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Stabilization of a Microbeam System with a Boundary or
Internal Distributed Delay
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ABSTRACT. In this paper, we consider the microbeam system with distributed delay term on
the boundary or into the domain. In both cases, and thanks to a clever combination of spectral
decomposition theory of Sz-Nagy-Foias [18] and frequency domain approach and under some
additional and suitable assumptions, we prove the exponential stability of the total energy of
our considered system.
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1. Introduction

Evolution problems appear in many applications in sciences such as finance, biology,
fluid mechanics, quantum mechanics etc. In recent years, a very active research has
started on the stabilization of evolution problems with delay where the delay term is
known to be the cause of instability see [11] and that sometimes an arbitrarily small
delay in the feedback can destabilize or improve the system performance. The study
of the stability of problems with delay, even in an abstract framework, is therefore
of great importance. Motivated by the results obtained in [11, 10, 19, 2, 5] for wave
equations, the Rayleigh beam equation with dynamic control and more recently in
[12] for a coupled system between a transport equation and an ordinary differential
equation. In this paper, inspired by [13, 16], we are looking for the stability issue of
a microbeam system with a boundary or internal distributed delay.

Firstly, we consider the microbeam system with boundary feedback.

pAu(z,t) + MiUgpes(2,t) — MaUzprazs(2,t) = 0, x € (0,L),t >0,
w(0,t) = uz(0,t) = uz,(0,t) =0, t>0,
Mitger (L t) — Motggrre (L, t) — Brug(x, t) — f: Ba(s)ug(L,t — s)ds =0, t >0,
Mlum(Lt) — MQ’U,Z@II(L,t) = 0, t> O,
MQUIII(L,t) =0, t >0,
u(z,0) = up(z), w(x,0) = uq(x), z € (0,L),
wg(L, —t) = f(L, —t), z € (0,L), t € (0,72),

(1)
where (1, 71 and 75 are positive numbers with 0 < 74 < 72, 8 : [11,72] = Ris a
positive L> function and the initial data (ug,u1, fo) belong to a suitable space.
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Morever, u(x,t) denotes the lateral deflection of the beam, while p > 0 is the
density of the beam’s material, A > 0 is the cross section area and L is the length.
Furthermore, M;, M, are positive constants determined by M; = EI + GA(212

18 5 9
1—5lf +13) and My = GA(203 + 4l ) , where E > 0 is the Young’s modulus, I > 0 is
the area moment of inertia, and G > 0 is the shear modulus,while [y, [, and ls are,
respectively, the material length scale parameters associated with dilatation gradients,
deviatoric stretch gradients, and rotation gradients.

Throughout this paper, we first assume that

/T2 /BQ(S)dS < ﬂl- (2)

We also consider the microbeam system with internal boundary distributed delay
term, which takes the following form:

pAutt (Z, t) + Mlumxmz (x, t) - MQUmIIzzz (SU, t)
T2
+ﬁ1ut(x,t)+/ a(2)Ba(s)ur(w,t — 5)ds =0, z € (0,L),¢> 0
w(0,t) = uz(0,t) = uy(0,¢) =0, t>0
Mluzxa:(Lat) - M2uxxm1:z(Lat) - 07 t>0 (3)
Mty (L, t) — Motgger (L, t) =0, t>0
Matgas(L,t) = 0, t>0
Ut(xa 7t) = f(SC, 7t)7 T e (07L)7 te (OaTQ)
u(z,0) = up(x), we(z,0)=u1(z), z € (0,L)

where a € L*(0,1) is a function such that
a(z) > 0,a.e. z€ (0,L)
and
a(z) > ap > 0,a.e. z € (a,b),

where (a,b) C [0, L] is an open neighborhood of L.
Throughout this paper, we assume in (3) that 83 : [, 72] — R is a positive L
function verifying

lall iy [ Bals)ds < 6. g

It is known that when 82 = 0 (that is no delay occurs in the systems (1) or (3)), it
has been proved in [13] that the corresponding problems are exponentially stable.
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In the presence of a delay concentred at 7, the following problems

pAutt (l‘, t) + Mluwwwm (xa t) - MQU'xwwa:;E;v (.23, t)

+ﬂlut(x7t)‘FBQUt(‘P‘Cat*T):07 T e (07L)at>0

u(0,t) = u,(0,t) = ug,(0,¢) =0, t>0,

Mluwww(Lyt) - MQUmwzza:(L7t) = 07 t> 0; 5

Mg, (L, t) — Matgger (L, t) =0, t >0, (5)

MQUxx:c(Lat) =0, t>0,

u(z,0) = up(x), u(z,0)=wui(x), z € (0,L)

w(x, —t) = f(z, —t), z € (0,L), t € (0,72),

and

pAutt(xat) + Mlu:catmm(x;t) - MQUIIzzzm(xat) = 07 HAS (Oa L)at > 07
u(0,1) = uz(0,t) = uz(0,1) =0, t>0,
Mlua::rx(Lvt) - M2ua::1::czz(Lat) + Blut(Lyt) + ﬂQut<Lat - T) = 0> t > 07
Mluxw(Lat) - M2ua:www(L; t) =0, t>0,
Moty (L,t) =0, t >0,
U(I7O) = UO(I), Ut(I,O) = ul(‘r)ﬂ HS (OvL)7
ug(z, —t) = f(z,—1), z € (0,L), t € (0,72),

(6)

are also exponentially stable, see for instance [5].

