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Almost Lacunary Statistical and Strongly Almost Lacunary
Convergence of order (β, γ) of Sequences of Fuzzy Numbers
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Abstract. The main purpose of this article is to introduce the concepts of almost lacunary
statistical convergence and strongly almost lacunary convergence of order (β, γ) of sequences

of fuzzy numbers with respect to an Orlicz function. We give some relations between strongly

almost lacunary convergence and almost lacunary statistical convergence of order (β, γ) of
sequences of fuzzy numbers, where β and γ are two fixed real numbers such that 0 < β ≤ γ ≤ 1.
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1. Introduction, definitions and preliminaries

The concept of fuzzy set was introduced by Zadeh [30]. Matloka [23] introduced
sequences of fuzzy numbers and provided that every convergent sequence of fuzzy
numbers is bounded. Recently, sequences of fuzzy numbers have been discussed by
Altın [1], Altınok et al. [2], Aytar and Pehlivan [3], Başarır et al. [4], Braha and Et
[5], Işık and Et [20], Nuray [25] and many others.

The idea of statistical convergence was introduced by Fast [12] and the notion was
linked with summability theory by Çınar et al. [6], Connor [8], Et et al. ([9],[10],[11],[26]),
Fridy [14], Gadjiev and Orhan [16], Işık et al. ([17],[18],[19]), Mohiuddine et al. [24],
Şengül ([28],[29]). Recently, the notion was generalized by Çolak [7].

A fuzzy set u on R is called a fuzzy number if it has the following properties:
i) u is normal,
ii) u is fuzzy convex,
iii) u is upper semicontinuous,
iv) suppu = cl{x ∈ R : u(x) > 0} is compact, where cl denoted the closure of the

enclosed set.
α−level set [u]α of a fuzzy number u is defined by

[u]α =

{
{x ∈ R : u(x) ≥ α}, if α ∈ (0, 1]

suppu, if α = 0
.

It is clear that u is a fuzzy number if and only if [u]α is a closed interval for each
α ∈ [0, 1] and [u]1 6= ∅. We denote space of all fuzzy numbers by L(R).

Let u and v be two fuzzy numbers, then we calculate the distance between u and
v by

d (u, v) = sup
0≤α≤1

dH ([u]
α
, [v]

α
) ,

Received March 21, 2023. Accepted May 2, 2024.

82



ALMOST LACUNARY STATISTICAL OF SEQUENCES OF FUZZY NUMBERS 83

where dH is the Hausdorff metric defined by

dH ([u]
α
, [v]

α
) = max {|uα − vα| , |uα − vα|} .

It can be shown that (L(R), d) is a complete metric space.
A sequence X = (Xk) of fuzzy numbers is a function X from the set N of all

positive integers into L(R). A sequence X = (Xk) is said to be bounded if the set
{Xk : k ∈ N} is bounded. A sequence X = (Xk) is said to be convergent if there exists
a positive integer k0 such that d (Xk, X0) < ε for k > k0 , for every ε > 0. By wF , `F∞
and cF we denote the set of all, bounded and convergent sequences of fuzzy numbers,
respectively [23].

An Orlicz function is a function N : [0,∞) → [0,∞), which is continuous, non
decreasing and convex with N(0) = 0, N(x) > 0 for x > 0 and N(x)→∞ as x→∞.

By a lacunary sequence we mean an increasing integer sequence θ = (kr) of non-
negative integers such that k0 = 0 and hr = (kr − kr−1) → ∞ as r → ∞. The
intervals determined by θ will be denoted by Ir = (kr−1, kr] and the ratio kr

kr−1
will be

abbreviated by qr, and q1 = k1 for convenience. In recent years, lacunary sequences
have been studied in ([13],[15],[25],[26],[27]).

The space ĉ was introduced by Lorentz [21] and Maddox [22] has defined x to be

strongly almost convergent to a number L if lim
m→∞

1
m

m∑
k=1

|xk+n − L| = 0, uniformlyin

n.
Let θ = (kr) be a lacunary sequence, β and γ are two fixed real numbers such that

0 < β ≤ γ ≤ 1, lacunary (β, γ)−density of the set E ⊂ N is defined by

δ
(β,γ)
θ (E) = lim

r→∞

1

hβr
|{k ∈ Ir : k ∈ E}|γ .

In cases of γ = 1, β = 1 and θ = (2r), the lacunary (β, γ)−density reduces the natural
density.

In this article, we study the concepts of almost lacunary statistical convergence and
strongly almost lacunary convergence of order (β, γ) of sequences of fuzzy numbers
with respect to an Orlicz function and examine some properties of almost lacunary
statistical convergence and strongly almost lacunary convergence of order (β, γ) of
sequences of fuzzy numbers.

2. Main results

In this section we give the main results of this paper.

