +0) 0 — y(a)p(E) € L3(Q x (—00,+00))
€16 € L2(Q X (—00, +00))
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Proof. Let ¥ = (y, )T and U = (y1,6:)7.We have
<AV U > =< U, A*U >y,. Indeed,

AU U >y = /Q <amy§ [ :ou(g)edg> yidz
+o00
+ 7 [ @ 00+ s e

“+o0
- /Q aiVyVyds — 5 /Qm) / j(€)bdedr

— 00

. /Q / :o (€ + n) 0Brdede +7 /Q e | " uededs

— 0o

= /QaiAﬁy(a?)deﬂ/ﬂy(w) /_j ((€)01déd
-alf :0@2 +npiodgar—7 [ g7 [ :O w(E)0deds

+ _
= /[aiAmJﬁ/ 1(§)61d€ly(x)dx
Q

— 00

o0 o
= [ e+ wemsdsas
= < \I/,.A*(I/ > .
U
Theorem 4.9. 0,.(A) = 0, where 0,.(A) denotes the set of residual spectrum of A.

Proof. Since A € 0,.(A),\ € 0,(A*) the proof will be accomplished if we can show
that 0,(A) = 0,(A*). This is because obviously the eigenvalues of A are symmetric
on the real axis. From (52), the eigenvalue problem A*Z = AZ for A € @ and
0+# Z = (y,0) € D(A*) we have
+oo
A —aidy =7 [ 6. ule)dE =, 53)

A+ (62 + )bz, ) + p(€)y = 0.
Furthermore, by (53) we can find 6 as

p(&)y
0(z,6) = — 1Y 54
(@06 =~ 69
By replacing (54) in (53) we obtain
+o0 2

e w8y
Ay — aiAy + / —————d{ =0 55
y yv_m€2+n+/\§ (55)
System (53)-(55) is the same as (42). Hence A* has the same eigenvalues with A.
The proof is complete. O

Remark 4.1. From Lemmas 4.3 and 4.5 and according to the theorem 4.9 we deduce
that the zero element belongs to the continuous spectrum.
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4.4. Polynomial stability 1 # 0. The aim of this section is to prove the polynomial
stability of the system (P’). Our main results in this section is the following theorem.

Theorem 4.10. The semigroup SA(t)tZO is polynomially stable and
1
E(t) = [ISa(t)%oll3; < ——¥oll D) (56)

taT—o

Moreover, the rate of energy decay t>/ (1= is optimal for general initial data in D(A).

To prove them, let us first recall the following necessary and sufficient condition
on the polynomial stability of semigroup proposed by Borichev-Tomilov in [4].

Theorem 4.11. Assume that A is the generator of a strongly continuous semigroup
of contractions (e*);>0 on a Hilbert space H. If

iR C p(A), (57)

then for a fixred | > 0, the following conditions are equivalent:

1
lim sup —||(is] —A) "z < 00 (58)
SEIR\S|~>OO |s|l H @
c
et w3, < t—%H\I'OHQD(A), Uy € D(A), for some C > 0. (59)

Proof. According to Theorem 4.11, to prove Theorem 4.10, we need to prove that
(57) and (58) hold, where I =1 — a. As condition (57) is already proved in Theorem
4.2, we only need to prove condition (58). Here, we use a contradiction argument.
Namely, suppose that (58) is false, then there exists a sequence A, € IR,n € IN such
that A\, — 400 as n — 400, and a sequence ¥,, = (yy,0,) € D(A) such that

[Wnll =1 (60)

and )
. . -1
nl;r& E”(Mnl —A) "z = 0. (61)

For simplification, we denote X, by A and ¥,, by ¥ = (y,6) and
Fp = (iAI — AU, = (f1, f2,),
by
F = N(GX — AU = (f1, f2).
By ( 61), we obtain

+oo
iy — aiAy + W/ O(x, &, t)pnds = f—t — 0,
—o0 A (62)

N0+ (€2 )0 — €y = 2 -0

We are going to derive from (61) that | ¥||¢ = o(1), for this end, we have to collect
a number of results.

Lemma 4.12. Under (62) we have

+o0 0
[ [ @ oo dear = 2, (63)
QJ—o0
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+oo 0
L[ ot gpagas = 2, (69

Proof. From (15) and (61), we have

and

“+o0
~ 1
RAE - A =7 [ [ (@ lote o ded = X,
QJ—o0
which implies (63).
The estimation (64) is a consequence of

//m (2.0 déde - < n/g/_j(é"’w)le(x,f)?dgdx

+oo
< /Q /_ € IO O dede,

Lemma 4.13. We have )
o
/Q|y(90)|2d$ = Nt2a—2"

Proof. From (62)s, we have

A0 + (€ + )0 — ‘j\cf =y(x)pu(§), on Q.

Multiplying it by (iv + &2 + 1) ~2|¢], we get

(v + & + )2 [ely(x) = (v + € +n)HEd — iy + €2 + )~ 2|§| o vr e (65)
By taking absolute values of both sides of (65), integrating over] — oo, +o0o[ with
respect to the variable &, applying Cauchy-Schwarz’s inequality , we get

+oo 3 +oo 2 3
sl <u ([ o opa) +v</ L dg) o 60)
Here
oo 1-2 225
S:'/_oo (h-+ € ) 2leln(e) del = 1= a|sm(2,;4+3) ||M+n\( ’

—+o0 %
u=([ el ae) < VRGN 4

— 00

+oo % L

By using Young’s inequality and integrating (66), over Q, we get

/n|y(w)‘2dx = 282/{22/gz/_;w(§2+77)|9(x,§)|2d§d:p+ 2)? / /+Oo

It is easy to verify

S?2=0(

2

2
7| dedr.

), VE=O(NTH,U? = 0(A72)
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and using (62) and (63), we obtain

/|y o(1) n o(1) _ o(1) ' (67)

)\a 141 \at2l \a—1+1

e

[+ [ [ oo der

= o+ 57 %)

then taking I = 1—«, we deduce that||¥| = o(1) which contradicts (60), consequently
condition (58) holds. This implies, from Lemma 4.11, the energy decay estimation
(56). Besides, we prove that the decay rate is optimal. Indeed, the decay rate is
consistent with the asymptotic expansion of eigenvalues which shows a behavior of
the real part like (1=, The proof is thus complete. O
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