They combine multiplier method and a suitable the choice of Lyapunov function
and integral inequalities.
As a reminder, both polynomial and exponential stability results with distributed
delay for the wave equation with dynamical control have been investigated respec-
tively by S. Nicaise and Christina P.[10] and Roland S. and Gilbert B. [17] under the
assumption

/ " a(s)ds < . (7)

1

To our best knowledge, no paper has taken into account the presence of interior
and boundary distributed delay for the micro-beam system. This is indeed the main
motivation of the present article. Of course, needless to point out that it is practically
impossible to avoid the time delay in the sensors and actuators when the objective
is to stabilize the micro-beam system. In this paper, staying on the one dimensional
space, we look for the possible ways to stabilize the systems (1) and (3) based on
frequency domain approach for exponential stability (see Huang [3] and Priiss [14]).

The paper is organized as follows: section 2 is devoted to the well-posedness results
for problems (1) and (3). In section 3 we prove the strong stability of problems (1) and
(3). Finally in section 4, we establish the uniform stability of the above micro-beam
systems (1) and (3) .

2. Semigroup formulation
Our aim in this section is to prove the global existence and the uniqueness of the

solution of the micro-beam systems (1) and (3). We will first transform the systems
(1) and (3) by making the change of variables and then we use the semigroup approach
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to prove the existence of the corresponding micro-beam systems. In this section we will
give the well posedness for the problem (1) and (3) using the semigroup theory, and
establish strong stability result. We start by considering the problem with boundary
feedback.

2.1. Well-posedness of the microbeam system with boundary distributed
delay. In order to put the system in an abstract framework, we introduce the auxil-
iary variable

z(r,t,8) = ug(L,t —sr), r€(0,1), s € (r,72), t > 0. (8)
Then the problem (1) admits the following equivalent formulation

pAug(,t) + Mitgers(x,t) — Motzrppres(z,t) = 0, xz € (0,L),t >0,
sze(r,t,s) + z(r,t,s) =0, re (0,1),¢t>0,
w(0,t) = uz(0,t) = uz(0,t) =0, t >0,
Mitger (L, t) — Matgpzes(L,t) — Brug(L,t) — f:f B2(5)2(1,t,8)ds = 0, t >0,
Mlum(L,t) — Mgumm(L,t) = 0, t> 0,
Motize (L, t) = 0, >0,
u(z,0) = uo(z), w(z,0)=us(x), z € (0,L),
z(x,0,t,8) = us(x,t), z € (0,L),t>0,
2(r,0,8) = fr(L,—rs), s € (0,72).

)

Setting
-
U= (u,ut,z) .

Then we have

1 1 T
-1
ut = (uta 77M1u$mmr + 7M2uxa:z:cmra —S Zp) .

pA pA
Therefore problem (9) can be rewritten in an abstract framework:
Z/{t = .AZ/{

U(O) = (UQ, Uz, fo(_ : s))T ;
where the operator A is defined by

T
1 1
‘A (U,U, Z)T = (Ua _piAMluwmvz + ijQUxIwwwxv _5_1ZP) 5

with domain
(u,v,z)T S (HG(O,L) N V) x V x L*((11,72); H(0,1)), 2(0) = v(L)

D(A) = Mluxw(L) - M2uzxa:w(L) = 07 M2uma:x(L) =0 5

Mtz (L) = Matggzea (L) — Bro(L) — [2 Ba(s)2(1, 5)ds = 0
where
V ={ue H*0,L),u(0) = uy(0) = uy,(0) =0}
Let us define he energy space H as follows
H =V x L*0,L) x L*((11,72); L*(0,1))
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<

with the natural associated inner product given by
L
/ (pAvv + Myug ut, + Mgug;gmuwm) dx
0

INCGE /01 (57 (5] dp ) ds

for all U = (u,v,2)T,U* = (u*,v*,2*)T € H .

H

+

Proposition 2.1. Assume that (2) holds, then for any initial datum Uy € H, there
exists a unique solution U € C ([0,00); D(A)) of the system (10). Furthermore, if
Uy € D(A), then U € C ([0,00); D(A))) N C([0,00);H).

