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Almost Lacunary Statistical and Strongly Almost Lacunary
Convergence of order (/3,7) of Sequences of Fuzzy Numbers
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ABSTRACT. The main purpose of this article is to introduce the concepts of almost lacunary
statistical convergence and strongly almost lacunary convergence of order (8,+) of sequences
of fuzzy numbers with respect to an Orlicz function. We give some relations between strongly
almost lacunary convergence and almost lacunary statistical convergence of order (8,7) of
sequences of fuzzy numbers, where 8 and -y are two fixed real numbers such that 0 < g < v < 1.
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1. Introduction, definitions and preliminaries

The concept of fuzzy set was introduced by Zadeh [30]. Matloka [23] introduced
sequences of fuzzy numbers and provided that every convergent sequence of fuzzy
numbers is bounded. Recently, sequences of fuzzy numbers have been discussed by
Altin [1], Altmok et al. [2], Aytar and Pehlivan [3], Bagarir et al. [4], Braha and Et
[5], Isik and Et [20], Nuray [25] and many others.

The idea of statistical convergence was introduced by Fast [12] and the notion was
linked with summability theory by Cinar et al. [6], Connor [8], Et et al. ([9],[10],[11],][26]),
Fridy [14], Gadjiev and Orhan [10], Isik et al. ([17],[18],[19]), Mohiuddine et al. [24],
Sengiil ([28],][29]). Recently, the notion was generalized by Colak [7].

A fuzzy set u on R is called a fuzzy number if it has the following properties:

i) w is normal,

i1) u is fuzzy convex,

i4i) u is upper semicontinuous,

iv) suppu = cl{z € R : u(x) > 0} is compact, where ¢l denoted the closure of the
enclosed set.

a—level set [u]* of a fuzzy number w is defined by

] = {z eR:u(z) >a}, ifaec(0,1]
o supp u, ifa=0

It is clear that u is a fuzzy number if and only if [u]* is a closed interval for each
a € [0,1] and [u]! # 0. We denote space of all fuzzy numbers by L(R).

Let u and v be two fuzzy numbers, then we calculate the distance between u and
v by

d(u,v) = sup du ([l®, [v]%),
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where dy is the Hausdorff metric defined by
dp ([u]®, [v]") = max {|Ju® — v*|, [a* — v*} .

It can be shown that (L(R),d) is a complete metric space.

A sequence X = (Xj) of fuzzy numbers is a function X from the set N of all
positive integers into L(R). A sequence X = (X}) is said to be bounded if the set
{X} : k € N} is bounded. A sequence X = (X}) is said to be convergent if there exists
a positive integer ko such that d (X, Xo) < ¢ for k > ko , for every ¢ > 0. By w”, ¢Z,
and ¢ we denote the set of all, bounded and convergent sequences of fuzzy numbers,
respectively [23].

An Orlicz function is a function N : [0,00) — [0,00), which is continuous, non
decreasing and convex with N(0) =0, N(z) > 0 for > 0 and N(z) — oo as © — 0.

By a lacunary sequence we mean an increasing integer sequence 6 = (k,.) of non-
negative integers such that kg = 0 and h, = (k. — k,—1) — o0 as r — oo. The
intervals determined by 6 will be denoted by I, = (k,_1, k-] and the ratio kfil will be
abbreviated by ¢, and ¢ = k; for convenience. In recent years, lacunary sequences
have been studied in ([13],[15],[25],[26],[27]).

The space ¢ was introduced by Lorentz [21] and Maddox [22] has defined x to be

m
strongly almost convergent to a number L if lim % > |Tk+n — L| = 0, uniformlyin

n.
Let 6 = (k,) be a lacunary sequence, 8 and 7 are two fixed real numbers such that
0 < B <~ <1, lacunary (f8,) —density of the set E C N is defined by

1
5 (B) = Tim p kel keE}.
In cases of y = 1,8 = 1 and § = (2"), the lacunary (8, y) —density reduces the natural
density.

In this article, we study the concepts of almost lacunary statistical convergence and
strongly almost lacunary convergence of order (8,v) of sequences of fuzzy numbers
with respect to an Orlicz function and examine some properties of almost lacunary
statistical convergence and strongly almost lacunary convergence of order (3,7) of
sequences of fuzzy numbers.

2. Main results

In this section we give the main results of this paper.