Definition 2.1 Let θ = (kr) be a lacunary sequence, N be an Orlicz function and β
and γ are two fixed real numbers such that 0 < β ≤ γ ≤ 1. A sequence X = (Xk) is
said to be almost lacunary statistically convergent of order (β, γ) to X0, with respect
to the Orlicz function N, if for every ε > 0

lim
r→∞

1

hβr

∣∣∣∣{k ∈ Ir :

[
N

(
d (tkn (X) , X0)

s

)]
≥ ε
}∣∣∣∣γ = 0, uniformly in n and s > 0

where

tkn (X) =
Xn +Xn+1 + ...+Xn+k

k + 1
=

1

k + 1

k∑
i=0

Xn+i .
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The set of all almost lacunary statistically convergent sequences of order (β, γ) with

respect to the Orlicz function N will be denoted by ŜF(β,γ) (N, θ) . In this case we write

Xk → X0

(
ŜF(β,γ) (N, θ)

)
. In case of θ = (2r) , for all r ∈ N we shall write ŜF(β,γ) (N)

instead of ŜF(β,γ) (N, θ) and N (x) = x, we shall write ŜF(β,γ) (θ) instead of ŜF(β,γ) (N, θ).

Definition 2.2 Let θ = (kr) be a lacunary sequence, N be an Orlicz function and β
and γ are two fixed real numbers such that 0 < β ≤ γ ≤ 1. We define the following
sets

ŵF(β,γ) (N, θ) =

 X ∈ wF : limr→∞
1

hβr

[ ∑
k∈Ir

N

(
d (tkn (X) , X0)

s

)]γ
= 0,

uniformly in n and s > 0

 ,

ŵF(β,γ) (N, θ)0 =

 X ∈ wF : limr→∞
1

hβr

[ ∑
k∈Ir

N

(
d (tkn (X) , 0̄)

s

)]γ
= 0,

uniformly in n and s > 0

 ,

ŵF(β,γ) (N, θ)∞ =

{
X ∈ wF : sup

r,n

1

hβr

[∑
k∈Ir

N

(
d (tkn (X) , 0̄)

s

)]γ
<∞, s > 0

}
,

If X ∈ ŵF(β,γ) (N, θ) , we say that X is strongly almost lacunary convergent of order

(β, γ) with respect to the Orlicz functionN. In this case we writeXk → X0

(
ŵF(β,γ) (N, θ)

)
.

i) If we take N (x) = x then we get ŵF(β,γ) (N, θ) = ŵF(β,γ) (θ) , ŵF(β,γ) (N, θ)0 =

ŵF(β,γ) (θ)0 and ŵF(β,γ) (N, θ)∞ = ŵF(β,γ) (θ)∞ ,

ii) If we take β = γ = 1 then we get ŵF (N, θ) = ŵF (θ) , ŵF (N, θ)0 = ŵF (θ)0

and ŵF (N, θ)∞ = ŵF (θ)∞ ,
i) If we take θ = (2r)then we get ŵF(β,γ) (N, θ) = ŵF(β,γ) (N) , ŵF(β,γ) (N, θ)0 =

ŵF(β,γ) (N)0 and ŵF(β,γ) (N, θ)∞ = ŵF(β,γ) (N)∞ .

The proof of each of the following results are straightforward, so we state these.

Theorem 2.3 Let θ = (kr) be a lacunary sequence, N be an Orlicz function and
β and γ are two fixed real numbers such that 0 < β ≤ γ ≤ 1, then ŵF(β,γ) (N, θ)0 ⊂
ŵF(β,γ) (N, θ) ⊂ ŵF(β,γ) (N, θ)∞ .

Theorem 2.4 Let θ = (kr) be a lacunary sequence, N be an Orlicz function and
β and γ are two fixed real numbers such that 0 < β ≤ γ ≤ 1, then ŵF(β,γ) (N, θ)0,

ŵF(β,γ) (N, θ) , ŵF(β,γ) (N, θ)∞ and ŜF(β,γ) (N, θ) are closed under the operations of ad-

dition and scalar multiplication.

Theorem 2.5 Let θ = (kr) be a lacunary sequence, N be an Orlicz function and β
and γ are two fixed real numbers such that 0 < β ≤ γ ≤ 1, then

i) ŵF(β,γ) (N1, θ)0 ∩ ŵF(β,γ) (N2, θ)0 ⊂ ŵF(β,γ) (N1 +N2, θ)0 ,

ii) ŵF(β,γ) (N1, θ) ∩ ŵF(β,γ) (N2, θ) ⊂ ŵF(β,γ) (N1 +N2, θ) ,

iii) ŵF(β,γ) (N1, θ)∞ ∩ ŵF(β,γ) (N2, θ)∞ ⊂ ŵF(β,γ) (N1 +N2, θ)∞ .