Proof. We start with the dissipativeness of A. Let U = (u,v,2)" € D(A). Now using
the definition of the inner product and the definition of the operator, we obtain that

u u v u
1 1
.A v s v = _ijluzxmm + ij2uzxmwzz 5 v

o1
z z H S "Zp z H

L
1 1
= pA/O (—ijluxxxx + ij2uxwxxxx)@dx

L T2 1
+/ Mlvrx@ + MQszmU:czz dx — / (52(5) / Zp(p, S)Z(p, S) dp) ds
0 0

T1

L L
= / (_Mluwwxm + M2u$III$I)f dl‘ + / Mlvwx@ + MQUa:xzuacwa: dw
0 0

[ (a0 [ 1 o0 e5) dp ) s

Integrating by parts and using the boundary conditions, we get

u u
5R<A v |, v > = —p1|v(L ((/ Ba(s
z z H
_7/ Ba(s) |2(1, )[2 ds + = / Ba(s) |20, 5)[2 ds

< B o(L |+/52 (1, 5)P ds + 5 (L |/62

—f/ als) |=(1, ) ds + 3 ol |/ Ba(s

< B (L) |/ Bals)ds + 5 (L |/ Ba(s

_,/ Ba(s 15|ds+/52 2(1,9)[ ds
< (-5 + | ﬂz(S)dS) (D). (11)

120
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Now the relation (2) allows to conclude that A is dissipative.
In order to use the Lumer Philips theorem, we need to prove that the operator AI — A
is surjective for at least one A > 0.

For (f,g,h)T € H, we look for (u,v,2)T € D(A) solution of

A—v=f in (0,L)

1 1
AU+ ijlummmm - ij2uzzzxmx =g in (0’ L) <12)
Ae+s 2=k in (0,1).

Suppose that we have found u with the appropriate regularity. Then v = Au — f and
we can determine immediately z by solving the system

slz, 4+ Xz2=Fk in(0,1)
{ 2(0) = o(L). (13)
We obtain
2(r,s) = v(L)e " + / k(o s)e™? do. (14)
2(1,s) = v(L)e ™ + se™ 0, 5)e* do.
(1.8) = v(L)e™ + / ko, 5)e™ d (15)

The function u verifies now

1 1 .
— MiUpzer — — MoUzzzzae + Ny = g+ /\f m (Oa L)

pA B pA
w(0) = uz(0) = uz(0) =0
Mlumxz(L) - MQUzzmmx( Blv / 62 =0 te (07 +OO)

Mlua:x(L) - MQUmwzz(L) =0

(16)
By using Lax-Milgram’s Lemma, the problem (16) admits a unique weak solution.
Indeed multiplying the first equation by v € V and by integrating formally by parts

we get
a(u,v) = F(v),Yv eV, (17)

where the bilinear and continuous form a is given by

L
1 1
= M zax Wy + —M: zxx Wrox >\2 )d
a(u, w) /0 <pA 1 Uz W Y oUggrWrvs + A uw | dx +

(51 +/ Ba(s ’\st) w(L)w(L), V (u,w) €V x V
while the linear form F is
F(w)z/ (g+ Af) wdm—(/ / 5Ba(s)k(a, s)er* 1)dads> w(L), YVweV.
0

Since a is clearly strongly coercive on V' and F' is continuous on V', by Lax-Milgram’s
Lemma, problem (16) admits a unique solution u € V. By taking test functions
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v € D(0; L), we recover the first equation of (16). This guarantees that u belongs to
H(0,L).
We conclude that the operator A is m-dissipative on ‘H and it generates a Cgy

semigroup of contractions in H, under Lumer-Phillips theorem. So, we have found
(u,v,2)" € D(A) which verifies (16). O

2.2. Well-posedness of the microbeam system with internal distributed
delay. Now, we consider the problem with internal feedback, namely the system (3).
Let us set

z2(x,rt,8) = w(x,t —sr), xe€(0,L),re(0,1),s€ (r,m),t>0. (18)

The problem (3) is now equivalent to

pAutt(xv t) + Mluxxmm ('Tv t) - M2szxa:xz (xv t)
T2
+ Brug(x, t) —|—/ a(x)B2(s)z(x,1,t,8)ds =0, x € (0,L),t>0
T1
sze(z,r,t,s) + zp(z,7,t,5) =0, x € (0,L),r e (0,1), t >0,
w(0,8) = uy(0,t) = uye (0,8) = 0, t>0,
Mluwazm(L7t) - M2uwx;v:vw(L; t) = Oa t> 07
Mitge (L, t) — Matugger(L,t) =0, t>0,
Motypr (L, t) =0, t >0,
u(z,0) = uo(z), w(z,0)=u1(x), z € (0,L)
z(x,0,t,8) = ug(x, t), x € (0,L),t>0,s € (11, 72),
2(x,r,0,8) = folx,—rs), x € (0,L),s €(0,72), r € (0,1).
(19)
Setting
T
U= (u,ut,z> .
Then we have
1 1
ut :(uta _ijluxmxw(xy t) + ij2quwwwz($a t) - /Blut(x7 t)
T2 T
- / a(x)Ba(s)z(x, 1,t, s)ds, —s_lzp) .
Therefore problem (19) can be rewritten in an abstract framework:
Uy = AU
20
{ U(0) = (o, ur, fol—-5)T 20)

where the operator ./Z is defined by
~ 1 1
A(Uavﬂ% Z)T = <’U, _ijluzxzm + ijZUIszzx - %'U
1 72 T
-—— a(z)62(s)z(x,1,s)ds,slzp> ,