Definition 2.1 Let 6 = (k) be a lacunary sequence, N be an Orlicz function and 3
and ~ are two fixed real numbers such that 0 < 8 <y < 1. A sequence X = (X}) is
said to be almost lacunary statistically convergent of order (8,7) to X, with respect
to the Orlicz function N, if for every € > 0

e o (tmnr) .

k
Xn + Xn-‘rl + ...+ Xn-‘rk 1
thn (X) = :k+1ZXn+i-
=0

~

1
lim — = 0, uniformly in n and s >0

r—00 hf

where

k+1
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The set of all almost lacunary statistically convergent sequences of order (3,~) with
respect to the Orlicz function N will be denoted by S(j; ) (N, 0) . In this case we write

X — Xo (S’f 5. IV 9)) In case of § = (27), for all » € N we shall write 5’&7) (N)

instead of S(];i ) (NV,0) and N (z) = , we shall write S’(]; ) (0) instead of S(]; v (N, 0).
Definition 2.2 Let 8 = (k,) be a lacunary sequence, N be an Orlicz function and
and 7 are two fixed real numbers such that 0 < 5 <~ < 1. We define the following
sets

r v
d(tpn (X), X
P N(mw)] o
" | kel $ J
uniformly in n and s > 0

- 17
X e w” : limy_yoo 55 N(7 =0,
075y (N, ), = | & ;

uniformly in n and s > 0

{Xew : sup TlZN(M)r<oo, s>0},

kel

w{;m (N, 6)

)

’%m (N,0),

If X e wfﬁ " (N, 0), we say that X is strongly almost lacunary convergent of order
(B8, 7) with respect to the Orlicz function N. In this case we write Xj, — Xo ( wig ) (N, 9)) .

i) If we take N (z) = z then we get ﬁ)&ﬁ) (N,6) = u“){;ﬁ) 9), (ﬁ ) (N,0),

uA}(Fﬁﬁ) (0), and w&ﬁ) (N,0),, = w(];ﬁ) )

ii) If we take ﬁ = v =1 then we get v’ (N,0) = @7 (), @7 (N,0), = @ (9),
and w7 (N,0) =7 (0)_,
AJ:I) If we take ?;_ (2")then WeA]gret Wls, (N, 0) = wfy ) (N), @y ) (N,0), =
Wig ) (N)g and g 1y (N, 0) o =t ) (Voo

The proof of each of the following results are straightforward, so we state these.

Theorem 2.3 Let 6 = (k) be a lacunary sequence, N be an Orlicz function and

B and ~ are two fixed real numbers such that 0 < 5 < v < 1, then 12)(}[; M (N,0), C
~F
W3,y (N, 6) C s ) (N, 6)o

Theorem 2.4 Let 6 = (k) be a lacunary sequence, N be an Orlicz function and

B and v are two fixed real numbers such that 0 < 8 < ~ < 1, then wéﬁ) (N,0),,

d}(];ﬁ) (N,0) , w& (N,0),, and g(}l—i,w) (N, 0) are closed under the operations of ad-
dition and scalar multiplication.

Theorem 2.5 Let § = (k,.) be a lacunary sequence, N be an Orlicz function and
and ~ are two fixed real numbers such that 0 < § <y <1, then

i) w‘(}é,'y) (]\717 9) ’LU{; ) (NQ, 9)0 C ’UA)‘&;W) (N1 + No, 9)0,

i) wl; ) (N1,0) Nl ) (N2,0) C @l ) (N1 + No,6),

iii) 121{;77) (N1,0) N ﬁ)(fﬁﬁ) (N2,0), C zi)(f'ﬁm (N1 + Na,0)
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Theorem 2.6 Let 6 = (k) be a lacunary sequence, N be an Orlicz function and 8
hB

and v are two fixed real numbers such that 0 < 8 < v < 1. If liminf r—g > 0, then

W

S(B,'v) (N) © Sﬁv) (N, 0).

Proof. For given € > 0 we have

fone [y (] o o (i) )

and so

rﬁ hﬂ

b oo (i) )

f
Hence we get « € S(B,'y) (N,0).

Theorem 2.7 Let 6 = (k,) be a lacunary sequence, N be an Orlicz function and Sy,
51,71 and 79 are fixed real numbers such that 0 < g1 < By <91 <72 <1, then
>S<]/E3m>(N 0) C 875, ) (V. 0),
) 073,y (N.0) € s ) (V.0),
141) W (ﬁ ) (N,8) 71)(
w) Wiy, .,y (N.0) C
v) w@lm (N,0) C Sﬁ ) (V. 6).

Proof. Omitted.