ALMOST LACUNARY STATISTICAL OF SEQUENCES OF FUZZY NUMBERS 85

Theorem 2.6 Let θ = (kr) be a lacunary sequence, N be an Orlicz function and β

and γ are two fixed real numbers such that 0 < β ≤ γ ≤ 1. If lim
r

inf
hβr
rβ

> 0, then

ŜF(β,γ) (N) ⊂ ŜF(β,γ) (N, θ) .

Proof. For given ε > 0 we have{
k ≤ kr :

[
N

(
d (tkn (X) , X0)

s

)]γ
≥ ε
}
⊃
{
k ∈ Ir :

[
N

(
d (tkn (X) , X0)

s

)]γ
≥ ε
}
.

and so

1

rβ

∣∣∣∣{k ≤ kr :

[
N

(
d (tkn (X) , X0)

s

)]γ
≥ ε
}∣∣∣∣

≥ hβr
rβ

1

hβr

∣∣∣∣{k ≤ kr :

[
N

(
d (tkn (X) , X0)

s

)]γ
≥ ε
}∣∣∣∣ .

Hence we get x ∈ ŜF(β,γ) (N, θ) .

Theorem 2.7 Let θ = (kr) be a lacunary sequence, N be an Orlicz function and β1,
β1, γ1 and γ2 are fixed real numbers such that 0 < β1 ≤ β2 ≤ γ1 ≤ γ2 ≤ 1, then
i) ŜF(β1,γ2) (N, θ) ⊂ ŜF(β2,γ1) (N, θ),

ii) ŵF(β1,γ2) (N, θ) ⊆ ŵF(β2,γ1) (N, θ) ,

iii) ŵF(β1,γ2) (N, θ)0 ⊆ ŵF(β2,γ1) (N, θ)0 ,

iv) ŵF(β1,γ2) (N, θ)∞ ⊆ ŵF(β2,γ1) (N, θ)∞ ,

v) ŵF(β1,γ2) (N, θ) ⊂ ŜF(β2,γ1) (N, θ) .

Proof. Omitted.

Theorem 2.8 Let θ = (kr) be a lacunary sequence, N be an Orlicz function and β
and γ are two fixed real numbers such that 0 < β ≤ γ ≤ 1. If lim infr qr > 1, then
ŵF(β,γ) (N)0 ⊆ ŵF(β,γ) (N, θ)0 .

Proof. Proof follows from the following inequality

1

hβr

[∑
k∈Ir

N

(
d (tkn (X) , 0̄)

s

)]γ

=
1

hβr

 kr∑
i=1

N

(
d (tkn (X) , 0̄)

s

)
−
kr−1∑
i=1

N

(
d (tkn (X) , 0̄)

s

)γ

≤ 1

hβr

[
kr∑
i=1

N

(
d (tkn (X) , 0̄)

s

)]γ
+

1

hβr

kr−1∑
i=1

N

(
d (tkn (X) , 0̄)

s

)γ

=
kβr

hβr

1

kβr

[
kr∑
i=1

N

(
d (tkn (X) , 0̄)

s

)]γ
+
kβr−1

hβr

1

kβr−1

kr−1∑
i=1

N

(
d (tkn (X) , 0̄)

s

)γ .
The proof of the following theorem is similar to that of Theorem 2.6, therefore we

choose to give it without proof.
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Theorem 2.9 Let θ = (kr) be a lacunary sequence, N be an Orlicz function and β

and γ are two fixed real numbers such that 0 < β ≤ γ ≤ 1. If lim
r

inf
hβr
kr

> 0, then

ŜF (N) ⊂ ŜF(β,γ) (N, θ) .

Definition 2.10 Let θ = (kr) be a lacunary sequence, N be an Orlicz function,
r = (rk) be any sequence of strictly positive real numbers and 0 < β ≤ 1 be given.
We define the following sets

ŵFβ (N, r, θ) =

 X ∈ wF : lim
r→∞

1

hβr

∑
k∈Ir

[
N
(
d(tkn(X), X0)

s

)]rk
= 0,

uniformly in n and s > 0

 ,

ŵFβ (N, r, θ)0 =

 X ∈ wF : lim
r→∞

1

hβr

∑
k∈Ir

[
N
(
d(tkn(X), 0̄)

s

)]rk
= 0,

uniformly in n and s > 0

 ,

ŵFβ (N, r, θ)∞ =

{
X ∈ wF : sup

r,n

1

hβr

∑
k∈Ir

[
N

(
d (tkn (X) , 0̄)

s

)]rk
<∞, s > 0

}
,

If X ∈ ŵFβ (N, r, θ) , we say that X is strongly almost lacunary convergent of order

β with respect to the Orlicz function N. In this case we write Xk → X0

(
ŵFβ (N, r, θ)

)
.