T1
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with domain
(u,v,2)" € (HS(0,L) N V) x V x L2((m1,72); H'(0,1)), 2(0) = v,

D(A) = Mlua::r(L) - MQUIILEI(L) = 07 MQUZL’CDI(L) = Oa )

Mtz (L) — Matgezaa(L) = 0.
where
V ={ue H*0,L),u(0) = uy(0) = uy,(0) =0}
Let us now introduce the Hilbert space
H =V x L*0,L) x L*((11,72); L*(0,1))

with the natural associated inner product

i u* L
< I > — / (pAVO* + Myugpuly, + Matge,u,,) do
N 0

/OL “w / 2 (Sﬁz(s) / 2(r,5)2 () dr) dsdz.

Arguing analogously to the case of boundary feedback under the assumption (4), we
show that the operator A defined above is m-dissipative on the energy space H and
therefore generates a Cy semigroup of contractions in # . In others words, for the
sake of brevity in this paper , we omit the proof of the following proposition because
the proof is very similar to the procedure for problem (10) .

_|_

Proposition 2.2. Assume that (4) holds, then for any initial datum Uy € 7—7, there
exists a unique solution U € C ([0,00);D(,Zl\)) of the system (20). Furthermore, if

-~

Uy € D(A), thenU € C ([o,oo);D(ﬁ))) N C'([0,00): H).

3. Strong stability
In this section we establish strong stability results and the main results of this sub-
section are the following.

Theorem 3.1. The Cy-semigroup (e')
that is for any Uy € H,

>0 U8 strongly stable on the energy space H,

: tA —
tE}}x He UOHH =0.
Proof of Theorem 3.1. We use the spectral decomposition theory of Sz-Nagy-Foias
and Foguel [18, 5, 7]. Following this theory, since the resolvent of A is compact, it
suffices to establish that A has no eigenvalue on the imaginary axis. For our purpose,
it is easy to prove that the resolvent of the operator A defined in (10) is compact.
We are ready now to achieve the proof of Theorem 3.1 with the following lemma.

Lemma 3.2. There is no eigenvalue of A on the imaginary axis, that is

iR C p(A).
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Proof. By contradiction argument, we assume that there exists at least one i\ €
o(A), A\ € R, A # 0 on the imaginary axis. Let U = (u,v,n,2)" € D(A) be the
corresponding normalized eigenvector, that is verifying ||[U|| = 1 and
Au,v,2)" = iX(u,v,2)7, (21)
In the case of the microbeam system with boundary distributed delay, the system
(21) is equivalent to
v—idu =0 1in (0,L)
1 1 . .
- ijluxxxw + ijZUxxxxzw —tAv =0 in (OaL) (22)
— s 'z, —idz =0 in (0,1).
Recalling the dissipativity of A and basing on the result (11), it follows from (21)
that

0= R (AW, 2)7, (0,27, < [o(L)] <—51 +/ 52(s)ds) <0 (23)

and we conclude that v(L) = 0.
Owing to the expression of z given in (14), we deduce that z = 0.
Now (22) becomes

v—idu =0 1in(0,L),

- piAMluwm 4 piAMgu —i=0 in(0,L). 24
From the first equation of (24) we deduce that
u(L) =0.
Setting v = ¢Au, it remains to find u € V' which verifies
~ Mtz + 2 Mattrsare + ¥u =0 in (0,1),
w(L) =0, Motz (L) =0, (25)

Mlua::r(L) = M2ua:xa:1:(L) aMluxxm(L) - MQU:vzza:m(L) = 07
w(0) = uz(0) = uy(0) = 0.

Therefore, from the general theory of ordinary differential equations, we deduce
that

u=0, on(0,L). (26)
Now it follows that (u,v,z)" = (0,0,0)" which contradicts the fact that U, =1
We conclude that A has no eigenvalue on the imaginary axis. O

As the conditions of the spectral decomposition theory of Sz-Nagy-Foias and Foguel
are full satisfied, the proof of Theorem 3.1 is thus completed. O

Theorem 3.3. The Cy-semigroup (etﬁ> is strongly stable on the energy space
t>0

ﬁ, that is for any Uy € 72,

lim Het'AUo
t— o0

)ﬁzo'
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Proof of Theorem 3.3. We omit the proof since it is analogous to the proof of Theorem
3.1. O

4. Exponential stability

In this section, under some assumptions we want to prove exponential stability re-
sult for the micro-beam systems (1) and (3). Our futur computations are based on
frequency domain approach for exponential stability (see Huang [8] and Priiss [14]),

more precisely on the below result.
Lemma 4.1. A Cy-semigroup (e™)
exponentially stable, namely satisfies

-0 of contractions on a Hilbert space H is

t

|4 Uol|,, < Ce ™ |Uollag ¥V Uo € H, V>0, (27)
for some positive constants C' and w if and only if
p(A) D {iB, B e R} =iR (28)
and
sup [|(if — A *H < oo 29
%%Hw s (o (29)

where p(A) denotes the resolvent set of the operator A.