Theorem 2.8 Let 6 = (k) be a lacunary sequence, N be an Orlicz function and 8
and v are two fixed real numbers such that 0 < g < v < 1. If liminf, ¢, > 1, then
12)(17377) (N), € w(fm) (N,0), -

Proof. Proof follows from the following inequality

L lZN(W)r

kel

o _kiN(d(tk" =2 —k”N(d@kn(X), 0) '
W | = S 2 -
Shlf :gN(d(tk"(f)’ 0)) 7+hl§ illN(d@kn(;(), o>> '

Y

kﬂ L1 ( (ts X) 0))
r— N n bl
TR, Z

i=1

K L[Sy (0. O
R = s

The proof of the following theorem is similar to that of Theorem 2.6, therefore we
choose to give it without proof.
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Theorem 2.9 Let 6 = (k) be a lacunary sequence, N be an Orlicz function and
hB

and v are two fixed real numbers such that 0 < 8 < v < 1. If liminf k—r > 0, then

&F GF "

S7(N) C S(B,v) (N,0).

Definition 2.10 Let 6§ = (k,) be a lacunary sequence, N be an Orlicz function,
r = (ry) be any sequence of strictly positive real numbers and 0 < g < 1 be given.
We define the following sets

Tk
X ew” : lim [N (M)] =0,
&% (N,r,0) = i 5 X . |

uniformly in n and s > 0

X ew”: lim 2 [N (d(tkmx 6))}”" =0,
Wh (N,r,0), = o0 hE kEZ,T s

uniformly in n and s > 0

@f (N7, 0). = {XGwF:suplﬁ > {N (‘W)}k < 0, s>0}7

rn hr kel,

IfX e w;; (N,r,0), we say that X is strongly almost lacunary convergent of order
(8 with respect to the Orlicz function N. In this case we write X — X (wg; (N, r, 0)) .
Theorem 2.11 If limr;, > 0 and X is strongly almost lacunary convergent of order
B to Xg, with respect to the Orlicz function N, then X is unique.
Proof. Suppose that X, — X (ﬁ)g (N,r, 9)) Xy —= Y, (LDBF (N, 7‘79)) and limry =
£ > 0, then there exist s; and s, such that
(ten (X)), X "k
lim Z[ <k1 ), O)>} =0
77— 00 hﬁ S1
" kel
and ,
(ten (X)), Y k
lim ﬁ Z [ (k ), 0)>} = 0, uniformly in n.
77— 00 hr el So
Let s = max (2s1,2s2) . Then we have

R |

" kel " kel
d (tk X),Yo) "
ha kel
where sup,, r, = H and G = max (1 2H’1). Thus

)g{}ohBZ[ <X0Y0)>] -

T kel

Also, since clearly

i [ (92)] = [y ()]
k S S
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4
and so |:N <M>:| = 0. Hence XO = YO'
S

In Theorem 2.12 and Theorem 2.13, we shall assume that the sequence r = (ry)
is bounded and 0 < h = infyr < 7 < sup,pr = H < oo. From now on, 21 will
be denote the sum over k € I, with d (¢, (X),Xo) > € and ), the sum over k € I,.
with d (tkn (X) 7AX()) < E.

Theorem 2.12 Let 6 = (k,.) be a lacunary sequence, N be an Orlicz function, 8 and
~ are two fixed real numbers such that 0 < 8 < v < 1, then uﬁg (N,r,0) C S;YF 0).

Proof. X € @} (N,r,0), then we have

5 (e ()
h s hr 4 s

T kel
> hﬁ;mm(w @I W@)").  o=:
2 % [{k € I, : d (tkn (X), Xo) > €}| . min ([N ()", [N (g)}H) ,

Hence X € Sf 0).
Theorem 2.13 Let 6 = (k,.) be a lacunary sequence, N be an Orlicz function, 8 and

hy
7 are two fixed real numbers such that 0 < 3 <y < 1, X € ¢Z and lim ﬁ =1,
™00

then Sg— (0) c wl (N,r,0).

Proof. Suppose that X € ¢, and X;, — X, (5'f (9)) . Since X is bounded, there
exists a constant B > 0 such that d (ty, (X), Xo) < B. Let € > 0, then we have

(e

kel

EE (BB (s

TP O] o

< max {[N ()", [N ()"} hlB {k € I+ d (tgn (X), Xo) > £}

\ /\

+ %max{[N(a)]h,[N(a)]H}, B_e¢ “ s

r S

Hence X € uﬂ: (N,r,0).
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3. Conclusions

Fuzzy set theory and Fuzzy logic theory have many applications in everyday life. In
this study, the concepts of almost lacunary statistical convergence and summability
of fuzzy sequences are studied. The concepts in the study are related to the concepts
of convergence in probability theory in statistics.

Conflict of Interests: The authors declare that there is no conflict of interests
regarding the publication of this paper.
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