Theorem 2.11 If lim rk > 0 and X is strongly almost lacunary convergent of order
β to X0, with respect to the Orlicz function N, then X0 is unique.

Proof. Suppose that Xk → X0

(
ŵFβ (N, r, θ)

)
, Xk → Y0

(
ŵFβ (N, r, θ)

)
and lim rk =

` > 0, then there exist s1 and s2 such that

lim
r→∞

1

hβr

∑
k∈Ir

[
N

(
d (tkn (X) , X0)

s1

)]rk
= 0

and

lim
r→∞

1

hβr

∑
k∈Ir

[
N

(
d (tkn (X) , Y0)

s2

)]pk
= 0, uniformly in n.

Let s = max (2s1, 2s2) . Then we have

1

hβr

∑
k∈Ir

[
N

(
d (X0, Y0)

s

)]rk
≤ G

hβr

∑
k∈Ir

[
N

(
d (tkn (X) , X0)

s1

)]rk
+
G

hβr

∑
k∈Ir

[
N

(
d (tkn (X) , Y0)

s2

)]rk
→ 0, (r →∞)

where supk rk = H and G = max
(
1, 2H−1

)
. Thus

lim
r→∞

1

hβr

∑
k∈Ir

[
N

(
d (X0, Y0)

s

)]rk
= 0.

Also, since clearly

lim
k

[
N

(
d (X0, Y0)

s

)]rk
=

[
N

(
d (X0, Y0)

s

)]`
,
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and so

[
N

(
d (X0, Y0)

s

)]`
= 0. Hence X0 = Y0.

In Theorem 2.12 and Theorem 2.13, we shall assume that the sequence r = (rk)
is bounded and 0 < h = infk rk ≤ rk ≤ supk pk = H < ∞. From now on,

∑
1 will

be denote the sum over k ∈ Ir with d (tkn (X) , X0) ≥ ε and
∑

2 the sum over k ∈ Ir
with d (tkn (X) , X0) < ε.

Theorem 2.12 Let θ = (kr) be a lacunary sequence, N be an Orlicz function, β and

γ are two fixed real numbers such that 0 < β ≤ γ ≤ 1, then ŵFβ (N, r, θ) ⊂ ŜFγ (θ) .

Proof. X ∈ ŵFβ (N, r, θ) , then we have

1

hβr

∑
k∈Ir

[
N

(
d (tkn (X) , X0)

s

)]rk
≥ 1

hγr

∑
1

[
N

(
d (tkn (X) , X0)

s

)]rk
≥ 1

hγr

∑
1

min
(

[N (σ)]
h
, [N (σ)]

H
)
, σ =

ε

s

≥ 1

hγr
|{k ∈ Ir : d (tkn (X) , X0) ≥ ε}| .min

(
[N (σ)]

h
, [N (σ)]

H
)
.

Hence X ∈ ŜFγ (θ) .

Theorem 2.13 Let θ = (kr) be a lacunary sequence, N be an Orlicz function, β and

γ are two fixed real numbers such that 0 < β ≤ γ ≤ 1, X ∈ `F∞ and lim
r→∞

hr

hβr
= 1,

then ŜFβ (θ) ⊂ ŵFγ (N, r, θ) .

Proof. Suppose that X ∈ `F∞ and Xk → X0

(
ŜFγ (θ)

)
. Since X is bounded, there

exists a constant B > 0 such that d (tkn (X) , X0) ≤ B. Let ε > 0, then we have

1

hγr

∑
k∈Ir

[
N

(
d (tkn (X) , X0)

s

)]rk
≤ 1

hβr

∑
1

[
N

(
d (tkn (X) , X0)

s

)]rk
+

1

hβr

∑
2

[
N

(
d (tkn (X) , X0)

s

)]rk
≤ 1

hβr

∑
1

max

{[
N

(
B

s

)]h
,

[
N

(
B

s

)]H}
+

1

hβr

∑
2

[
N
(ε
s

)]rk
,

≤ max
{

[N (C)]
h
, [N (C)]

H
} 1

hβr
|{k ∈ Ir : d (tkn (X) , X0) ≥ ε}|

+
hr

hβr
max

{
[N (δ)]

h
, [N (δ)]

H
}
,

B

s
= C,

ε

s
= δ.

Hence X ∈ ŵFγ (N, r, θ).
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3. Conclusions

Fuzzy set theory and Fuzzy logic theory have many applications in everyday life. In
this study, the concepts of almost lacunary statistical convergence and summability
of fuzzy sequences are studied. The concepts in the study are related to the concepts
of convergence in probability theory in statistics.

Conflict of Interests: The authors declare that there is no conflict of interests
regarding the publication of this paper.
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E-mail address: mikailet68@gmail.com

(Yavuz Altın) Department of Mathematics, Fırat University, Elazığ, Turkey
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