4.1. Exponential stability of the microbeam system with boundary dis-
tributed delay. The main result of current section is the following.

Theorem 4.2. Assume that (ug,u1, fo) ' € D(A). Then, the system (1) is exponen-
tially stable in the energy space H.

Proof. As the condition (28) is guaranteed by Lemma 3.2, it suffices now to check
the condition (29) in other words, the boundedness of the resolvent on the imaginary
axis. For that, we will establish that for any A € R and F = (f, g, h)T € H, the
solution U = (u,v,z)' € D(A) of

(IN[-A)U=F (30)
satisfies

[Ullx < CllFln (31)
where C'is a positive constant (independent of A and F).
Note that problem (1) without delay (corresponding to S = 0) is the following one

pAu(z,t) + Miugree (%, 1) — Motgprees(z,t) = 0 in (0, L) x (0, +00)
w(0,t) = uz(0,t) = Uz (0,8) =0 ¢ € (0,400)
Mlu:r:vz(L7 t) - MQUmzmxaz(Lv t) - /Blut(Lv t) = 0 te (07 +OO)
(32)
Mluww(Ly t) - M2u:uvwx(La t) =0 te (07 +OO)

Motgee(L,t) =0  t € (0,400)

w(z,0) =uo(z), w(z,0)=wui(z) =x€(0,L).
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This problem (32) is well-posed throughout its equivalent abstract formulation
Ag (u,v)" = <U7 —iMlummz + 1M2Ummm)T (33)
pA pA
in the following Hilbert space
Ho =V x L*(0,L) (34)
with domain

(u,0)" € (HS(0,L)NV) x V,
Mluz:r(L) - M2uza:m:v(L) = 07 M2uzxaz(L) = 07

D(Ao) = (39)
Mluwmm([/) - M2umvmazx(L) - ﬁlU(L) =0.
and where H; is endowed with the norm
2
-
|, = dlwaelFegoy + pAl0 200 + Mellses 3oy (36)

The system (32) has been studied in [16] by Vatankhah et al. where they proved
that the operator Ag of the problem without delay generates an exponentially stable
semigroup. So, according to this study we have iR C p(Ap) and there exist a constant
Cp > 0 such that

H(iﬁ—Ao)_lHL(HO) <Cy, VYEeR (37)

The relation (37) implies that the solution U* = (u*,v*)" € D (Ay) of

(A — Ao) (Z“) = (:f) (38)

verifies
T T
u*,v* < C H U, vV ‘ . 39
o], < oo, (39)
Also, the system (38) can be rewritten as
At —vt =u

However, we have

U u* L L
<(i)\I —A)y|v]|,|v > = / M (idu — ), uf dx + / M, (idu —v),,, uk, d
z az) |, 0 0

L

1 1 _
+/Op <zv+pA 1U pA 21U )v X

+ a/T2 (sﬂg(s) /1 (ixz+s'2) zdr) ds.
T1 0

L L L
/ M, (idu—v),, ui,de = / Mgy, (—idu*), dx — / Myvu?,,dz
0 0 0

= My (L)uz, (L) + Myv(L)ug,, (L),

Integrating by parts, we get
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L L - L
/ My (idu —v),,, Whppdr = / Moty (—idu*),, . dv + / Movu?, o dx
0 0 0

L L
1 1 _ _ _
pA (i)\v + — MiUppre — Mgummm> v¥dr = /pAi)\vv*d:v + Mitugps (L)v* (L
/ - ” O (L) (L)
L
— Myug,(L)vi(L) + / Mg, v¥ de — Motgpper (L)v*(L)
0

L
+ Motyyza (L) (L) — Matgee (L)vy, (L) + / Mg, v}, dx
0

T2 1 T2 1
a/ﬁ (sﬁg(s)/o (ixz+s"2) zdr) ds =il /T1 (sﬁg(s)/o |z|2dr> ds
T2 1
+Oé/ (ﬁg(s)/ z,«zdr> ds.
T1 0

Adding the last integrals and using the relations (40) and (36) , we obtain that

<(M—A) o) (v >=—H(u7v)T‘

T2 1
A 2d )d dr
+i oz/T1 (SﬂQ(s)/O |z|%dr | ds
T2 1
zdr | ds. 41
—|—oz/T1 <,82(3)/0zz7‘> S (41)

1
In the sequel we set o = - Then recalling (30) and taking the real part in (41),

and

j{-&- 2B1v(L)v* (L) + TQBQ(S)Z(', 1,s)v*(L)ds

we obtain

*

i 10:—3%<F, ”1* > +§R(2,810(L)W) +3%(

—=z
€ H

(2 [ (o [ ) ). )

Using (39) and the Cauchy-Schwarz inequality we have

T

mﬁg(s)z(-, 1, S)U*(L)ds>

u*
* 1
_ v * x\ T - T
%<F K > < Bl o)+ 21 0.0.27]
€ H
1 T
S CRtol M (Rl
< 1Bl o)+ 2 1| T
1
.
< CollFll |||, + 21U 10l (43)
0



454 D. SABA, A. BEN AISSA, AND G. BAYILI
Applying the Young’s inequality one obtains
267
v
€

R (2B810(L)v*(L)) < (L)]? +elv*(L)|?, with e > 0. (44)

From the dissipativeness of A, we deduce using (30) and the Cauchy-Schwarz inequal-
ity that

(3= [ dalords) (IR < RUGNT = A) U0 < I [0 (49
Note further that (39) and the dissipativeness of 4, directly yield

Bl (D)2 < R(GAT — Ao) U, U, < ([ 0) Tl N0 lygy < Co 1) 7]

Ho *
(46)
Consequently using (45) and (46) in (44), we get
— 232 C
R (2610(L)0"(D)) < i 1Bl 10T+ =52 [0, - (47)
(3= [ patesas)

Thanks to the Young’s inequality, we get

%(/:52(8)12*@)2( )</ Ba(s)2(, 1, 5)|? ds+s/ Ba(s) |v* (L) ds.
That is using (46)
(/ Ba(s)v*z(-,1,5)d ) —/ Ba(s) |2(-, 1, 8)* ds
600/ Ba(s)ds
— g |l

() - (8)

Furthermore, we have

_i/ﬁm (52(5)/01 z,,zdp) = —*/ Ba(s) |2(-,1,5)| ds

%AB$WWVM
Using (45), one can write

R (i/T (Bg(s)/olzrzdr) ) / Ba(s) |2(~ 1, 5) | ds
/ Bals
o

+

13 U115, (49)
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Now adding (43), (47), (49) and (48) one gets
2

T
[CRON
1 9242
< Co Pl [[tw )|, + 2 1P 10Tl + - 1l U1,
0
€ <51 Ba(s)d )
EC() 2 2 / BQ
+ 520 (14 7 patodas) wo) "I, + T
m 2e (51 / PBa(s )
At this level we chose ¢ sufficiently small such that ¢ <« Bé to
Co (1 + 52(8)(18)
obtain "
) 15 + / Bals
T
Jwo |, < [co+z+ 1Fllag 01l (50)
2e (51 - / ,62(8)d8>
. T||? |2 " ! 2
Since H(u,v,z) HH = H(uﬂ)) ‘7{ —|—/ sﬁg(s)/ |z(-, 7, s)|“dr | ds, we deduce that
0 T1 0

432 + Tzﬁg (s)ds

1 - T2 1
1013 < | Cot <+ - 11 10t | (s206) [ zCoro) P ) s
2¢e (61 ) i

— | Ba(s)ds
1 (51)
T2 1
Now we need a best estimation for / (sﬁg (s)/ |z(-, s)|2dr) ds.
T 0
Following (30) and solving the next Cauchy problem (52)
sz, +idz =1
{ 2(-0,5) = o(L) (52)
we obtain
2(-, 7, 8) = v(L)e ™" 4 s/ e =9 o, 5)do, YV re(0,1). (53)
0

Using the triangular inequality, it follows from (53) that
p
2ol @) s [ o 9)]do, Ve 0.1),
0

which leads to

12 9)|? < [o(L)[P+52 (/z as)|da>2—|—2|v (/u as|da> Vre(01).

(54)
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On the one hand, by Cauchy-Schwarz’s inequality we obtain

(/Op |l(-,a,s)do>2 (/Op |l(-,0,s)2da) (/0de>
[ iteop o

(/Op l(-,a7s)|d0)2 < /Op (-, 0, )| dor (55)

On the other hand, Young’s inequality guarantees that

2 0L (/ (- as|da><|v 2 + 52 (/ (- JSdJ). (56)

Combining (54), (55) and (56) it follows that

IA

IN

that is

P
(o, )| < 2[o(L)[? + 252 / (-0, 5)[ do. (57)
0

Integrating (57) on X (71,72) x (0,1) yields

/: <552(5)/01 I S)er> ds

To T 1
< 2/ $f2(s) |U(L)|2 ds + 2/ sgﬁg(s)/ (-, s)|2 dsdr
T1 T1 0

T2 T2 1
< 27'2/ Bg(s)ds/ |v|2+27'§/ 5[32(5)/ 1(-,r,5)| dsdr.
T1 FN T1 0

Then using (45) and the H-norm definition, the above relation can be rewritten as

279 Ba2(s)ds

T2 1
/ <Sﬁ2(5)/ |z(-,m, S)er) ds < T IE 3 Ul + 273 | FII3, -
m 0 B1 —/ Ba(s)ds

(58)

Putting (58) in (82), it follows that

432 + 1+4572/ Ba(s
2e (51 / Ba(s )

2 2
HU”H <C: ”F”H HU”H + 2722 ||FH7-[ (59)

where C; is a positive constant which doesn’t depend on A. More precisely,

2
1l 1Tl + 275 (113,

IU1I5 < | Cot - +

that is

482 + (1 + dets) / Ba(s

]

C.=Co+ -+
19
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Applying Young’s inequality to (59) it follows that

€/

Ce )
U3, + 272 |F|5,, with &' > 0. (61)

C
2 € 2
U < F -+

/
C
One can choose & small enough such that e . Consequently, (61) becomes
2 2
103 < Ceer [|F I3, (62)
where one sets
C. 5
90 27
C.or = 1705 (63)
2

Finally (62) directly leads to (31) with

C=Ceo. (64)

That means the resolvent of A is uniformly bounded on the imaginary axis. The
proof of theorem 4.3 is thus completed. O

4.2. Exponential stability of the microbeam system with internal distributed
delay.

-~

Theorem 4.3. Assume that (ug,u1, fo) € D(A). Then, the system (3) is exponen-
tially stable in the energy space H.

Proof. As the condition (28) is guaranteed by Lemma 3.2, it suffices now to check
the condition (29) in other words, the boundedness of the resolvent on the imaginary
axis. For that, we will establish that for any A € R and F = (f,g,h)T S 7:27 the
solution U = (u,v,z)" € D(A) of

(m - ,Z) U=F (65)

satisfies
1Ulls < ClIF|l 5 (66)

where C'is a positive constant (independent of A and F).
Problem (3) without delay (corresponding to 82 = 0) is the following one

pAu(z,t) + MiUgprs(2,t) — Matgpraes (2, t) + Brug(z,t) = 0in (0, L) x (0, +00)
u(0,t) = uz(0,t) = upe(0,8) =0t € (0,400)

Mgy (L,t) — Motgppee (L) =0 ¢ € (0,+00)

Mty (L 1) — Mattygra(L1) =0t € (0, +00)

Motger (L,t) =0 t € (0,+00)

u(z,0) =up(x), w(z,0)=ui(x) x€(0,L)
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System (67) is well-posed and equivalent to the abstract formulation

T
~ 1 1
Ag (uvv)T = (1}, _ijluxwxx + piAMZwacx;cac - ﬁzv> (68)

with domain
(u,0)" € (HS(0,L)NV) x V,

Ml’u,zg;g;([/) - M2u:mma:a:(L) =0

in the Hilbert space
Ho =V x L*(0,L) (70)

endowed with the norm

o7

2
’ﬁ = MiluaallZ20.0) + PAIYIL2 0 1) + Malltawallizo - (71)
0

The system (67) has been studied in [16] by Vatankhah et al. where they proved
that the operator Ay of the problem (67) of the problem without delay generates an

exponentially stable semigroup. So, according to this study we have /R C p(le\o) and
there exists a constant Cy > 0 such that

Jie-2)"

The relation (72) implies that the solution U* = (u*,v*)" € D (ﬁo) of

(A — Ay) (g) = Cf) (73)

<Cp VEER. (72)
L('ﬁo)

verifies
u*v*T‘A<C’HuvTA. 74
[N ete (CROU (74)
Also, the system (73) can be rewritten as
U —vt =1
(75)
AU + piAMlu:’;xm — ,%4M2u;mmx + %1}* =0

We have

_[u u* L L

<(i)\I —A)|v],|v* > = / M (idu —v),, ui dx + / M; (idu—v),,, .

z az) | 4 0 0
1

L
, 1 B\ —=
+/o g (ZHpA H pA ! +pAv>v !

4 /OL </ a(2)Pa(s)2(x, 1,s)ds> da
+ a/OL a(z) /TT (52(5) /01 (ixz+s"2) zdr) dsdz.
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Integrating by parts, we get

L
/ M (idu — mu;xda@—/ MU (—idu*) dw—/ Myvu?,, dz
0

_MIUI<L) (L)+M1U(L) :mvz(L)’

/ M2 iAu — xacgc zzzdm - / MQ'U’IMC( Z)‘u*)aca:xdx + / MQvufmmmmdx
- MQvII(L)uzxaz(L) + MQUI(L) zxmm(L) - MQU(L)m7
L . 1 1 —
/ pA 1AV + — MiUppes — —5 MoUseaaze | Vi d
0 pA pA
L
= / pAiIMVFdT + MUy (L)v* (L) — Mg, (L)vE / Miug,vt, dx
0

0

and

a/OL a(x) /: (sﬁg(s) /01 (ixz+s'2) zdr> dsdzx
=i\ /OL a(x) /:2 (sﬁg(s) /01 |z|2dr) dsdx + a/OL a(z) /: (ﬁg(s) /01 z,«zdr) dsdzx.

1

Adding the last integrals and using the (75) and (71) , we obtain that

;O + /OL (/T a(2) ()2 (x, l,s)ds> T da

*

[u u
< (X[=A)|v],|v >
P az) | 5

i

e

H
L T2 1
+ i)\a/ a(x)/ (sb’g(s)/ |z2dr) dsdx
0 T 0
L T2 ' 1
+ a/ a(x)/ (62(3)/ zrzdr) dsdzx. (76)
0 T1 0
1
In the sequel we set a = - Now taking the real part in (76), we obtain
u*
_p « L T2 _
H(u,v) 4 = —R <F, vl > +R </ (/ a(x)Ba(s)z(x, 1,s)ds> v*daz)
0 _ = 0 1
e° H

~ % (i /0 " o) /T (62(5) /0 1szdr> dsdm). (77)

Using Cauchy-Schwarz’s inequality we have

*

u

_§R<F, v >§C’0||Fﬁ"(u,v)-r

1
—I1F\lg U5 - 78
1 2 T2 IFlR Vg (78)

5 H
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Using (74) and Young’s inequality we obtain

R (/OL (/T a(@)Ba(s)z(, 1, s)ds> v*dm)

T2
wwwwmm/ Ba(s)ds
T1

1 L T2 9 2
< — 1,8)|° dsd T
< 25/0 /Tl a(x)B2(s) |z(x, 1, s)|” dsdx + G H(u,v) ||H0
(79)
Using the dissipativeness of .20, one can write
1 L T2 1
R —f/ a(x)/ (ﬂg(s)/ zwdr) dsdx
€Jo 1 0
1 [Lym , lallpee o,y [ Ba(s)ds
< _276/ a(x)pB2(s) |2(z, 1, s)|” dsdx + = 1Fl7 11U -
0 Jm 22 (1 = lall 0. P51t )
1 (80)
Now adding (78), (79) and (80) one gets
T2 T 1
| < ColFlle o)™+ Z1FIZ IV,
T2
2:Co ol o1y | Belo)ds
T1 T 2
‘ . o7,
T2
lall ey [ Belo)is
+ e IFl7 11Ul -
22 (51~ lallm oy [ ao)ts)
T2
2:Co ol 0y | Ba(s)ds
For ¢ sufficiently small that is ¢ < 3 & , we obtain
1
T2
iy Jall sy [ Belo)ds
)| < |cor+ - IFl7 1Tl (81)

#H € =
0 2e (/31 - HaHLoo(O,L)/ 52(5)‘13)
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;0 +/OL a(x) /: (sﬁg(s) /01 z(m,r,s)|2dr> dsdzx,

L Dl [ A
1% < |Cot+-+ ——
22 (51 = lallmoy [ fal5)ds)

+ /OL a(z) /: (sﬁg(s) /01 |z(:v7r,s)|2dr> dsdz. (82)

" (sﬁg(s) /01 z(x,r7s)|2dr> dsdz.

Since H(u,mz)TH; = H(u,v)T

we deduce that

1l 1Tl

L
Now we need a best estimation for / a(x) /
0 T

1

Solving the next Cauchy problem

sTlz. . +idz=h
St )
we obtain
™
2(-, 7, 8) = v(x)e ™ 4 s/ e~ M= p(. 5,5 do, YV re(0,1). (84)
0
Arguing analogously to the previous case, we can show that
L T2 1
/ a(x)/ (3,82(8)/ |z(, T, s)|2dr) dsdzx
0 T1 0
T2
2 ol [ Palo)ds 2
< v Il U7 + 275 | Flig - (85)

T2
51Nl [ Bals)ds
T1
Putting (85) in (82), it follows that

T2
2 (11 4em) all ooy [ Bols)ds 2
wig < [ oo+ L+ VFlg (Ul + 272 111
% (ﬁl ~all g ory ﬂz(s)d8>

T

that is
2 2
U5 < C=IFllg U5 + 275 IFlg (86)

where C¢ is a positive constant which doesn’t depend on A. More precisely,

T2
(1 +dem) llallpeo,z)y [ Bo(s)ds
Cc=Co+-+ o . (87)

(51~ allmory [ pao1ts)
T1
Applying Young’s inequality to (86) it follows that
9 C s €C 2 2 .
Ul < 55 I1Fllg+—= U5 +215 |Flig, withe' > 0. (88)
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e'C,
One can choose &' small enough such that < 1. Consequently, (88) becomes
2 2
U5 < Ceer |F|I5;, (89)
where one sets
C. 5
275/ + 27’2
C&E’ == 7@ (90)
1 2>¢
2

Finally (89) directly leads to (66) with

C=Ceo. (91)

That means the resolvent of A is uniformly bounded on the imaginary axis. The

proof of Theorem 4.3 is thus completed. O
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